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Abstract

In this thesis, we consider two challenging problems in optimal control theory:
mixed-integer optimal control problems and bilevel optimal control problems and
their applications to flight path optimization and task scheduling.

In the first part of the thesis, we focus on mixed-integer optimal control prob-
lems, in which constraints, depending on the discrete valued control are present.
This introduces additional complexity to the problem, since the only constraints to
be considered are those depending on the current value of the discrete control. We
show that after time transformation techniques and discretization, a mathemati-
cal program with block of vanishing constraints is obtained. Exploiting the special
structure of the problem, we formulate first order necessary optimality conditions
and derive constraint qualification, which guarantee the existence of nontrivial La-
grange multipliers. Additionally, we illustrate a relaxation method suitable for
numerical purposes and prove the converge of the solutions the relaxed problem to
the solution of the original one, as the relaxation parameter goes to zero. Finally,
we consider a simplified dynamical model of an aircraft, whose flaps configuration
is treated as discrete control and in which constraints on speed are imposed, based
on the current flaps configuration.

In the second part of the thesis, we focus our attention on bilevel optimal
control problems. We show that in special cases, the value function of the lower
level problem can be exploited, in order to transform the initial problem into an
equivalent nonsmoot optimal control problem, for which first order necessary opti-
mality conditions are derived, under the partially calmness constraint qualification.
Additionally, we investigate the application of bilevel optimal control theory to
scheduling problems, in which the scheduling of several tasks has to be optimized
and in which each task represents an optimal control problem itself. We show that
the problem can be treated as mixed-integer optimal control problem, after ap-
plying the local minimum principle on the lower level problem (in the presence of
pure-state, additional virtual controls have to be introduced).

In the last part of the thesis, we consider the applications of the developed the-
ory to a variety of optimization problems, including robot interactions, quadcopter
flight path optimization and optimal scheduling of take-off and landing aircrafts in
proximity of an airport.
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CHAPTER 1

Introduction

Optimal control theory is a branch of the applied mathematics, aiming to derive
a control law for a given dynamical system, such that certain optimality criterion is
achieved. It is closely related in its origins with the theory of calculus of variations, a
field of mathematical analysis that deals with maximizing or minimizing functionals
(mappings from a set of functions to the real numbers). Calculus of variations has
his origins with the Brachistochrone problem (the problem of finding the shape
of the curve down which a bread sliding from rest and accelerating by gravity
will slip (without friction) from one point to another in the least time), which was
proposed by Johann Bernoulli (1667-1748) to Sir Isaac Newton (1642-1727) in 1696.
Since then, several illustrious mathematicians, such as Leonhard Euler (1707-1793),
Ludovico Lagrange (1736-1813), Andrien Legendre (1752-1833), Carl Jacobi (1804-
1851), William Hamilton (1805-1865), Karl Weierstrass (1815-1897), Adolph Mayer
(1839-1907) and Oskar Bolza (1857-1942) have contributed to the development of
the filed of calculus of variations.

Optimal control theory on the other side, had its major developments during
the 20th century, with the formulation of the dynamic programming by Richard
Bellman (1920-1984) (see [25]), the development of the minimum principle by Lev
Pontryagin (1908-1988) and co-workers (see [144]) and the formulation of the linear
quadratic regulator and the Kalman filter by Rudolf Kalman (1930-) in [95]. We
refer the interested readers to the review papers by Sussmann and Willems [160]
for further historical details.

Optimal control theory have found applications in many different fields, in-
cluding aerospace, process control, robotics, bioengineering, economics, finance,
and management science, and it continues to be an active research area within con-
trol theory. Optimal control problems generalize variational problems by separating
the control and state variables and admitting control constraints. In this way, the
dynamic behavior of the state of a physical, economical or biological system can
be described by dynamic equations (usually system of ordinary/partial differential
equations). A typical examples can be the dynamic of a moving object (like a car
or an aircraft), which can be controlled by certain input, provided by the operator:
a driver can control the car by the steering wheel, the accelerator pedal, the brakes
and choice of gear, while a pilot can control the aircraft by the thrust and the
various flight control surfaces (like flaps, slats and rudder). It is often necessary
to impose constraints on the control variables, resulting from structural or physi-
cal limitations, safety regulations or other reasons. Finally, the control has to be
chooses in such a way, that all constraints imposed on the state and control vari-
ables are satisfied and certain objective function is minimized (for instance, a race
driver is interested in minimizing the lap time, while an aircraft pilot in reducing
the fuel consumption at minimum).

1
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In recent years, increasing attention has been given to optimal control problems,
in which on (or more) of the control variables is constrained to assume values in a
finite set (the gear shift of a car or a switch, which by be either on or off ). These
types of problems are know in literature as mixed-integer optimal control problems
(MIOCP) (sometimes also referred to as mixed-integer dynamic optimization, see
[129] and hybrid optimal control, see [11] and [161]). The presence of discrete
valued control makes this problems particularly challenging from both theoretical
and numerical perspective: the classical Pontryagin minimum principle formulated
in [144] does not hold anymore and alternatives have to be exploited (such as the
variable time transformation, originally stated in [57]), furthermore it has been
proven in [66] and [127] that even after discretization, MIOCP are NP−hard.

In order to find the optimal solution of MIOCP, several techniques have been
investigated in literature. Indirect approach, based on global (or local) minimum
principles can be used, but a very good initial guess for the switching structure
of the problem is required, and often it is not known a priori. Based on the
minimum principle a graph-based solution method was developed in [101]. The
time transformation method of Dubovitskii and Milyutin, developed in [57] can
be exploited numerically, by discretizing and transforming the original problem
into a finite dimensional optimization problem without discrete variables. Appli-
cations can be found in [67, 68, 111, 112] and [156]. Other approaches, based
on direct discretization, relaxation and sum-up-rounding have been investigated in
[147, 148, 149]. These methods have proven their robustness and ability to deal
with complex real-word problems.

In the first part of the thesis, we focus on MIOCP in which mixed control-state
constraints, depending on the discrete valued control, are present. We show that
by applying the variable time transformation and discretization, a mathematical
program with block of vanishing constraints (MPBVC) is obtained, a type of prob-
lem which extend the mathematical programs with vanishing constraints. These are
type of constrained mathematical programs, in which part of the constraints be-
come redundant, as soon as another part becomes active. For comprehensive study
of the mathematical programs with vanishing constraints, we refer the readers to
[2, 3, 84, 85, 87]. Our contribution to the field is the derivation of first order
necessary optimality conditions for MPBVC, as well as modification of the stan-
dard constraint qualifications (linear independence, Mangasarian-Fromovitz and
Abadie), tailored toward MPBVC and such that the existence of nontrivial La-
grange multipliers is guaranteed. Additionally, we provide an application of the
developed theory in the field of flight path optimization, in which the flaps config-
uration of an aircraft is modeled as discrete control. Structural constraints require
that certain flaps configurations are engaged only in certain speed limits, which
implies the presence of constraints, depending on the current discrete control.

In the second part of the thesis, we focus on another important type of opti-
mization problems: bilevel optimization problems (BOP) and bilevel optimal con-
trol problem (BOCP). BOP are special kind of optimization problems, in which
one problem is embedded (nested) within another. The outer optimization task is
commonly referred to as upper level problem and the inner optimization task is com-
monly referred to as lower level problem. These problems involve two kinds of vari-
ables, referred to as the upper level and lower level variables. From a historical point
of view, BOP are closely related to the economical problem of Stackelberg [158] in
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the field of game theory. The problem models an economic planning process, involv-
ing interacting agents at two distinct levels: one of the individuals (called leader)
issue directives to the remaining agents (called followers). The leader is assumed to
anticipate the reactions of the followers, which allows him to choose the best strat-
egy. The followers choose their own strategies according to the strategy already
chosen by the leader. Recent applications of BOP can be found in a broad variety
of fields: revenue management [41], traffic management problems [81, 109], net-
work design [110, 118] and applications in the energy sector ([19], [80] and [82]).
Finally, we refer the readers to [5, 6, 141] for applications in robotics and [133] for
truss design problems. Being generally non-convex and non-differentiable, BOP are
intrinsically hard. Even the simplest scenario (linear-linear BOP) has been shown
to be NP−hard (see [94]). Equivalence between BOP and classical combinatorial
problems (e.g. bilinear disjoint programming, generalized linear complementarity,
travelling salesman, multicriteria optimization, nonconvex quadratic programming)
has been shown in [119]. A lot of effort has also been placed in the research of
necessary optimality conditions for BOP (compare [51, 52, 132, 166]). From nu-
merical perspective, various methods have been developed for solving BOP. Among
the most commons are branch-and-bound [7, 17, 58], descend methods [18, 93]
and penalty functions methods [155].

In contrast to BOP where both the upper and the lower level problems are
finite dimensional problems, in BOCP at least one of the problem is infinite dimen-
sional (i.e. optimal control problem). We emphasize the complexity of BOCP, due
to the combination of the bilevel optimization structure with infinite dimensional
optimization problem. BOCP first appeared in literature in [37], while Ye in [165]
provided detailed description of the problem, as well as theoretical results. Recent
applications of BOCP can be found in the area of locomotion and biomechanics
[4, 6, 79, 123], optimal control under safety constraints [103, 104] and simulation
and trajectory optimization in the Red Bull air races [62]. The two most widely
used techniques for solving BOCP are by means of Pontryagin minimum principle
(originally stated in [144]) and by the value function of the lower level problem.
They both have their advantages and limitations and in general, the application of
one or the other depends on the nature of the problem.

In this thesis, we investigate both approaches and their applications to different
scenarios. We show that in case both at the upper and at the lower level we have
optimal control problems, and the interaction between the two problems depends
on the states at the final time, first order necessary optimality conditions can be
derived, by means of the generalized gradient of the value function of the lower level
problem. The special requirements on the interaction between the two problems
is necessary, since no general approach for solving BOCP is present in literature
and (at the knowledge of the author) most of the results stated so far are problem
dependent. We consider the application of this method to a pursuer-evader problem,
in which the pursuer aims to reach the position of the evader in a minimum time,
while the evader aims to maximize the final time reduced by a term representing
its control effort. The problem can be formulated as a bilevel optimal control
problem, where the solution of the lower level problem describes the pursuer’s
optimal strategy, while the solution of the upper level problem describes the evader’s
optimal strategy.
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Subsequently, a second BOCP formulation is investigated, in which the upper
level problem is given by a finite dimensional mixed-integer optimization problem.
This type of formulation is motivated by problems, in which the optimal scheduling
of several tasks has to be found, whose sequence is unknown, but each one of the
tasks has to be performed in an optimal way. We show that in case no pure-state
constraints are present, the initial BOCP can be reduced to a MIOCP by applying
the Pontryagin minimum principle. In the presence of pure-state constraints, we
exploit the virtual control method, which embeds the original lower-level problem
into a set of optimal control problems with mixed control-state constraints, on which
the Pontryagin minimum principle can be applied, without the loss of regularity of
the multipliers. In both cases, the MIOCP obtained is solved by branch-and-bound
methods.

The thesis is structured as follows:
In Chapter 2, we present some general results and definitions from nonlinear

and nonsmooth optimization and optimal control theory. We recall the most widely
used constraint qualifications (the linear independence, Mangasarian-Fromovitz and
Abadie constraint qualifications), afterwards we present the definition of the gen-
eralized gradient and some of its properties. In the second part of the chapter, we
focus on nonlinear optimal control problems, the definition of local minimum and
the relative necessary optimality conditions.

In Chapter 3 we investigate mixed-integer optimal control problems, subject
to mixed control-state constraints, in which discrete valued control is present. Sec-
tion 3.2 focuses on the variable time transformation, a technique which allows us to
transform the original problem into an equivalent optimal control problem in which
vanishing constraints appear (but no discrete variables are present). We show that
after discretizing the transformed problem, a MPBVC is obtained. In Section 3.3
we obtain modification of the linear independence (MLICQ), the Mangasariann-
Fromovitz (MMFCQ) and the Abadie (MACQ) constraint qualifications suitable
for the MPBVC (respectively Definitions 3.23, 3.20 and 3.17) and prove the impli-
cations

MLICQ =⇒ MMFCQ =⇒ MACQ.

Additionally, first order necessary optimality conditions with normal multipliers
are obtained, under the assumption that MACQ holds (Theorem 3.16). In Sec-
tion 3.4 we propose a relaxation of the original MPBVC, tailored towards numer-
ical purposes and show the convergence of the solution of the relaxed problem to
the solution of the original one, as the relaxation parameter goes to zero (compare
Theorem 3.30). Finally, in Section 3.5 we an application of the presented theory
to an optimal flight path, in which an aircraft’s flaps configuration is modeled as
a discrete control and speed constraints are imposed, based on the actual flaps
configuration.

In Chapter 4 we provide a short introduction to the bilevel optimization and
optimal control problems with the respective definitions, existing methods and lit-
erature overview.

Chapter 5 deals with bilevel optimal control problems, in which the interaction
between the upper and the lower level problem depends on the state variables at the
final time. We show that the problem can be transformed into a nonsmooth optimal
control problem by means of the value function of the lower level problem. We
prove that the value function is Lipschitz continuous and compute explicitly a set
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containing its generalized gradient (compare Theorem 5.5). This allows us to derive
first order necessary optimality conditions under the partially calmness constraint
qualification (see Theorem 5.8). In the second part of the chapter (Section 5.5)
we consider a pursuer-evader problem, stated in the framework of bilevel optimal
control framework. We compute the value function of the lower level problem
explicitly and derive an optimal solution by means of the necessary optimality
conditions stated beforehand.

In Chapter 6 we consider bilevel optimal control problems, in which scheduling
task is involved (modeled as mixed-integer problem at the upper level). We refor-
mulate the problem as mixed-integer optimal control problem, where the lower level
problem is substituted with its necessary optimality conditions (assuming no pure
state constraints). We show that the problem can be solved by branch-and-bound
method after discretization. In the second part of the chapter, we introduce pure
state constraints in the lower level problem and use the virtual control method, in
order to ensure the regularity of the multipliers. Finally, numerical examples are
presented.

Chapter 7 is dedicated to the modeling and optimization of the interactions
between two dynamical systems. We show that if the nature of the interactions is
known a priori, the whole problem can be seen as a bilevel optimal control problem
with scheduling tasks. In the chapter, we consider two different scenarios, the
interactions between two KUKA youBot robots and the interception of a moving
target by a quadcopter. In both cases, three-dimensional dynamical models are
considered, in order to have as accurate simulation of the real dynamics as possible.
Furthermore, we split the interactions in three phases: approach, exectution and
return. For each of the three phases, we formulate and solve an optimal control
problem, keeping in mind the each solution is dependent of the other ones.

In Chapter 8, we propose a framework for the real-time scheduling of take-off
and landing aircrafts at a busy terminal control area, with the optimization of the
aircraft trajectories during the landing procedures. The first problem aims to re-
duce the propagation of delays, while the second one aims to either minimize the
travel time or reduce the fuel consumption. We formulate the problem as a simpli-
fication of BOCP, in which the upper level problem is responsible for scheduling the
aircrafts, while as a lower level problem, we have a set of optimal control problems,
responsible for computing the optimal trajectory of each aircraft. Computational
experiments are performed for the Milano Malpensa airport, showing the exist-
ing gaps between the performance indicators of the two problems when different
lexicographic optimization approaches are considered.



6 1. INTRODUCTION

Notations

Number and other sets

N the set of natural numbers

R the set of real numbers

R+ the set of nonnegative real numbers

R− the set of nonpositie real numbers

T (x;X ) tangent cone of X at x

L(x;X ) linearized cone of X at x

X ∗ dual cone of a nonempty set X ⊆ Rn

X ◦ polar cone of a nonempty set X ⊆ Rn

X∗ dual space of X

L(X,Y ) set of linear continuous operators from X to Y

Lp(X,R) set of functions f : X → R, whose pth power

of the absolute is Lebesque integrable

W 1,p(X,R) set of functions f : X → Rn, with f,∇f ∈ Lp(X,R)

Other set-realated symbols

X ∪ Y the union on the sets X and Y

X ∩ Y the intersection on the sets X and Y

X \ Y the set of pints in X but not in Y

X × Y the cartesian product of the sets X and Y

Xn the n-fold cartesian product of the set X

{x} set consisting of the point x

co(X) the convex full of the set X

int(X) the intern of the set X

Bε(x) the ball with radius ε and center x

|X| cardinality of the set X
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Vectors

x ∈ Rn column vector in Rn

x> the transpose of a vector x

xi the ith component of the vector x

|x| absolute value of x ∈ R
‖x‖ Euclidean norm of x ∈ Rn

‖x‖X norm of x ∈ X
‖f‖p norm of f ∈ Lp(X,R)

‖f‖1,p norm of f ∈W 1,p(X,R)

〈x, y〉 duality pairing between x ∈ X and y ∈ X∗

Functions

f : Rn → Rm a function that maps from Rn to Rm

∇f(x) the gradient of a differentiable function f : Rn → R at x

f ′(x) Jacobian of a differentiable function f : Rn → Rm at x

f◦(x; v) generalized directional derivative of a Lipschitz function

f : X → R at x in the direction v

∂f(x) generalized gradient f : X → R at x

∂P f(x) proximal subgradient f : X → R at x

∂Lf(x) limiting subgradient f : X → R at x

Df(x) Gâteaux derivative of f at x

Dsf(x) strict derivative of f at x





CHAPTER 2

Optimization Theory and Optimal Control

In this chapter, we recall some of the most important concepts and results in
optimization theory. We limit ourselves to nonlinear and nonsmooth problems, since
the results related to such problems will be used in later chapters. For in-depth
treatment of the subject of mathematical optimization and optimization theory,
we refer the interested readers to the classical textbooks of Bazaraa et al. [24]
and Bertsekas [28], while for numerical methods, the readers can consult Nocedal
and Wright [128]. Classical textbooks in optimal control theory are those from
Kirk [100] and Bryson and Ho [34].

In Section 2.1 we present the standard finite-dimensional optimization problem
(also known as mathematical program) and provide the well-known Karush-Kuhn-
Tucker optimality conditions. Furthermore, constraint qualifications relative to the
problem are presented. In Section 2.2, we recall some results from nonsmooth
analysis, more precisely the concept of generalized gradient of a locally Lipschitz
function, as well as some of its properties. Finally, we present a nonsmooth mul-
tipliers rule, which is a generalization of the Karush-Kuhn-Tucker conditions for
nonsmooth data. In Section 2.3 we provide a short outline of the optimal control
theory and the formulation of the general optimal control problem. Finally, in Sec-
tion 2.4 we recall the necessary optimality conditions for a local minimum of the
optimal control problem.

2.1. Nonlinear Programming

In the first section, we recall some well-known concepts and results from non-
linear programming. No proofs are provided for sake of conciseness, nevertheless
we provide references to original and survey works.

Let us consider the general nonlinear mathematical program:

(2.1)
Minimize F(x)
s.t. Gi(x) ≤ 0 ∀ i = 1, . . . ,m

Hj(x) = 0 ∀ j = 1, . . . , h

where the functions F ,Gi,Hj : Rn → R are assumed to be continuously differen-
tiable. This type of problems has been widely treated in mathematical literature
and is extensively studied in [24] and [128].

Suppose that x∗ ∈ Rn is feasible for (2.1), i.e. Gi(x∗) ≤ 0 and Hj(x∗) = 0 for
all i = 1, . . . ,m and j = 1, . . . , h. We denote the set of active inequality constraints
in x∗ with

IG(x∗) :=
{
i ∈ {1, . . . ,m} | Gi(x∗) = 0

}

and the set of feasible points for (2.1) with X .
9
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A fundamental result in nonlinear programming is the so called Karush-Kuhn-
Tucker conditions (or KKT conditions for simplicity). It provides necessary op-
timality conditions for (2.1), under constraint qualification (explained later in the
chapter). The KKT conditions can be stated as follows:

Theorem 2.1 (KKT conditions). Let x∗ be local minimizer for (2.1) satisfying
a constraint qualification. Then there exist vectors α ∈ Rm and β ∈ Rh such that

0 = ∇F(x∗) +

m∑

i=1

αi∇Gi(x∗) +

h∑

j=1

βj∇H(x∗)

and
Gi(x∗) ≤ 0, αi ≥ 0, αiGi(x∗) = 0, ∀ i = 1, . . . ,m
Hj(x∗) = 0, ∀ j = 1, . . . , h.

Theorem 2.1 has been first stated by Wiliam Karush in his master’s thesis [96],
while later on Harold Kuhn and Albert Tucker proved it independently from Karush
in [107].

The statement of Theorem 2.1 requires continuously differentiable functions,
in order to hold. Nevertheless, the extensive work in the field of nonsmooth anal-
ysis in the last decades has ensured that similar conditions hold in more general
assumptions (see for instance [42], [43] and [91], as well as Theorem 2.21).

We now focus on the constraint qualifications, mentioned earlier. In general,
those are conditions on the feasible set (often represented by a set on inequality and
equality constraints), which guarantee that KKT conditions hold. An exhaustive
survey on the topic is given in [143]. In this chapter, we limit ourselves to the
most common and widely-used ones: the linear independence constraint qualifica-
tion (LICQ), the Mangasarian-Fromovitz constraint qualification (MFCQ) and the
Abadie constraint qualification (ACQ). Furthermore, we recall the Guignard con-
straint qualification (introduced originally in [75]), which assumes more abstract
form than the previously mentioned constraint qualifications, but plays a crucial
role in formulating necessary optimality conditions for mathematical programs with
equilibrium constraints (see [63])

The simplest to check but most restrictive constraint qualification is the LICQ,
originally stated in [114]:

Definition 2.2. Let x∗ be a feasible point for (2.1). Then we say that the
LICQ folds at x∗, if all the gradients

∇Gi(x∗) ∀ i ∈ IG(x∗)
∇Hj(x∗) ∀ j = 1, . . . , h

are linearly independent.

The MFCQ, due to Olvi Mangasarian and Stanley Fromovitz (see [117]) reads
as follows:

Definition 2.3. Let x∗ be a feasible point for (2.1). Then we say that the
MFCQ folds at x∗, if the gradients

∇Hj(x∗) ∀ j = 1, . . . , h

are linearly independent and there exists a vector d ∈ Rn, such that

∇Gi(x∗)>d < 0 ∀ i ∈ IG(x∗)
∇Hj(x∗)>d = 0 ∀ j = 1, . . . , h.
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In order to define the ACQ, we need to introduce two cones, which are standard
tools in optimization theory. Let x∗ be feasible for (2.1), we define the tangent cone
of X at x∗ as

T (x∗;X ) :=

{
d ∈ Rn

∣∣∣∣
∃ {xk} ⊆ X , {tk} ↘ 0 such that

xk → x∗ and xk−x∗
tk
→ d

}
.

In literature, the tangent cone is also known as contingent cone and Bouligand
tangent cone. Let us also define the linearized cone at x∗ as

L(x∗) :=

{
d ∈ Rn

∣∣∣∣
∇Gi(x∗)>d ≤ 0 ∀ i ∈ IG(x∗)
∇Hj(x∗)>d = 0 ∀ j = 1, . . . , h

}
.

Note that the dependence of L(x∗) on X is implicitly expressed through the con-
straints on Gi and Hj . We can now formulate the ACQ, as originally done in [1]:

Definition 2.4. Let x∗ be a feasible point for (2.1). Then we say that the
ACQ folds at x∗, if T (x∗;X ) = L(x∗).

Note that the inclusion T (x∗;X ) ⊆ L(x∗) as always satisfied, hence the ACQ
reduces to the inclusion L(x∗) ⊆ T (x∗;X ). Furthermore, the ACQ always holds if
all constraint functions are affine linear.

Example 2.5 (MFCQ). Let us consider the feasible set

X :=
{
x ∈ R2 | Gi(x) ≤ 0, i = 1, 2

}

with

G1(x) := x21 − x2 and G2(x) := −x2
and the point x∗ := (0, 0). First of all, we observe that G1(x∗) = 0 = G2(x∗), which
implies that the set of active inequality constraints is

IG(x∗) = {1, 2}

and

(2.2) ∇G1(x∗) =

[
0
−1

]
and ∇G2(x∗) =

[
0
−1

]
.

By (2.2) it follows immediately that ∇G1(x∗)−∇G2(x∗) = 0 which implies that the
LICQ does not hold in x∗.

In order MFCQ to be satisfied, there must be d ∈ R2 such that ∇G1(x∗)>d < 0
and ∇G2(x∗)>d < 0, i.e.

{
∇G1(x∗)>d = (0,−1) · d = −d2 < 0

∇G2(x∗)>d = (0,−1) · d = −d2 < 0
,

which is satisfied for every d ∈ R2 with d2 > 0, hence MFCQ holds at x∗. Further-
more, we have

T (x∗;X ) = L(x∗) =

{
d ∈ R2

∣∣∣∣
∇G1(x∗)>d ≤ 0
∇G2(x∗)>d ≤ 0

}
=
{
d ∈ R2 |d2 ≥ 0

}
.
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Figure 1. Illustration of the feasible set X (in blue), the tangent
cone T (x∗;X ) (in green) and the linearized cone L(x∗) (in red)

Example 2.6 (ACQ). Let us consider the feasible set X =
{
x ∈ R2 | G(x) ≤ 0

}

with G(x) = (x2 − x21,−x2)> and x∗ = (0, 0)>. We will show that only the ACQ
holds at x∗. First of all, we observe that G(x∗) = (0, 0)>, hence the set of active
constraints is IG(x∗) = {1, 2} and

(2.3) ∇G1(x∗) = (0, 1)> and ∇G2(x∗) = (0,−1)>.

By (2.3) it follows immediately that ∇G1(x∗) + ∇G2(x∗) = (0, 0)> which implies
that the LICQ does not hold in x∗.

In order MFCQ to be satisfied, there must be d ∈ R2 such that ∇G1(x∗)>d < 0
and ∇G2(x∗)>d < 0, i.e.

(2.4)

{
∇G1(x∗)>d = (0, 1)>d = d2 < 0

∇G2(x∗)>d = (0,−1)>d = −d2 < 0
.

Since system (2.4) does not admit a solution, MFCQ does not hold in x∗.
We now check the ACQ. Let {xk} ⊂ X , xk → x∗ and {tk} ↘ 0, then

lim
k→∞

xk − x∗
tk

= (α, 0) with α ∈ R,

hence the tangent cone at x∗ is the set T (x∗;X ) = {d ∈ R2 | d2 = 0}. The linearized
cone at x∗ is given by

L(x∗) =

{
d ∈ R2

∣∣∣∣
∇G1(x∗)>d ≤ 0
∇G2(x∗)>d ≤ 0

}
=

{
d ∈ R2

∣∣∣∣
d2 ≤ 0
−d2 ≤ 0

}
= T (x∗;X ).

Thus the ACQ holds at x∗.
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Figure 2. Illustration of the feasible set X (in blue), the tangent
cone T (x∗;X ) (in green) and the linearized cone L(x∗) (in red)

We finally recall the Guignard constraint qualification (GCQ). In order to do
this, we need to introduce the dual cone of a nonempty set X ⊆ Rn as

X ∗ :=
{
v ∈ Rn

∣∣ v>d ≥ 0 ∀ d ∈ X
}

and the polar cone of X as

X ◦ :=
{
v ∈ Rn

∣∣ v>d ≤ 0 ∀ d ∈ X .
}

It is easy to see that X ∗ = −X ◦, furthermore the dual and the polar cone of a set
are always closed and convex and for each two sets A ⊆ B, we have B∗ ⊆ A∗ and
B◦ ⊆ A◦.

Definition 2.7. Let x∗ be a feasible point for (2.1). Then we say that the
GCQ holds at x∗, if T (x∗;X )∗ = L(x∗)∗.

2.2. General Results from Nonsmooth Analysis

Let us now recall some well known results from nonsmooth analysis. They
extend the classical properties of continuously differentiable functions to real valued,
locally Lipschitz continuous functions, defined on a Banach space. For deeper
insight, we refer the interested readers to the excellent textbooks from Clarke [42]
and [43].

Let X be a Banach space and Y ⊂ X. A function f : Y → R is said to be
Lipschitz of rank K if and only if

(2.5) ‖f(y)− f(y′)‖ ≤ K‖y − y′‖ ∀ y, y′ ∈ Y.
We shall say that f is Lipschitz (of rank K) near x, if for some ε > 0, f satisfies
the Lipschitz condition (2.5) on a ball around x with radius ε. Let f be Lipschitz
near a given point x and let v ∈ X. The generalized directional derivative of f at x
in the direction v is defined as

(2.6) f◦(x; v) := lim sup
y→x, t↘0

f(y + tv)− f(y)

t
.
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The following basic properties hold for f◦ :

Proposition 2.8. Let f be Lipschitz of rank K near x. Then

(i) The function v 7→ f◦(x; v) is finite, positively homogeneous and subaddi-
tive on X and satisfies

‖f◦(x; v)‖ ≤ K‖v‖.
(ii) f◦(x; v) is upper semicontinuous as a function of (x, v) and, as a function

of v alone, it is Lipschitz of rank K on X.
(iii) f◦(x;−v) = (−f)◦(x; v).

The proof of can be found in [42, Proposition 2.1.1]. We remark that by the
Hahn-Banach Theorem, any positively homogeneous linear function on a Banach
space X majorizes some linear functional on X. Hence, by property (ii) of Propo-
sition 2.8, there exists at least one linear functional ζ : X → R, such that for every
v ∈ X one has f◦(x; v) ≥ 〈ζ, v〉. It follows that ζ is bounded, i.e. ζ ∈ X∗ (where X∗

is the dual space of X, containing the continuous linear functionals on X). Thus,
the following definition is natural: the generalized gradient of f at x is the subset
∂f(x) of X∗, given by

(2.7) ∂f(x) :=
{
ζ ∈ X∗

∣∣ f◦(x; v) ≥ 〈ζ, v〉 for all v ∈ X
}
.

Denoting with ‖ · ‖X∗ the norm on X∗

‖ζ‖X∗ := sup{〈ζ, v〉 | v ∈ X, ‖v‖X ≤ 1}
the following proposition holds:

Proposition 2.9. Let f be Lipschitz of rank K near x. Then

(i) ∂f(x) is nonempty, convex, weak∗−compact subset of X∗ and ‖ζ‖X∗ ≤ K
for every ζ ∈ ∂f(x).

(ii) For every v ∈ X one has f◦(x; v) = max
ζ∈∂f(x)

〈ζ, v〉.

We now recall some classical notions of differentiability, which are stronger than
the one given in (2.6). Let F map X to another Banach space Y. We will denote the
set of linear continuous operators from X to Y with L(X,Y ). The usual (one-sided)
directional derivative of F at x in the direction of v is given by

F ′(x; v) := lim
t↘0

F (x+ tv)− F (x)

t

when the limit exists. F is said to admit a Gâteaux derivative at x if there exists a
linear continuous functional from X in Y, denoted with DF (x), such that for every
v ∈ X, F ′(x; v) exists and it holds F ′(x; v) = 〈DF (x), v〉. In other words, one has

lim
t↘0

F (x+ tv)− F (x)

t
= 〈DF (x), v〉

and the convergence is uniform with respect to v. In case the convergence holds for
v in a compact set, we obtain the Fréchet derivative.

One way to link the classical derivatives, stated above, to the theory of non-
smooth analysis is through the notion of strict differentiability. We say that F
admits a strict derivative at x, an element DsF (x) ∈ L(X,Y ), provided that for
each v ∈ X, the following holds:

lim
x′→x, t↘0

F (x′ + tv)− F (x′)
t

= 〈DsF (x), v〉
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and the convergence is uniform for v in a compact set.

Proposition 2.10. Let F map a neighbourhood of x to Y and let ξ be an
element of L(X,Y ). The following are equivalent:

(a) F is strictly differentiable at x and DsF (x) = ξ.
(b) F is Lipschitz near x and for each v ∈ X, one has

lim
x′→x, t↘0

F (x′ + tv)− F (x′)
t

= 〈ξ, v〉.

Proposition 2.11. Let f be Lipschitz near x and let it admit a Gâteaux (or
strict, or Fréchet) derivative Df(x). Then Df(x) ∈ ∂f(x).

Proposition 2.12. If f is strictly differentiable at x, then f is Lipschitz near
x and ∂f(x) = {Dsf(x)}. Conversely, if f is Lipschitz near x and ∂f(x) reduces
to a singleton {ξ}, then f is strictly differentiable at x and Dsf(x) = ξ.

Proofs of the previous propositions can be found in [42, Section 2.2]

Proposition 2.13. Let {fi}ni=1 be a finite family of Lipschitz functions near x
and let si ∈ R for every i = 1, . . . , n. One has

∂

(
n∑

i=1

sifi

)
(x) ⊂

n∑

i=1

si∂fi(x)

and equality holds if all but at most one of fi are strictly differentiable at x.

Proof can be found in [42, Proposition 2.3.1].

Example 2.14. As an example, we present here the computation of the gen-
eralized gradient of the absolute value function f : x 7→ |x|, defined as

f(x) =

{
x if x ≥ 0

−x if x < 0
.

Note that
∣∣f(x)− f(y)

∣∣ =
∣∣|x| − |y|

∣∣ ≤ |x− y| ∀x, y ∈ R

which implies that f is Lipschitz continuous of rank 1. Furthermore, for any x ∈
R \ {0}, f is differentiable in x and

∇f(x) =

{
1 if x > 0

−1 if x < 0
.

Hence from Proposition 2.12 the generalized gradient reduces to a singleton in
R \ {0}, i.e.

∂f(x) =
{
∇f(x)

}
∀ x ∈ R \ {0}.

Let us now focus on computing the generalized gradient of f in 0. By (2.7), we
know that

∂f(0) =
{
ζ ∈ R

∣∣ f◦(0; v) ≥ ζv for all v ∈ R
}

Let us first assume that v ≥ 0, then

f◦(0; v) = lim sup
y→0,t↘0

|y − tv| − |y|
t

= v
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and f◦(0; v) ≥ ζv implies that v ≥ ζv or ζ ≤ 1. If v < 0, then

f◦(0; v) = lim sup
y→0,t↘0

|y − tv| − |y|
t

= −v

and f◦(0; v) ≥ ζv implies that −v ≥ ζv or ζ ≥ −1. Combining the two conditions
of ζ yields to ζ ∈ [−1, 1] or ∂f(0) = [−1, 1].

16 2. OPTIMIZATION THEORY AND OPTIMAL CONTROL

and f�(0; v) � ⇣v implies that v � ⇣v or ⇣  1. If v < 0, then

f�(0; v) = lim sup
y!0,t&0

|y � tv| � |y|
t

= �v

and f�(0; v) � ⇣v implies that �v � ⇣v or ⇣ � �1. Combining the two conditions
of ⇣ yields to ⇣ 2 [�1, 1] or @f(0) = [�1, 1].

(a) Absolute value function f (b) Generalized gradient of f

Example 2.15. (See [43, Example 10.6]) Let X be a Banach space and let
f(x) := kxkX . We show that @f(0) =

�
⇣ 2 X⇤ | k⇣kX⇤  1

 
, where X⇤ is the dual

space of X.
We observe first that f(x) is Lipschitz of rank 1 in X and by Proposition 2.8

we have f�(0; v)  kvkX 8 v 2 X. Since the directional derivative of f at 0 in the
direction of v is f 0(0; v) = kvkX and it always holds f 0(0; v)  f�(0; v), we have

f�(0; v) = kvkX 8 v 2 X.

Note that by definition (see (2.7)) ⇣ 2 @f(0) if and only if

f�(0; v) = kvkX � h⇣; vi 8 v 2 X,

which yields to

@f(0) =
�
⇣ 2 X⇤ | k⇣kX⇤  1

 
.

Definition 2.16. The function f is said to be regular at x, provided

(i) For all v, the usual one-sided directional derivative f 0(x; v) exists.
(ii) For all v, f 0(x; v) = f�(x; v).

Proposition 2.17. Let f be Lipschitz near x.

(a) If f is strictly di↵erentiable at x, then f is regular at x.
(b) If f is convex, then f is regular at x.
(c) A finite linear combination (by nonnegative scalars) of functions regular

at x is regular at x.
(d) If f admits a Gâteaux derivative Df(x) and if it is regular at x, then

@f(x) = {Df(x)}.

Let us now consider a finite collection of functions {fi}n
i=1 each of which is

Lipschitz near x and the function f defined as

f(x0) := max
1in

fi(x
0).
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Proposition 2.17. Let f be Lipschitz near x.

(a) If f is strictly di↵erentiable at x, then f is regular at x.
(b) If f is convex, then f is regular at x.
(c) A finite linear combination (by nonnegative scalars) of functions regular

at x is regular at x.
(d) If f admits a Gâteaux derivative Df(x) and if it is regular at x, then

@f(x) = {Df(x)}.

Let us now consider a finite collection of functions {fi}n
i=1 each of which is

Lipschitz near x and the function f defined as

f(x0) := max
1in

fi(x
0).

(a) Absolute value function f (b) Generalized gradient of f

Example 2.15. (See [43, Example 10.6]) Let X be a Banach space and let
f(x) := ‖x‖X . We show that ∂f(0) =

{
ζ ∈ X∗ | ‖ζ‖X∗ ≤ 1

}
, where X∗ is the dual

space of X.
We observe first that f(x) is Lipschitz of rank 1 in X and by Proposition 2.8

we have f◦(0; v) ≤ ‖v‖X ∀ v ∈ X. Since the directional derivative of f at 0 in the
direction of v is f ′(0; v) = ‖v‖X and it always holds f ′(0; v) ≤ f◦(0; v), we have

f◦(0; v) = ‖v‖X ∀ v ∈ X.
Note that by definition (see (2.7)) ζ ∈ ∂f(0) if and only if

f◦(0; v) = ‖v‖X ≥ 〈ζ; v〉 ∀ v ∈ X,
which yields to

∂f(0) =
{
ζ ∈ X∗ | ‖ζ‖X∗ ≤ 1

}
.

Definition 2.16. The function f is said to be regular at x, provided

(i) For all v, the usual one-sided directional derivative f ′(x; v) exists.
(ii) For all v, f ′(x; v) = f◦(x; v).

Proposition 2.17. Let f be Lipschitz near x.

(a) If f is strictly differentiable at x, then f is regular at x.
(b) If f is convex, then f is regular at x.
(c) A finite linear combination (by nonnegative scalars) of functions regular

at x is regular at x.
(d) If f admits a Gâteaux derivative Df(x) and if it is regular at x, then

∂f(x) = {Df(x)}.
Let us now consider a finite collection of functions {fi}ni=1 each of which is

Lipschitz near x and the function f defined as

f(x′) := max
1≤i≤n

fi(x
′).
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It is easy to check that f is Lipschitz near x. For any x′, let I(x′) denotes the set
of indices i for which fi(x

′) = f(x′) (i.e. the set of indices at which the maximum
defining f is attained).

Proposition 2.18. We have

∂f(x) ⊆ co
{
∂fi(x)

∣∣ i ∈ I(x)
}

and if all the functions fi are regular at x for each i ∈ I(x), then equality holds and
f is regular at x.

Example 2.19. This example was originally stated in [43, Example 10.28]. Let
us consider the function f : R2 → R defined as

f(x, y) := max{min[2x+ y, x], 2y}.

Since the Lipschitz property is preserved from the min and max functions, it follows
that f is Lipschitz continuous in R2. We can split R2 into three regions, E1, E2

and E3, defined as

E1 :=
{

(x, y) ∈ R
2 | y ≤ 2x and y ≤ −x

}

E2 :=
{

(x, y) ∈ R
2 | y ≤ x/2 and y ≥ −x

}

E3 :=
{

(x, y) ∈ R
2 | y ≥ 2x or y ≥ x/2

}

and such that

f(x, y) =





2x+ y if (x, y) ∈ E1

x if (x, y) ∈ E2

2y if (x, y) ∈ E3

.

Note that f is differentiable in the interior of E1, E2 and E3 and

∇f(x, y) =





(2, 1) if (x, y) ∈ E1

(1, 0) if (x, y) ∈ E2

(0, 2) if (x, y) ∈ E3

Furthermore, by Proposition 2.18 we have

∂f(0, 0) = co {(2, 1), (1, 0), (0, 2)} .
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Figure 3. Function f

(a) Function f (b) Generalized gradient of f at 0

Proposition 2.20. Let f1, f2 be Lipschitz near x. Then f1f2 is Lipschitz near
x and it holds

@(f1f2)(x) ⇢ f2(x)@f1(x) + f1(x)@f2(x).

If in addition f1(x) � 0, f2(x) � 0 and if f1, f2 are both regular at x, then equality
holds and f1f2 is regular at x.

We know present a generalization of the standard KKT-conditions 2.1, which
allows the data to be nonsmooth and subsumes the smooth case.

Consider the problem

(2.8)
Minimize F(x)
s.t. Gi(x)  0 8 i = 1, . . . , m

Hj(x) = 0 8 j = 1, . . . , h

where F , Gi, Hj : X ! R and X is a Banach space. The following theorem holds:
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Proposition 2.20. Let f1, f2 be Lipschitz near x. Then f1f2 is Lipschitz near
x and it holds

∂(f1f2)(x) ⊂ f2(x)∂f1(x) + f1(x)∂f2(x).

If in addition f1(x) ≥ 0, f2(x) ≥ 0 and if f1, f2 are both regular at x, then equality
holds and f1f2 is regular at x.

We know present a generalization of the standard KKT-conditions 2.1, which
allows the data to be nonsmooth and subsumes the smooth case.

Consider the problem

(2.8)
Minimize F(x)
s.t. Gi(x) ≤ 0 ∀ i = 1, . . . ,m

Hj(x) = 0 ∀ j = 1, . . . , h

where F , Gi, Hj : X → R and X is a Banach space. The following theorem holds:
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Theorem 2.21 (Nonsmooth multipliers rule). Let x∗ be a local minimum of
Problem 2.8, where F , Gi and Hj are Lipschitz near x∗. Then there exist (λ0, λ, µ) ∈
R× Rm × Rh satisfying the nontriviality condition

(λ0, λ, µ) 6= 0,

the positivity and complementarity slackness conditions

λ0 = 0 or 1,

λi ≥ 0, Gi(x∗) ≤ 0, λiGi(x∗) = 0 ∀ i = 1, . . . ,m

and the stationarity condition

0 ∈ ∂
{
λ0F +

m∑

i=1

λiGi +

h∑

j=1

µjHj
}

(x∗).

The proof of the theorem can be found in [43, Theorem 10.47].

2.3. Optimal Control Theory

In this section, we provide a short outline of the optimal control theory and
some of the general results in the topic. The field is very broad and more detailed
overview is beyond the scope of this work. Classical textbooks in optimal control
theory are those from Kirk [100] and Bryson and Ho [34]. We limit ourselves to the
general formulation of the problem, as well as to the statement of local optimality
conditions for unconstrained and mixed control-state constrained problems.

The optimal control problem can be stated in the in the following way:

Problem 2.22. Let [t0, tf ] ⊂ R be a nonempty compact interval with t0 < tf
fixed. Let the functions

ϕ : Rnx × Rnx → R
f0 : R× Rnx × Rnu → R
f : R× Rnx × Rnu → Rnx

ψ : Rnx × Rnx → Rnψ

c1 : R× Rnx → Rnc

c2 : R× Rnx × Rnu → Rnc

be sufficiently smooth and U ⊆ Rnu be a closed convex set with nonempty interior.
The optimal control problem aims to find

(x, u) ∈W 1,∞([t0, tf ],Rnx)× L∞([t0, tf ],Rnu), such that

J(x, u) = ϕ(x(t0), x(tf )) +

∫ tf

t0

f0(t, x(t), u(t))dt

is minimized, subject to the constraints

ẋ(t) = f(t, x(t), u(t)) a.e. in (t0, tf )(2.9)

u(t) ∈ U a.e. in (t0, tf )(2.10)

ψ(x(t0), x(tf )) = 0.(2.11)

We will call it an optimal control problem with pure state constraints if in addition

(2.12) c1(t, x(t)) ≤ 0 a.e. in (t0, tf )
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have to be satisfied, and a problem with mixed control-state constraints if in addition

(2.13) c2(t, x(t), u(t)) ≤ 0 a.e. in (t0, tf )

have to be satisfied. Note that in the last case (with mixed control-state constraints),
we drop constraint (2.11), since it is in general incorporated into the inequality
constraints (2.13).

Definition 2.23. The pair of functions
(x, u) ∈ W 1,∞([t0, tf ],Rnx) × L∞([t0, tf ],Rnu) will be called feasible for Prob-
lem 2.22, if they satisfy equations (2.9)-(2.11) (respectively equations (2.9)-(2.12)
or (2.9)-(2.11),(2.13) in presence of pure state or mixed control-state constraints).

We now define global and local minimum of Problem 2.22.

Definition 2.24 (Global Minima). Let (x̂, û) be feasible for Problem 2.22.
(x̂, û) is called global minimum of Problem 2.22 if for every feasible (x, u) it holds
J(x̂, û) ≤ J(x, u).

Definition 2.25 (Strong and Weak Minima). Let (x̂, û) be feasible for Prob-
lem 2.22.

(a) (x̂, û) is called (weak) local minimum of Problem 2.22, if there exists ε > 0,
such that for every feasible (x, u) with ‖x− x̂‖1,∞ ≤ ε and ‖u− û‖∞ ≤ ε,
it holds J(x̂, û) ≤ J(x, u).

(b) (x̂, û) is called strong local minimum of Problem 2.22, if there exists ε > 0,
such that for every feasible (x, u) with ‖x − x̂‖∞ ≤ ε, it holds J(x̂, û) ≤
J(x, u).

2.4. Necessary Optimality Conditions

We recall now the necessary conditions for a feasible point (x̂, û) to be a solu-
tion (i.e. weak local minimum) of Problem 2.22. Since most of the problems we
investigate in the next chapters are nonlinear, we will focus on the statement of the
necessary conditions for a local minimum and no global optimality conditions will
be investigated.

Let us first define the Hamiltonian function H : R×Rnx ×Rnu ×Rnx ×R→ R
related to Problem 2.22 (without pure state or mixed control-state constraints) as

H(t, x, u, λ, l0) := l0f0(t, x, u) + λ>f(t, x, u).

The following result holds (proof can be found in [69, Section 3.1]):

Theorem 2.26 (Local Minimum Principle for Problem 2.22 without pure state
or mixed control-state constraints). Let (x̂, û) be a (weak) local minimum of Prob-
lem 2.22 without pure state or mixed control-state constraints. Then there exist
multipliers

l0 ∈ R, λ ∈W 1,∞([t0, tf ],Rnx), σ ∈ Rnψ

such that the following conditions are satisfied:

(a) l0 ≥ 0 and (l0, λ, σ) 6= 0.
(b) Adjoint equation: Almost everywhere in (t0, tf ) it holds

λ̇(t) = −∇xH(t, x̂(t), û(t), λ(t), l0).
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(c) Transversality conditions:

λ(t0) = −∇x0

[
l0ϕ(x̂(t0), x̂(tf )) + σ>ψ(x̂(t0), x̂(tf ))

]

λ(tf ) = ∇xf
[
l0ϕ(x̂(t0), x̂(tf )) + σ>ψ(x̂(t0), x̂(tf ))

]
.

(d) Stationarity of the Hamiltonian function: almost everywhere in
(t0, tf ) it holds

∇uH(t, x̂(t), û(t), λ(t), l0)>
(
u− û(t)

)
≥ 0

for all u ∈ U .
In order to formulate conditions, similar to those in Theorem 2.26 for the

mixed control-state constrained Problem 2.22, we need to introduce the augmented
Hamiltonian function Ĥ : R× Rnx × Rnu × Rnx × Rnc × R→ R, defined as

Ĥ(t, x, u, λ, µ, l0) := H(t, x, u, λ, l0) + µ>c2(t, x, u).

Then following theorem holds (proof can be found in [69, Section 3.3]):

Theorem 2.27 (Local Minimum Principle for Problem 2.22 with mixed con-
trol-state constraints). Let (x̂, û) be a (weak) local minimum of Problem 2.22 with
mixed control-state constraints. Then there exist multipliers

l0 ∈ R, λ ∈W 1,∞([t0, tf ],Rnx), µ ∈ L∞([t0, tf ],Rnc), σ ∈ Rnψ

such that the following conditions are satisfied:

(a) l0 ≥ 0 and (l0, λ, µ, σ) 6= 0.
(b) Adjoint equation: almost everywhere in (t0, tf ) it holds

λ̇(t) = −∇xĤ(t, x̂(t), û(t), λ(t), µ(t), l0).

(c) Transversality conditions:

λ(t0) = −∇x0

[
l0ϕ(x̂(t0), x̂(tf )) + σ>ψ(x̂(t0), x̂(tf ))

]

λ(tf ) = ∇xf
[
l0ϕ(x̂(t0), x̂(tf )) + σ>ψ(x̂(t0), x̂(tf ))

]
.

(d) Stationarity of the Hamiltonian function: almost everywhere in
(t0, tf ) it holds

∇uĤ(t, x̂(t), û(t), λ(t), µ, l0) = 0.

(e) Complementarity conditions: almost everywhere in (t0, tf ) it holds

µ(t) ≥ 0 and µ(t)>c2(t, x̂(t), û(t)) = 0.

We emphasize that the necessary optimality conditions for Problem 2.22 subject
to pure state constraints assume more complex form, since the associate multiplier
λ is only a function of bounded variation and the adjoint equation can only be
written in an integral form, in which Riemann-Stieltjes integrals are involved. This
requires additional effort from theoretical and numerical perspective, hence we do
not state these conditions here. In later chapters, in which we consider pure state
constrained problems, alternative techniques (bases on regularization and introduc-
tion of additional variables) are presented (see Chapter 6).

Note that in case l0 = 0, the objective function J does not enter into the
necessary optimality conditions. Furthermore, when l0 > 0, we can easily normalize
l0 to 1 as the multipliers appear linearly in the conditions, stated in Theorem 2.26
and Theorem 2.27.
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Let us now focus on the constraint qualifications for Problem 2.22, i.e. con-
ditions which guarantee that l0 > 0. We will state here the two most common
and widely used ones: the linear independence and the Mangasarian-Fromovitz
constraint qualifications.

For optimal control problems without pure state or mixed control-state con-
straints, the two constraint qualifications coincide (this is due to the absence of
inequality constraints, see [69, Chapter 2] for more details) and can be stated as
follows

Lemma 2.28. Let the assumptions of Theorem 2.26 hold and let

rank
(
ψ′x0

(x̂(t0), x̂(tf ))Φ(t0) + ψ′xf (x̂(t0), x̂(tf ))Φ(tf )
)

= nψ

where Φ is the fundamental solution of the Cauchy problem{
Φ̇(t) = f ′x(t, x̂(t), û(t))Φ(t) a.e. in (t0, tf )

Φ(t0) = Inx
.

Then l0 = 1 can be chosen in Theorem 2.26.

For optimal control problems with mixed control-state constraints,
the Mangasarian-Fromovitz constraint qualifications reads as follows:

Lemma 2.29. Le the assumptions from Theorem 2.27 hold and let there exist
x ∈W 1,∞([t0, tf ],Rnx), u ∈ L∞([t0, tf ],Rnu) and ε > 0 with

f̂ ′x[t]x(t) + f̂ ′u[t]u(t)− ẋ(t) = 0 a.e. in (t0, tf )

ĉ2[t] + ĉ′2,x[t]x(t) + ĉ′2,u[t]u(t) ≤ −ε · e a.e. in (t0, tf )

ψ̂′x0
x(t0) + ψ̂′xfx(tf ) = 0

where e = (1, . . . , 1)> ∈ Rng , while f̂ [·], ĉ2[·] and ψ̂ are the values of the functions f,

c2 and ψ in the optimal solution, i.e. f̂ [·] := f(·, x̂(·), û(·)), ĉ2[·] := c2(·, x̂(·), û(·))
and ψ̂ := ψ(x̂(t0), x̂(tf )). Then l0 = 1 can be chosen in Theorem 2.27.



CHAPTER 3

Constrained Mixed-Integer Optimal Control
Problems

In this chapter, we investigate mixed-integer optimal control problems, sub-
ject to mixed control-state constraints, in which discrete valued control is present.
We show that after discretization, the problem can be treated as a mathemat-
ical program with block of vanishing constraints (see Section 3.3) for which we
derive necessary optimality conditions of KKT-type (compare Theorem 3.16 and
Theorem 3.18). Finally, a relaxation approach is presented in Section 3.4 and its
application to aircraft landing problem is considered in Section 3.5. The presented
results were originally published in [135].

3.1. Introduction to Mixed-Integer Optimal Control Problems

A mixed-integer optimal control problem (MIOCP) can be formulated in the
following way:

Problem 3.1.

Minimize ϕ(x(tf ))

with respect to x ∈W 1,∞([t0, tf ],Rnx), u ∈ L∞([t0, tf ],Rnu) and
v ∈ L∞([t0, tf ],Rnv ), subject to the constraints

ẋ(t) = f(x(t), u(t), v(t)) a.e. in (t0, tf )

c(x(t), u(t), v(t)) ≤ 0 a.e. in (t0, tf )

v(t) ∈ V a.e. in (t0, tf )

ψ(x(t0), x(tf )) = 0

where the functions ϕ, f, c and ψ are defined as

ϕ : Rnx → R
f : Rnx × Rnu × Rnv → Rnx

c : Rnx × Rnu × Rnv → Rnc

ψ : Rnx × Rnx → Rnψ

and are assumed to be sufficiently smooth. Furthermore, the set V is defined as
V := {v1, . . . , vM} ⊂ Rnv .

Mixed-integer optimal control problems is a field of increasing importance and
practical applications can be found in [30, 67, 68, 88, 99, 139, 145, 147, 149].

There are several ways to approach Problem 3.1 numerically. One way is to for-
mulate and to solve the necessary optimality conditions provided by the Pontryagin
minimum principle (see [89, Theorem 1, p. 234] as well as Chapter 2). However,
especially in the presence of mixed control-state constraints this approach is highly

23
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non-trivial firstly because – up to our knowledge – such type of constraints are not
covered by the existing theory and secondly, even if a theory existed, the numerical
treatment of the resulting nonlinear multi-point boundary value problems would be
cumbersome. Hence, we focus on a discretization approach, which transforms the
problem into a finite dimensional optimization problem. Direct discretization as it
was used in [67] leads to a large-scale finite dimensional nonlinear mixed-integer
optimization problem, which could be approached by an approximate discrete min-
imum principle, see [124], or by branch-and-bound methods. However, as it was
observed in [67] the latter approach becomes increasingly inefficient as the number
of discretization points grows. Alternative approaches use outer convexification and
rounding schemes, see e.g. [98, 148].

Our approach is different and uses a suitable time transformation technique,
which will be illustrated in Section 3.2. It was first introduced in [57, Section 7,
p. 47] as a tool to prove a minimum principle. Later it was used by several authors,
see e.g. [68, 112], to solve some classes of mixed-integer optimal control prob-
lems numerically. Application of this variable time transformation technique in a
”discretize-then-optimize” fashion eventually leads to a finite dimensional mathe-
matical program with blocks of vanishing constraints of the following type:

Problem 3.2.

Minimize f(z)

with respect to z ∈ Rn and subject to the constraints

gi(z) ≤ 0, hj(z) = 0 ∀ i = 1, . . . ,m, j = 1, . . . p

Hi(z) ≥ 0, Gij(z)Hi(z) ≤ 0 ∀ i = 1, . . . , `, j = 1, . . . , k.

Details on the transformation of Problem 3.1 into Problem 3.2 will be provided
in Section 3.2.

3.2. Discretization of MIOCP by Variable Time Transformation

In this section, we illustrate a transformation technique, which allows us to
reformulate Problem 3.1 into a suitable form, on which theoretical and numerical
analysis can be applied. This technique is due to Dubovitskii and Milyutin and
originally appeared in [56, 57] (see also [71, pag. 95], [89, pag. 148] and [68,
Chapter 7]). The idea is to transform the original mixed-integer optimal control
problem into an equivalent optimal control problem without discrete variables.

First, we consider an equidistant partition of the time interval [t0, tf ] intoN ∈ N
subintervals with length h := (tf−t0)/N. Hence, we obtain the following grid, which
we call major grid:

GN :=
{
ti = t0 + ih

∣∣ i = 0, . . . , N
}
.

Note that the choice of equidistant grid is for the sake of simplicity, in fact the exten-
sion to non-equidistant grids is straightforward. After this, each interval [ti, ti+1)
of the major grid is divided into M equidistant subintervals (we recall that M is
the cardinality of the set V, i.e. the number of discrete values, which the control
function v is allowed to assume). Thus, we define the minor grid GN,M as

(3.1) GN,M :=

{
τi,j = ti + j

h

M

∣∣∣ i = 0, . . . , N − 1, j = 0, . . . ,M

}
.
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We observe that for each i = 0, . . . , N − 1 it holds τi,M = τi+1,0. Let us define the
real valued function vGN,M as

(3.2) vGN,M (τ) := vj ∀ τ ∈ [τi,j−1, τi.j), i = 0, . . . , N − 1, j = 1, . . . ,M.

Figure 1. Illustration of the function vGN,M (·)

The idea behind the variable time transformation technique is to control the
speed of time running through the minor grid GN,M . Hence, we seek a transformed
time

(3.3) t(τ) := t0 +

∫ τ

t0

w(s)ds τ ∈ [t0, tf ]

where the function w ∈ L∞([t0, tf ],R) is going to play the role of a new control
in the transformed problem. Some constraints have to be imposed on w, in order
to prevent degenerate and unrealistic solutions. First of all, we impose that t(·)
preserves the length of the time intervals in the major grid GN , hence

(3.4)

∫ ti+1

ti

w(s)ds = ti+1 − ti ∀ i = 0, . . . , N − 1.

Second, no backwards running time is allowed, i.e.

(3.5) w(s) ≥ 0 a.e. in (t0, tf ).

Remark 3.3. We observe that t(·) is an absolutely continuous function, whose
derivative is given by

dt

dτ
(τ) = w(τ) a.e. in (t0, tf ).

Note that t(·) is not one-to-one, in fact all time intervals in which w ≡ 0 are
mapped into a single point. Anyway, it becomes one-to-one under the convention

(3.6) t−1(s) = inf
{
τ
∣∣ t(τ) = s

}
.

Combining the piecewise constant function vGN,M from (3.2) and every function
w ∈ L∞([t0, tf ],R) satisfying (3.4)-(3.5), we can construct a discrete valued function
v assuming values in V by

v(s) := vGN,M (t−1(s)) a.e. in (t0, tf ).
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Proposition 3.4. Let v ∈ L∞([t0, tf ],Rnv ) be a feasible discrete valued control
function for Problem 3.1, piecewise constant on the major grid GN . Then there exists
a function w ∈ L∞([t0, tf ],R), satisfying (3.4)-(3.5), such that

(3.7) v(s) = vGN,M (t−1(s))

for almost every s ∈ (t0, tf ).

Proof. Since the function v is constant on the major grid GN , it follows that
for every i = 0, . . . , N − 1 there exists ki ∈ {1, . . . ,M} such that

v(s) = vki for a.e. s ∈ [ti, ti+1).

Consider the piecewise constant function w defined as

(3.8) w(τ) :=

{
Mh if τ ∈ [τi,ki−1, τi,ki), ∀ i = 0, . . . , N − 1

0 otherwise
.

Then w ∈ L∞([t0, tf ]R), w(τ) ≥ 0 in [t0, tf ] and for every i = 0, . . . , N − 1 it holds
∫ ti+1

ti

w(τ)dτ =

∫ τki

τki−1

Mhdτ = Mh(τki − τki−1) = h.

Hence w satisfies (3.4)-(3.5). Furthermore, by the definition of w it holds

v(s) = vGN,M (t−1(s)) for a.e. s ∈ [t0, tf ].

�

Proposition 3.4 suggests us a constructive way to approximate the discrete
valued control v in Problem 3.1. In this manner, the new control function w is only
subject to constraints (3.4)-(3.5).

We observe that the method proposed in Proposition 3.4 is only valid when v
is constant on every subinterval [ti, ti+1) of the major grid GN . In case two different
values are assumed by v in [ti, ti+1), say vj1 in [ti, t̃) and vj2 in [t̃, ti+1) with j1 >
j2, no function w can be found, such that v(s) = vGN,M (t−1(s)) and (3.4)-(3.5)
are satisfied. Nevertheless, we alert the reader that already the major grid GN
introduces an approximation of the original Problem 3.1. Furthermore, by setting
h small enough, we can approximate any discrete control v with finitely many jumps
by (3.7).

Example 3.5. Let us consider a simple example with v ∈ L∞([0, 1],R) and
V = {1, 2, 3}. We set N = 3, hence the major grid GN becomes GN = {0, 13 , 23 , 1}
and h = 1

3 . Suppose that the function v assumes the values 2, 1 and 3 in the

intervals [0, 13 ), [ 13 ,
2
3 ) and [ 23 , 1] respectively. We seek a function w ∈ L∞([0, 1],R),

such that v(s) = vGN,M (t−1(s)) and constraints (3.4)-(3.5) are satisfied.
First of all, following (3.1) the minor grid becomes

GN,M =

{
j

9
| j = 0, . . . , 9

}
.

Let us define the function w as

(3.9) w(τ) =

{
3 ∀ τ ∈ [ 19 ,

2
9 ) ∪ [ 39 ,

4
9 ) ∪ [ 89 , 1]

0 otherwise
.
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Figure 2. Illustration of the function w defined in (3.9)

By equations (3.3) and (3.6), the transformed time t(τ) and the inverse time
t−1(τ) are given by

t(τ) =





0 for τ ∈ [0, 19 )

3(τ − 1
9 ) for τ ∈ [ 19 ,

2
9 )

1
3 for τ ∈ [ 29 ,

3
9 )

1
3 + 3(τ − 3

9 ) for τ ∈ [ 39 ,
4
9 )

2
3 for τ ∈ [ 49 ,

8
9 )

2
3 + 3(τ − 8

9 ) for τ ∈ [ 89 , 1]

and

t−1(τ) =





0 if τ = 0
1
9 + 1

3τ for τ ∈ (0, 13 ]
2
9 + 1

3τ for τ ∈ ( 1
3 ,

2
3 ]

6
9 + 1

3τ for τ ∈ ( 2
3 , 1]

respectively.



28 3. CONSTRAINED MIXED-INTEGER OPTIMAL CONTROL PROBLEMS

Figure 3. Illustration of the transformed time and its inverse

(a) Transformed time t(τ) (b) Inverse transformed time t−1(τ)

Let us consider once again Problem 3.1. Applying transformation (3.3) yields
the following transformed problem:

Problem 3.6.

(3.10) Minimize ϕ(x(tf ))

with respect to x ∈W 1,∞([t0, tf ],Rnx), u ∈ L∞([t0, tf ],Rnu) and w ∈ L∞([t0, tf ],R)
and subject to the constraints

ẋ(τ)− w(τ)f(x(τ), u(τ), vGN,M (τ)) = 0 a.e. in (t0, tf ),(3.11)

w(τ)c(x(τ), u(τ), vGN,M (τ)) ≤ 0 a.e. in (t0, tf ),(3.12)

w(τ) ≥ 0 a.e. in (t0, tf ),(3.13)
∫ ti+1

ti

w(τ)dτ = h ∀ i = 0, . . . , N − 1,(3.14)

ψ(x(t0), x(tf )) = 0.(3.15)

Note that in Problem 3.6 we have multiplied the inequality constraints from
Problem 3.1 by w(·). This makes sense and is necessary, since the constraints
c(x(τ), u(τ), vGN,M (τ)) ≤ 0 only have to be considered in those intervals, in which
w(τ) > 0.

Remark 3.7. We emphasize that Problem 3.6 has only continuous valued con-
trols and can be solved by standard numerical methods (illustrated further in this
chapter). Let (x̂, û, ŵ) be an optimal solution of Problem 3.6. The inverse of the
time transformation

t̂(τ) = t0 +

∫ τ

t0

ŵ(s)ds,

i.e. t̂−1(s) = inf{τ | t̂(τ) = s} leads to the approximate solution of the original
Problem 3.1, given by

x(s) := x̂(t̂−1(s)), u(s) := û(t̂−1(s)), v(s) := vGN,M (t̂−1(s)).
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The first step towards solving Problem 3.6 numerically is to discretize it. In
this way we transform the infinite dimensional optimal control problem into a finite
dimensional one, whose solution is a good approximation of the solution of the
initial problem. Due to the presence of inequality constraints, explicitly depending
on the values assumed by the discrete control v, we need to discretize both, the state
function x and w on the minor grid, while the continuous control function u can
be discretized only on the major grid. This is done mainly to keep the dimensions
of the discretized problem as small as possible. From now on we will adopt the
following notations

(3.16)





xi,j := x(τi,j) ∀ i = 0, . . . , N − 1, j = 0, . . . ,M

xN,0 := x(tN )

ui := u(ti) ∀ i = 0, . . . , N − 1

wi,j := w(τi,j) ∀ i = 0, . . . , N − 1, j = 0, . . . ,M − 1

The discretization of Problem 3.6, adopting the notations (3.16) reads as follows.
The objective function and the boundary conditions from (3.10) and (3.15) are eval-
uated at the initial and final values of the state x, hence they become respectively

ϕ(xN,0) and ψ(x0,0, xN,0).

Inequality constraints (3.12)-(3.13) are evaluated on every grid point of the minor
grid, which leads to

(3.17) wi,jc(xi,j , ui, vj+1) ≤ 0 and wi,j ≥ 0

for every i = 0, . . . , N − 1 and j = 0, . . . ,M − 1, while (3.14) becomes

(3.18)
h

M

M−1∑

j=0

wi,j = h ∀ i = 0, . . . , N − 1.

Finally, we have to discretize the system of ordinary differential equation in (3.11).
In order to keep the notations simple, we will adopt the simplest possible method,
i.e. the explicit Euler method. We remark that the results obtained in this chapter
do not depend on the chosen discretization scheme, hence higher order methods
such as the 4−stage Runge-Kutta method could be chosen (in general, they are
preferred from numerical point of view due to their higher order of convergence as
well as to their ability to deal with particularly stiff problems). Since description
of the discretization methods for ODEs is beyond the scope of this work, we will
illustrate now only the explicit Euler method, referring the interested readers to
[69, Chapter 4], [77], [78] and [108].

The explicit Euler method is designed to approximate the solution of the initial
value problem

(3.19)

{
ẏ(t) = f(t, y(t)) ∀ t > t0

y(t0) = y0

Chosen a value h for the size of every step and set ti := t0 + ih, one step of the
Euler’s method from ti to ti+1 = ti + h is given by

yi+1 = yi + hf(ti, yi).

The value yi is an approximation of the solution ỹ of the ODE (3.19) at time ti,
i.e. yi ≈ ỹ(ti).
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Example 3.8. In this example, we illustrate the application of the Euler’s
method and the dependence of the approximated solution on the step size h. Let
us consider the Cauchy problem

(3.20)

{
ẏ(t) = t cos(10t) ∀t > 0

y(0) = 2
.

By integration by parts, one can show that the solution of (3.20) is given by

ỹ(t) = 2 +
10t sin(10t) + cos(10t)− 1

100
∀t ≥ 0.

Figure 4. Original solution of (3.20) and its approximations

If we consider three different step sizes, say h1 = 0.5, h2 = 0.25 and h3 = 0.1,
from Figure 4 we can see that the approximate solutions y1, y2 and y3 converge
rapidly to the original solution ỹ.

Applying the Euler’s method on (3.11) with respect to the minor grid GN,M
leads to the following system of equations:

xi,j+1 − xi,j
h/M

− wi,jf(xi,j , ui, vj+1) = 0 ∀ i = 0, . . . , N − 1, j = 0, . . . ,M − 1.

Hence, the discretized version of Problem 3.6 reads as follows:

Problem 3.9.

(3.21) Minimize ϕ(xN,0)

with respect to xi,j , ui and wi,j defined in (3.16) and subject to the constraints

xi,j+1 − xi,j −
h

M
wi,jf(xi,j , ui, vj+1) = 0(3.22)

xi+1,0 − xi,M = 0(3.23)

wi,jc(xi,j , ui, vj+1) ≤ 0(3.24)

wi,j ≥ 0(3.25)

M−1∑

j=0

wi,j −M = 0(3.26)

ψ(x0,0, xN,0) = 0(3.27)
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for every i = 0, . . . , N − 1 and every j = 0, . . . ,M − 1.

3.3. Mathematical Programs with Blocks of Vanishing Constraints

We now illustrate how the theory of vanishing constraints applies to Prob-
lem 3.9. The following results have been already published in [135].

The discretized Problem 3.9 from the previous section can be formally written
in the following abstract form

Problem 3.10.

(3.28) Minimize f(z)

with respect to z ∈ Rn and subject to the constraints

gi(z) ≤ 0 ∀ i = 1, . . . ,m(3.29)

hj(z) = 0 ∀ j = 1, . . . , p(3.30)

Hi(z) ≥ 0 ∀ i = 1, . . . , `(3.31)

Gi,j(z)Hi(z) ≤ 0 ∀ i = 1, . . . , `, j = 1, . . . , k.(3.32)

Some remarks are necessary. First, we observe that the variable z incorporates
xi,j , ui and wi,j , hence

z :=
(
xi,j , xN,0, ui, wi,j

)
∀ i ∈ {0, . . . , N − 1}, j ∈ {0, . . . ,M − 1}

with n := (NM + 1)nx +Nnu +NM,

f(z) := ϕ(xN,0)

while the equality constraints in (3.30) incorporate constraints (3.22),(3.23), (3.25)
and (3.26), hence

{hj(z)}j∈{1,...,p} :=





xi,j+1 − xi,j − h
Mwi,jf(xi,j , ui, vj+1)

xi+1,0 − xi,M∑M−1
j=0 wi,j −M

ψ(x0,0, xN,0)




i∈{0,...,N−1}
j∈{0,...,M−1}

with p := NMnx +Nnx +N + nψ. Furthermore

{Hi(z)}i∈{1,...,`} := {wi,j}i∈{0,...,N−1}, j∈{0,...,M−1}
with l := NM and

{Gi,j(z)} i∈{1,...,`}
j∈{1,...,k}

:= {cs(xi,j , ui, vj+1)} i∈{0,...,N−1}
j∈{0,...,M−1}
s∈{1,...,nc}

where k := nc. We observe that the inequality constraints (3.29) do not incorporate
any expression from Problem 3.9. We are including them, as their presence do not
influence the results stated in the rest of the chapter. Furthermore, any inequality
constraints in which the discrete control v is not present will be modeled by (3.29),
once the problem is discretized.

Note that by definition, the functions f, gi, hj , Hi, Gi,j : Rn → R are con-
tinuously differentiable. In case k = 1, Problem 3.10 is known in literature as
mathematical program with vanishing constraints (MPVC). This is due to the fact
that the implicit inequality constraint Gi,1(z) ≤ 0 vanishes, as soon as Hi(z) = 0.
Furthermore, MPVCs are closely related to another type of problems called math-
ematical programs with equilibrium constraints (MPEC). The former one is widely
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studied in literature, see for instance the monographs [115] and [134] containing
comprehensive material on the subject.

MPVCs have several applications in truss topology design and topology opti-
mization, see for instance [2], [3], [26], [38] and [97].

From a theoretical point of view, MPVC propose several difficulties with re-
spect to standard mathematical programs. First of all, MPVCs are not convex
even if the functions f, g, h, H and G are convex. Furthermore, standard con-
straint qualifications like the linear independence, the Mangasarian-Fromovitz or
even the Abadie constraint qualification are violated and only the abstract Guig-
nard constraint qualification holds (compare [87]). Hence, the well-known Karush-
Kuhn-Tucker conditions cannot be viewed as first order optimality conditions in
their standard form. We refer the readers, interested in deeper analysis of MPVCs
to the works [3], [84], [85], [86] and [87].

In this chapter, we report the results obtained in [135], which extends the
theory on MPVC from [3], [85], [86] and [87] to a class of problems, we refer
to as mathematical programs with block of vanishing constraints (MPBVC). Their
structure is similar to the one of MPVCs, except for the assumption that k ≥ 2
in (3.32). This implies that theoretical and numerical results from [84] cannot
be applied directly to MPBVCs. Our goal is to derive results similar to those
in [84], which hold for MPBVCs, i.e. first order necessary optimality conditions,
guaranteed by modified constraint qualifications, tailored towards MPBVCs as well
as a relaxation approach, which exploits these conditions for solving MPBVCs
numerically.

To achieve this, we reformulate (3.32) as

(3.33) Gi(z)Hi(z) ≤ 0 ∀ i = 1, . . . , `

where the function Gi is given by the maximum over all Gi,j , i.e.

(3.34) Gi(·) := max
1≤j≤k

Gi,j(·).

This leads to a nonsmooth MPVC and results from nonsmooth analysis have to be
exploited, in order to achieve first order necessary optimality conditions for MP-
BVC. Nevertheless, exploiting the particular structure of the functions Gi leads to
conditions which can still be used numerically from gradients based methods (such
as the sequential quadratic programming method), which usually require smooth
functions for convergence. By means of equations (3.33) and (3.34), Problem 3.10
is equivalent to the following

Problem 3.11.

(3.35) Minimize f(z)

with respect to z ∈ Rn and subject to the constraints

gi(z) ≤ 0 ∀ i = 1, . . . ,m(3.36)

hj(z) = 0 ∀ j = 1, . . . , p(3.37)

Hi(z) ≥ 0 ∀ i = 1, . . . , `(3.38)

Gi(z)Hi(z) ≤ 0 ∀ i = 1, . . . , `(3.39)

where Gi(z) = max
1≤j≤k

Gij(z).
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To see the equivalence of the two problems, note that for every i = 1, . . . , ` the
conditions Gi(z) ≤ 0 is by definition equivalent to Gij(z) ≤ 0 for every j = 1, . . . , k.

Let Z denote the feasible set of MPBVC, i.e. the set of points z ∈ Rn for
which (3.36)-(3.39) (equivalently (3.29)-(3.32)) are satisfied. The definition of local
minimum for MPBVC is straightforward:

Definition 3.12. Let z∗ ∈ Z. Then z∗ is said to be local minimum for MPBVC
if and only if there exists ε > 0, such that for every z ∈ Bε(z

∗) ∩ Z it holds
f(z) ≥ f(z∗).

Let us denote with T (z∗) the tangent cone (introduced in Section 2.1) of the
feasible set of MPBVC at z∗. The following well-known necessary optimality con-
dition for MPBVC holds, whose proof can be found, e.g., in [69, Theorem 2.3.15].

Theorem 3.13. Let z∗ be a local minimum of MPBVC. Then ∇f(z∗)T d ≥ 0
for every d ∈ T (z∗).

We observe that an explicit representation of the tangent cone T (z∗) is often
complicated and provides little help in practice. Hence, a convenient solution is to
substitute T (z∗) with the linearized cone at z∗ (also introduced in Section 2.1) and
use it in Theorem 3.13 instead of the tangent cone. For this purpose, we define the
following sets

P :=
{

1, . . . , p
}

Ig(z
∗) :=

{
i ∈ {1, . . . ,m}

∣∣ gi(z∗) = 0
}

I0(z∗) :=
{
i ∈ {1, . . . , `}

∣∣Hi(z
∗) = 0

}

I+(z∗) :=
{
i ∈ {1, . . . , `}

∣∣Hi(z
∗) > 0

}

as well as the partitions of I0(z∗)

I0+(z∗) :=
{
i ∈ I0(z∗)

∣∣Gi(z∗) > 0
}

I0−(z∗) :=
{
i ∈ I0(z∗)

∣∣Gi(z∗) < 0
}

I00(z∗) :=
{
i ∈ I0(z∗)

∣∣Gi(z∗) = 0
}

and I+(z∗)

I+0(z∗) :=
{
i ∈ I+(z∗)

∣∣Gi(z∗) = 0
}

I+−(z∗) :=
{
i ∈ I+(z∗)

∣∣Gi(z∗) < 0
}
.

Furthermore, let K :=
{

1, . . . , k
}

and

Ki(z
∗) :=

{
j ∈ K

∣∣ Gij(z∗) = Gi(z
∗)
}
∀ i ∈ {1, . . . , `}.

We now provide a characterization of the linearized cone at z∗, relative to the
feasible set of MPBVC.

Lemma 3.14. Let z∗ be feasible point for MPBVC. Then the linearized cone for
MPBVC at z∗ is given by

L(z∗) =




d ∈ Rn

∣∣∣∣∣∣∣∣∣∣

∇gi(z∗)>d ≤ 0 (i ∈ Ig(z∗))
∇hj(z∗)>d = 0 (j ∈ P )
∇Hi(z

∗)>d = 0 (i ∈ I0+(z∗))
∇Hi(z

∗)>d ≥ 0 (i ∈ I00(z∗) ∪ I0−(z∗))
∇Gij(z∗)>d ≤ 0

(
(i, j) ∈ I+0(z∗)×Ki(z

∗)
)




.
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Proof. From [59, Section 4] it follows that the linearized cone for MPBVC at
z∗ is given by the set of d ∈ Rn, such that

∇gi(z∗)>d ≤ 0 (i ∈ Ig(z∗))(3.40)

∇hj(z∗)>d = 0 (j ∈ P )(3.41)

∇Hi(z
∗)>d ≥ 0 (i ∈ I0(z∗))(3.42)

(GiHi)
◦(z∗; d) ≤ 0 (i ∈ I0(z∗) ∪ I+0(z∗)).(3.43)

Note that in (3.43) we have substituted the general concept of K-directional deriv-
ative of a function f with its generalized directional derivative defined in (2.6). In
fact, in [146, Theorem 3] it has been proven that when a function f is Lipschitz
continuous in z, its upper and lower subderivatives (denoted in [59] with fTC and
fDC) are reduced to its directional derivative.

We emphasize that the functions Gi are regular (according to Definition 2.16),
hence exploiting Proposition 2.18 and Proposition 2.20 leads to

(GiHi)
◦(z∗; d) = Gi(z

∗)∇Hi(z
∗)>d+Hi(z

∗)G◦i (z
∗; d)

= Gi(z
∗)∇Hi(z

∗)>d+Hi(z
∗) max
j∈Ki(z∗)

∇Gij(z∗)>d ≤ 0(3.44)

for all i ∈ I0(z∗) ∪ I+0(z∗).
We observe that by (3.42) and (3.44), it follows that

∇Hi(z
∗)>d = 0 ∀ i ∈ I0+(z∗)(3.45)

∇Gij(z∗)>d ≤ 0 ∀ (i, j) ∈ I+0(z∗)×Ki(z
∗).(3.46)

Hence, the assert follows from (3.40)-(3.42) and (3.45)-(3.46). �

Note that it always holds T (z∗) ⊆ L(z∗). In fact, L(z∗) is a convex cone, while
in general T (z∗) is not convex. When also the inverse inclusion holds, we obtain
the Abadie constraint qualification.

Definition 3.15. We say that the Abadie constraint qualification (ACQ) holds
at a feasible point z∗ of MPBVC if and only if L(z∗) = T (z∗).

The following theorem provides a Karush-Kuhn-Tucker condition for a local
minimum of MPBVC.

Theorem 3.16. Let z∗ be a local minimum of MPBVC such that the ACQ holds
at z∗. Then there exist Lagrange multipliers λi ∈ R (i ∈ {1, . . . ,m}), µj ∈ R (j ∈
{1, . . . , p}), λHi ∈ R (i ∈ {1, . . . , `}) and λGij ∈ R (i ∈ {1, . . . , `}, j ∈ {1, . . . , k})
such that

∇f(z∗) +

m∑

i=1

λi∇gi(z∗) +

p∑

j=1

µj∇hj(z∗)

−
∑̀

i=1

λHi ∇Hi(z
∗) +

∑̀

i=1

k∑

j=1

λGij∇Gij(z∗) = 0(3.47)
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and

(3.48)

λi ≥ 0, gi(z
∗) ≤ 0, λigi(z

∗) = 0 ∀ i ∈ {1, . . . ,m}
hj(z

∗) = 0 ∀ j ∈ {1, . . . , p}
λHi = 0 ∀ i ∈ I+(z∗)
λHi ≥ 0 ∀ i ∈ I00(z∗) ∪ I0−(z∗)
λHi free ∀ i ∈ I0+(z∗)
λGij ≥ 0 ∀ (i, j) ∈ I+0(z∗)×Ki(z

∗)
λGij = 0 otherwise.

Proof. We observe that the proof of the theorem is standard. However, we
present it for sake of completeness.

Let z∗ be a local minimum of MPBVC. By Theorem 3.13 and ACQ we have

(3.49) ∇f(z∗)T d ≥ 0 ∀d ∈ L(z∗).

Rewriting all the equality constraints as two inequalities, the condition d ∈ L(z∗)
becomes

∇gi(z∗)>d ≤ 0 (i ∈ Ig(z∗)),
∇hj(z∗)>d ≤ 0 (j ∈ P )

−∇hj(z∗)>d ≤ 0 (j ∈ P )

∇Hi(z
∗)>d ≤ 0 (i ∈ I0+(z∗))

−∇Hi(z
∗)>d ≤ 0 (i ∈ I0+(z∗))

−∇Hi(z
∗)>d ≤ 0 (i ∈ I00(z∗) ∪ I0−(z∗))

∇Gij(z∗)>d ≤ 0 ((i, j) ∈ I+0(z∗)×Ki(z
∗)).

Hence (3.49) becomes

(3.50) ∇f(z∗)T d ≥ 0 for all d such that Ad ≤ 0

where the matrix A is given by

A =




∇gi(z∗)> (i ∈ Ig(z∗))
∇hj(z∗)> (j ∈ P )
−∇hj(z∗)> (j ∈ P )
∇Hi(z

∗)> (i ∈ I0+(z∗))
−∇Hi(z

∗)> (i ∈ I0+(z∗))
−∇Hi(z

∗)> (i ∈ I00(z∗) ∪ I0−(z∗))
∇Gij(z∗)> ((i, j) ∈ I+0(z∗)×Ki(z

∗))




.

Applying Farka’s Lemma to equation (3.50) shows that there exists a vector ŷ ∈ RN
where N := |Ig(z∗)|+2|P (z∗)|+2|I0+(z∗)|+ |I00(z∗)∪I0−(z∗)|+ |I+0(z∗)| · |Ki(z

∗)|
satisfying

A>ŷ = −∇f(z∗) and ŷ ≥ 0.

Let us partition the vector ŷ in the same way as A, i.e.

ŷ = (λ̂, µ̂+, µ̂−, λ̂
H
+ , λ̂

H
− , λ̂

H , λ̂G)
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where

λ̂i ≥ 0 (i ∈ Ig(z∗))
µ̂+,j , µ̂−,j ≥ 0 (j ∈ P )

λ̂H+,i, λ̂
H
−,i ≥ 0 (i ∈ I0+(z∗))

λ̂Hi ≥ 0 (i ∈ I00(z∗) ∪ I+0(z∗))

λ̂Gij ≥ 0 ((i, j) ∈ I+0(z∗)×Ki(z
∗)).

We obtain the assertion by setting

λi :=

{
λ̂i if i ∈ Ig(z∗)
0 if i /∈ Ig(z∗)

µj :=
{
µ̂+,j − µ̂−,j if j ∈ P

λHi :=





λ̂H−,i − λ̂H+,i if i ∈ I0+(z∗)

λ̂H if i ∈ I00(z∗) ∪ I0+(z∗)

0 if i /∈ I0(z∗)

λGij :=

{
λ̂Gij if (i, j) ∈ I+0(z∗)×Ki(z

∗)

0 otherwise
.

�

We will refer to (3.47)-(3.48) as KKT conditions for MPBVC. Let us now
introduce a modification of the ACQ suitable for MPBVC. Following the idea of
[3, Section 5], for every feasible z∗ ∈ Z, we introduce the modified linearized cone
of MPBVC:

Lmod(z∗) =




d ∈ Rn

∣∣∣∣∣∣∣∣∣∣

∇gi(z∗)>d ≤ 0 (i ∈ Ig(z∗))
∇hj(z∗)>d = 0 (j ∈ P )
∇Hi(z

∗)>d = 0 (i ∈ I0+(z∗))
∇Hi(z

∗)>d ≥ 0 (i ∈ I00(z∗) ∪ I0−(z∗))
∇Gij(z∗)>d ≤ 0 ((i, j) ∈ (I00(z∗) ∪ I+0(z∗))×Ki(z

∗))





Note that we always have Lmod(z∗) ⊆ L(z∗) and equality holds if I00 = ∅.
Definition 3.17. We say that the modified Abadie constraint qualification

(MACQ) holds at a feasible point z∗ of MPBVC if and only if Lmod(z∗) = T (z∗).

Since MACQ is weaker than ACQ, we cannot expect the KKT conditions from
Theorem 3.16 to hold. However, the following theorem states similar results.

Theorem 3.18. Let z∗ be a local minimum of MPBVC such that the MACQ
holds at z∗. Then there exist Lagrange multipliers λi ∈ R (i ∈ {1, . . . ,m}), µj ∈
R (j ∈ {1, . . . , p}), λHi ∈ R (i ∈ {1, . . . , `}) and λGij ∈ R (i ∈ {1, . . . , `}, j ∈
{1, . . . , k}) such that

∇f(z∗) +

m∑

i=1

λi∇gi(z∗) +

p∑

j=1

µj∇hj(z∗)

−
∑̀

i=1

λHi ∇Hi(z
∗) +

∑̀

i=1

k∑

j=1

λGij∇Gij(z∗) = 0(3.51)
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and

(3.52)

λi ≥ 0, gi(z
∗) ≤ 0, λigi(z

∗) = 0 ∀i = 1, . . . ,m
hj(z

∗) = 0 ∀j = 1, . . . , p
λHi = 0 ∀ i ∈ I+(z∗)
λHi ≥ 0 ∀ i ∈ I00(z∗) ∪ I0−(z∗)
λHi free ∀ i ∈ I0+(z∗)
λGij ≥ 0 ∀ (i, j) ∈ I+0(z∗)×Ki(z

∗)
λGij = 0 otherwise.

The proof of the theorem is similar to the one of Theorem 3.16.
Note that conditions (3.51)-(3.52) are strongly related to the definition of the

modified linearized cone Lmod(z∗). In case ng = 1, (i.e. MPBVC becomes MPVC),
several stationary conditions have been obtained. For instance, in [125]-[126] the
Mordukhovich stationary cone has been introduced and leads to M-stationarity
conditions, while weak stationarity has been introduced in [92]. The conditions
(3.51)-(3.52) are known as strong stationarity in the scalar case nc = 1 and have
been first introduced in [3].

A point (z∗, λ, µ, λH , λG) satisfying (3.51)-(3.52) will be called stationary point
for MPBVC.

We now provide sufficient conditions under which the MACQ holds. To this
end we need the following lemma.

Lemma 3.19. Let z∗ be a feasible point of MPBVC. Suppose that the gradients

∇hj(z∗) (j ∈ P ),

∇Hi(z
∗) (i ∈ I0+(z∗))

are linearly independent and there exists a vector d∗ ∈ Rn such that

(3.53)
∇hj(z∗)>d∗ = 0 (j ∈ P )
∇Hi(z

∗)>d∗ = 0 (i ∈ I0+(z∗))

and

(3.54)
∇gi(z∗)>d∗ < 0 (i ∈ Ig(z∗))
∇Hi(z

∗)>d∗ > 0 (i ∈ I00(z∗) ∪ I0−(z∗))
∇Gij(z∗)>d∗ < 0

(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×Ki(z

∗)
)
.

Then there exist ε > 0 and a continuously differentiable curve z : (−ε, ε) → Rn
such that z(0) = z∗, z′(0) = d∗ and z(t) ∈ Z for all t ∈ [0, ε).

Proof. In order the prove the Lemma, we have to modify the proof of [3,
Lemma 4.2]. Let us define q = |P |+|I0+(z∗)| and consider the mapping ρ : Rn → Rq
such that

ρ(z) =

(
hj(z) (j ∈ P )
Hi(z) (i ∈ I0+(z∗))

)
∀ z ∈ Rn.

Let us denote with ρj the j-th component of ρ. Consider the mapping

H : Rq+1 → Rq

whose j-th component is defined as

Hj(y, t) = ρj(z
∗ + td∗ + ρ′(z∗)>y)
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for every y ∈ Rq, t ∈ R and j = 1, . . . , q. Since z∗ is feasible, the system of
equations H(y, t) = 0 has a solution (y∗, t∗) = (0, 0). Furthermore, the partial
Jacobian Hy(0, 0) = ρ′(z∗)ρ′(z∗)> is non-singular since the Jacobian

ρ′(z∗) =

(
h′j(z) (j ∈ P )
H ′i(z) (i ∈ I0+(z∗))

)

has a full rank by assumption. From the implicit function theorem it follows that
there exists ε > 0 and a continuously differentiable curve y : (−ε, ε) → Rq such
that y(0) = 0 and H(y(t), t) = 0 for all t ∈ (−ε, ε). Furthermore, its derivative is
given by

y′(t) = −
(
Hy(y(t), t)

)−1
Ht(y(t), t) ∀ t ∈ (−ε, ε).

The last identity implies that

y′(0) = −
(
Hy(y(0), 0)

)−1
Ht(y(0), 0) = −

(
Hy(y(0), 0)

)−1
ρ′(z∗)d∗ = 0

since ρ′(z∗)d∗ = 0 by (3.53).
Let us define the curve z : (−ε, ε)→ Rn such that

z(t) = z∗ + td∗ + ρ′(x∗)>y(t) ∀ t ∈ (−ε, ε).

Then z(·) is continuously differentiable on (−ε, ε). Since y(0) = 0 and y′(0) = 0,
if follows that z(0) = z∗ and z′(0) = d∗. It remains to show that z(t) ∈ Z for all
sufficiently small t ∈ [0, ε).

First of all, note that H(y(t), t) = 0 implies hj(z(t)) = 0 for all j ∈ P and
Hi(z(t)) = 0 for all i ∈ I0+(z∗) and all t ∈ (−ε, ε). Furthermore, by continuity, we
have Hi(z(t)) ≥ 0 for all i ∈ I+(z∗) and t sufficiently small.

Consider now an arbitrary index i ∈ I00(z∗) ∪ I0−(z∗) and define the func-
tion φ(t) = Hi(z(t)). It holds φ′(t) = ∇Hi(z(t))

>z′(t) and therefore φ′(0) =
∇Hi(z

∗)>d∗ > 0 by (3.54). Since φ(0) = Hi(z
∗) = 0, it follows that Hi(z(t)) =

φ(t) > 0 for all t > 0 sufficiently small. Thus we obtain that Hi(z(t)) ≥ 0 for all
i = 1, . . . , ` and all t > 0 sufficiently small.

In a similar way we can prove that gi(z(t)) ≤ 0 for all i = 1, . . . ,m and all
t > 0 sufficiently small.

It remains to prove that Gi(z(t))Hi(z(t)) ≤ 0 for all i = 1, . . . , ` and t >
0 sufficiently small. Suppose first that i ∈ I0+(z∗), then we already know that
Hi(z(t)) = 0 and thus Gi(z(t))Hi(z(t)) ≤ 0 for all t ∈ (−ε, ε).

Furthermore, for every i ∈ I0−(z∗)∪I+−(z∗) we know that Gi(z(t))Hi(z(t)) ≤ 0
holds for sufficiently small t > 0 by the continuity of Hi(z(·)) and Gi(z(·)).

Suppose now that i ∈ I00(z∗) ∪ I+0(z∗). By Danskin’s Theorem ([43, Theo-
rem 10.22], see also Proposition 2.18) it follows that the generalized gradient of the
function ϕ(·) = Gi(z(·)) is given by

∂ϕ(0) = ∂
(
Gi(z(0))

)
= coj∈Ki(z∗)

{
∇Gij(z(0))

}>
z′(0)

= coj∈Ki(z∗)
{
∇Gij(z∗)

}>
d∗.
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Then by (3.54), we have

lim
t↘0

ϕ(t)− ϕ(0)

t
≤ lim sup
λ→0, t↘0

ϕ(λ+ t)− ϕ(λ)

t
= ϕ◦(0; 1)

= max





∑

j∈Ki(z∗)
αij∇Gij(z∗)>d∗

∣∣∣∣∣∣
αij ≥ 0,

∑

j∈Ki(z∗)
αij = 1



 < 0.

It follows that Gi(z(t)) ≤ Gi(z(0)) = 0 and thus Gi(z(t))Hi(z(t)) ≤ 0 for each
i ∈ I00(z∗) ∪ I+0(z∗) and for each sufficiently small t > 0. �

The assumptions of Lemma 3.19 are a modification of the standard
Mangasarian-Fromovitz constraint qualification, suitable for MPBVC. Hence the
following definition makes sense:

Definition 3.20. Let z∗ be a feasible point of MPBVC and suppose that
the assumptions from Lemma 3.19 are satisfied. Then we say that the modified
Mangasarian-Fromovitz constraint qualification (MMFCQ) holds at z∗.

Theorem 3.21. Let the MMFCQ holds at z∗ ∈ Z. Then the MACQ holds at
z∗.

Proof. The proof of the theorem is slight modification of [3, Theorem 4.4].
However, for sake of completeness we present it here. We have to verify the inclusion
Lmod(z∗) ⊆ T (z∗). Let d ∈ Lmod(z∗) and d∗ ∈ Rn be the vector satisfying the
MMFCQ. Consider now d(δ) = d+ δd∗. From the definition of Lmod(z∗) it holds

∇gi(z∗)>d(δ) ≤ 0 (i ∈ Ig(z∗))
∇hj(z∗)>d(δ) = 0 (j ∈ P )

∇Hi(z
∗)>d(δ) = 0 (i ∈ I0+(z∗))

∇Hi(z
∗)>d(δ) ≥ 0 (i ∈ I00(z∗) ∪ I0−(z∗))

∇Gij(z∗)>d(δ) ≤ 0
(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×Ki(z

∗)
)
.

Let us now prove that for every fixed δ > 0, we have d(δ) ∈ T (z∗). Exploiting
Lemma 3.19, it follows that there exist ε > 0 and a differentiable function z :
(−ε, ε) → Rn, such that z(0) = z∗, z′(0) = d(δ) and z(t) ∈ Z for all t > 0
sufficiently small. Consider now an arbitrary sequence {tk} ↘ 0 and define zk :=
z(tk). Then {zk} ⊂ Z, zk → z∗ and

d(δ) = z′(0) = lim
k→+∞

z(tk)− z(0)

tk
= lim
k→+∞

zk − z∗
tk

.

This shows that d(δ) = d + δd∗ ∈ T (z∗) for every δ > 0. Then taking δk ↘ 0 and
noting that the tangent cone T (z∗) is closed, we obtain that d = limk→+∞ d(δk) ∈
T (z∗). �

In the next theorem we present a sufficient condition for the MACQ, which is
of linearly independent constraint qualification type.
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Theorem 3.22. Let z∗ ∈ Z be a local minimum of MPBVC and suppose that
the gradients

∇gi(z∗) (i ∈ Ig(z∗))
∇hj(z∗) (j ∈ P )

∇Hi(z
∗) (i ∈ I0(z∗))

∇Gij(z∗)
(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×Ki(z

∗)
)

are linearly independent. Then the modified Abadie constraint qualification holds at
z∗ and there exist unique Lagrange multipliers satisfying (3.47)-(3.48).

Proof. Note that it is a standard topic in Mathematical Optimization to
prove that the linear independence of the gradients implies the MMFCQ. Thus by
Theorem 3.21 it follows that MACQ holds at z∗. The uniqueness of the Lagrange
multipliers follow from the linear independence of all gradients. �

The previous theorem suggests to introduce the following modification of the
standard linear independence constraint qualification.

Definition 3.23. Let z∗ ∈ Z and suppose that the assumptions from The-
orem 3.22 are satisfied in z∗. Then we say that the modified linear independence
constraint qualification (MLICQ) holds at z∗.

As final remark, we point out that more general results have been obtained in
[86] for MPVC. We expect that the same results hold also for MPBVC.

3.4. Relaxation Approach

In this section we investigate a numerical approach for solving MPBVC. The
main idea is to ”relax” constraints (3.39) by introducing a positive parameter t.
Hence, we obtain the following relaxed problem

Problem 3.24 (MPBVC(t)).

(3.55) Minimize f(z)

with respect to z ∈ Rn and subject to the constraints

gi(z) ≤ 0 ∀ i = 1, . . . ,m(3.56)

hj(z) = 0 ∀ j = 1, . . . , p(3.57)

Hi(z) ≥ 0 ∀ i = 1, . . . , `(3.58)

Gi(z)Hi(z) ≤ t ∀ i = 1, . . . , `(3.59)

where Gi(z) = max
1≤j≤k

Gij(z).

For every t > 0 we denote with Z(t) the set of feasible points for MPBVC(t), i.e.
the set of points z ∈ Rn such that (3.56)-(3.59) are satisfied. Note that Z ⊆ Z(t)
and Z = Z(0). Furthermore, for every z ∈ Z(t) we denote with

I(z, t) :=
{
i = 1, . . . , `

∣∣ Gi(z)Hi(z) = t
}
.

We need the following lemma from [84].

Lemma 3.25. Let z∗ ∈ Z(0). Then there exists ε > 0 such that for all t > 0
and all z ∈ Bε(z∗) ∩ Z(t), the following inclusions hold

Ig(z) ⊆ Ig(z∗), I0(z) ⊆ I0(z∗), I(z, t) ⊆ I00(z∗) ∪ I+0(z∗) ∪ I0+(z∗).
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The proof is similar to the one of [84, Lemma 10.1.2].

Lemma 3.26. Let z∗ ∈ Z and suppose that MLICQ holds at z∗. Then there
exists ε > 0 such that the gradients

∇gi(z) (i ∈ Ig(z))
∇hj(z) (j ∈ P )

∇Hi(z) (i ∈ I0(z))

Gij(z)∇Hi(z) +Hi(z)∇Gij(z)
(
(i, j) ∈ I(z, t)×Ki(z)

)

are linearly independent for all t > 0 and all z ∈ Bε(z∗) ∩ Z(t).

Proof. Since the MLICQ holds at z∗, the gradients

∇gi(z∗) (i ∈ Ig(z∗))(3.60)

∇hj(z∗) (j ∈ P )(3.61)

∇Hi(z
∗) (i ∈ I0(z∗))(3.62)

∇Gij(z∗)
(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×Ki(z

∗)
)

(3.63)

are linearly independent. Let t > 0 be fixed. Furthermore, let ε∗ > 0 be such that
Lemma 3.25 holds, i.e.

(3.64) Ig(z) ⊆ Ig(z∗), I0(z) ⊆ I0(z∗), I(z, t) ⊆ I00(z∗) ∪ I+0(z∗) ∪ I0+(z∗)

for any z ∈ Bε(z∗) ∩ Z(t).
Then, given z ∈ Bε∗(z∗)∩Z(t), the following gradients are linearly independent:

∇gi(z∗) (i ∈ Ig(z))(3.65)

∇hj(z∗) (j ∈ P )(3.66)

∇Hi(z
∗) (i ∈ I0(z))(3.67)

Gi(z
∗)∇Hi(z

∗) (i ∈ I(z, t) ∩ I0+(z∗))(3.68)

Hi(z
∗)∇Gij(z∗)

(
(i, j) ∈

(
I(z, t) ∩ I+0(z∗)

)
×Ki(z

∗)
)

(3.69)

∇Hi(z
∗) (i ∈ I(z, t) ∩ I00(z∗))(3.70)

∇Gij(z∗)
(
(i, j) ∈

(
I(z, t) ∩ I00(z∗)

)
×Ki(z

∗)
)
.(3.71)

We observe that (3.65)-(3.67) follow from (3.60)-(3.62) and (3.64), while (3.68)-
(3.71) follow from the fact that I0(z) ∩ I(z, t) = ∅.

Note that there exists ε̂ > 0 such that Ki(z) ⊆ Ki(z
∗) for every z ∈ Bε̂(z∗) ∩

Z(t) due to the continuity of the functions Gij . It follows that the vectors

∇gi(z) (i ∈ Ig(z))(3.72)

∇hj(z) (j ∈ P )(3.73)

∇Hi(z) (i ∈ I0(z))(3.74)

Gij(z)∇Hi(z) +Hi(z)∇Gij(z)
(
(i, j) ∈ (I(z, t) ∩ I0+(z∗))×Ki(z)

)
(3.75)

Gij(z)∇Hi(z) +Hi(z)∇Gij(z)
(
(i, j) ∈ (I(z, t) ∩ I+0(z∗))×Ki(z)

)
(3.76)

∇Hi(z) (i ∈ I(z, t) ∩ I00(z∗))(3.77)

∇Gij(z)
(
(i, j) ∈ (I(z, t) ∩ I00(z∗))×Ki(z)

)
(3.78)
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are linearly independent for all z ∈ Bε0(z∗)∩Z(t), where ε0 = min{ε∗, ε̂}. Suppose
now that there exist

αi ∈ R (i ∈ Ig(z))
βj ∈ R (j ∈ P )

γi ∈ R (i ∈ I0(z))

δij ∈ R
(
(i, j) ∈ I(z, t)×Ki(z)

)

such that

∑

i∈Ig(z)
αi∇gi(z) +

∑

j∈P
βj∇hj(z) +

∑

i∈I0(z)
γi∇Hi(z)

+
∑

i∈I(z,t)

∑

j∈Ki(z)
δij
(
Gij(z)∇Hi(z) +Hi(z)∇Gij(z)

)
= 0.(3.79)

By partitioning

I(z, t) =
(
I(z, t) ∩ (I0+(z∗) ∪ I+0(z∗))

)⋃(
I(z, t) ∩ I00(z∗)

)
,

equation (3.79) becomes

0 =
∑

i∈Ig(z)
αi∇gi(z) +

∑

j∈P
βj∇hj(z) +

∑

i∈I0(z)
γi∇Hi(z)

+
∑

i∈I(z,t)∩(I0+(z∗)∪I+0(z∗))

∑

j∈Ki(z)
δij
(
Gij(z)∇Hi(z) +Hi(z)∇Gij(z)

)

+
∑

i∈I(z,t)∩I00(z∗)

∑

j∈Ki(z)

(
δijGij(z)

)
∇Hi(z)

+
∑

i∈I(z,t)∩I00(z∗)

∑

j∈Ki(z)

(
δijHi(z)

)
∇Gij(z).(3.80)

Since the vectors in (3.72)-(3.78) are linearly independent and Gij(z), Hi(z) 6=
0
(
i ∈ I(z, t), j ∈ Ki(z)

)
, equation (3.80) implies that all the parameters αi, βj , γi, δij

have to be zero. Thus, the vectors

∇gi(z) (i ∈ Ig(z)),
∇hj(z) (j ∈ P ),

∇Hi(z) (i ∈ I0(z)),

Gij(z)∇Hi(z) +Hi(z)∇Gij(z)
(
(i, j) ∈ I(z, t)×Ki(z)

)

are linearly independent. �

The previous lemma suggests a suitable constraint qualification for MPBVC(t).

Definition 3.27. Let t > 0 and zt ∈ Z(t), we say that the modified linear
independence constraint qualification (MLICQ(t)) holds for MPBVC(t) at zt if and



3.4. RELAXATION APPROACH 43

only if the gradients

∇gi(z) (i ∈ Ig(z))
∇hj(z) (j ∈ P )

∇Hi(z) (i ∈ I0(z))

Gij(z)∇Hi(z) +Hi(z)∇Gij(z)
(
(i, j) ∈ I(z, t)×Ki(z)

)

are linearly independent.

Lemma 3.28. Let t > 0, zt ∈ Z(t) be a local minimum of MPBVC(t) and
suppose that MLICQ(t) holds at zt. Then there exist multipliers λti ∈ R (i ∈
{1, . . . ,m}), µtj ∈ R (j ∈ {1, . . . , p}), ρti ∈ R (i ∈ {1, . . . , `}), vti ∈ R (i ∈ {1, . . . , `})
and αtij ∈ R (i ∈ {1, . . . , `}, j ∈ {1, . . . , k}) satisfying

0 =∇f(zt) +
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)
vti



Gi(z

t)∇Hi(z
t) +Hi(z

t)
∑

j∈Ki(zt)
αtij∇Gij(zt)



(3.81)

such that

λti ≥ 0, gi(z
t) ≤ 0, λtigi(z

t) = 0 ∀ i ∈ {1, . . . ,m}(3.82)

hj(z
t) = 0 ∀ j ∈ {1, . . . , p}(3.83)

ρti ≥ 0, Hi(z
t) ≥ 0, ρtiHi(z

t) = 0 ∀ i ∈ {1, . . . , `}(3.84)

vti ≥ 0, Gi(z
t)Hi(z

t) ≤ t, vti
(
Gi(z

t)Hi(z
t)− t

)
= 0 ∀ i ∈ {1, . . . , `}(3.85)

as well as

αtij ≥ 0 (i, j) ∈ I(zt, t)×Ki(z
t)(3.86)

αtij = 0 otherwise(3.87)
∑

j∈Ki(zt)
αtij = 1 ∀ i ∈ I(zt, t).(3.88)

Proof. Since zt is a local minimum of MPBVC(t), from the nonsmooth mul-
tipliers rule (see Theorem 2.21), it follows that the exist (λt0, λ

t, µt, ρt, vt) ∈ R ×
Rm × Rp × R` × R`, (λt0, λ

t, µt, ρt, vt) 6= 0 such that

λt0 ∈ {0, 1}(3.89)

λti ≥ 0, gi(z
t) ≤ 0, λtigi(z

t) = 0 ∀ i ∈ {1, . . . ,m}(3.90)

hj(z
t) = 0 ∀ j ∈ {1, . . . , p}(3.91)

ρti ≥ 0, Hi(z
t) ≥ 0, ρtiHi(z

t) = 0 ∀ i ∈ {1, . . . , `}(3.92)

vti ≥ 0, Gi(z
t)Hi(z

t) ≤ t, vti
(
Gi(z

t)Hi(z
t)− t

)
= 0 ∀ i ∈ {1, . . . , `}(3.93)

and

(3.94) 0 ∈ ∂
{
λt0f +

m∑

i=1

λtigi +

p∑

j=1

µtjhj −
∑̀

i=1

ρtiHi +
∑̀

i=1

vti
(
GiHi − t

)}
(zt).
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Note that equations (3.90)-(3.93) already imply (3.82)-(3.85). Using the prop-
erties of the generalized gradient, stated in Section 2.2, we obtain

0 ∈λt0∇f(zt) +
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)
vtiGi(z

t)∇Hi(z
t) +

∑

i∈I(zt,t)
vtiHi(z

t)∂Gi(z
t).

From Proposition 2.18, it follows that ∂Gi(z
t) = co

{
∇Gij(zt)

∣∣ j ∈ Ki(z
t)
}

and

for every i ∈ I(zt, t) exist αtij ≥ 0
(
j ∈ Ki(z

t)
)

such that

(3.95)
∑

j∈Ki(zt)
αtij = 1

and

0 = λt0∇f(zt) +
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)
vtiGi(z

t)∇Hi(z
t) +

∑

i∈I(zt,t)

∑

j∈Ki(zt)
vtiHi(z

t)αtij∇Gij(zt).(3.96)

Let us suppose that λt0 = 0. Then exploiting (3.95) and the fact that Gij(z
t) =

Gi(z
t) for all j ∈ Ki(z

t), (3.96) can be written as

0 =
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)
vti

( ∑

j∈Ki(zt)
αtijGij(z

t)

)
∇Hi(z

t)

+
∑

i∈I(zt,t)

∑

j∈Ki(zt)
vtiHi(z

t)αtij∇Gij(zt)

=
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)

∑

j∈Ki(zt)
vtiα

t
ij

(
Gij(z

t)∇Hi(z
t) +Hi(z

t)∇Gij(zt)
)
.(3.97)

Since the MLICQ(t) holds at zt and the gradients

∇gi(zt) (i ∈ Ig(zt))
∇hj(zt) (j ∈ P )

∇Hi(z
t) (i ∈ I0(zt))

Gij(z
t)∇Hi(z

t) +Hi(z
t)∇Gij(zt)

(
(i, j) ∈ I(zt, t)×Ki(z

t)
)
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are linearly independent, the only way (3.97) to be satisfied is to have all the
coefficients equal to zero, i.e.

λti = 0 (i ∈ Ig(zt))
µtj = 0 (j ∈ P )

ρti = 0 (i ∈ I0(zt))

vti = 0 (i ∈ I(zt, t)).

Since by conditions (3.90), (3.92) and (3.93) if follows that

λti = 0 ∀ i ∈ {1, . . . ,m} \ Ig(zt)
ρti = 0 ∀ i ∈ {1, . . . , `} \ I0(zt)

vti = 0 ∀ i ∈ {1, . . . , `}\ ∈ I(zt, t)

we have (λt0, λ
t, µt, ρt, vt) = 0, which is in contrast with Theorem 2.21, hence λt0

has to be equal to one. Finally, by setting

αtij = 0 ∀ (i, j) /∈ I(zt, t)×Ki(z
t)

we obtain (3.81) and (3.86)-(3.88). �

Definition 3.29. Let t > 0 and zt ∈ Z(t) be a local minimum for MPBVC(t).
Let (λt, µt, ρt, vt, αt) ∈ Rm × Rp × R` × R` × R`·k satisfy (3.81)-(3.88). Then we
will call (λt, µt, ρt, vt, αt) multipliers for MPBVC(t) at zt.

The following Theorem is the main result in this section. It follows [84],
although the method was first applied in [153] to mathematical programs with
equilibrium constraints. The idea is to investigate the behavior of the multipliers
obtained in Lemma 3.28 as t→ 0.

Theorem 3.30. Let z∗ be a feasible point for MPBVC, such that MLICQ holds
at z∗. Let zt be a local minimum of MPBVC(t) with associated multipliers
(λt, µt, ρt, vt, αt). Suppose that zt → z∗ as t→ 0 and let

(3.98) λH,ti = ρti − vtiGi(zt) and λG,tij = vtiHi(z
t)αtij

for every i = 1, . . . , `, j = 1, . . . , k and t > 0.
Then (λt, µt, λH,t, λG,t) converge to the unique multipliers (λ, µ, λH , λG) for

MPBVC, such that (x∗, λ, µ, λH , λG) is a stationary point for MPBVC if the limits

lim
t→0

vtiGi(z
t) = 0 ∀ i ∈ I00(z∗) ∪ I+0(z∗)(3.99)

lim
t→0

vtiHi(z
t) = 0 ∀ i ∈ I00(z∗)(3.100)

hold.

Proof. Since z∗ is feasible for MPBVC, by Lemma 3.25 there exists ε > 0,
such that for every t > 0

(3.101) I(z, t) ⊆ I0+(z∗) ∪ I+0(z∗) ∪ I00(z∗) ∀ z ∈ Bε(z∗) ∩ Z(t).

Let us consider t > 0 such that zt ∈ Bε(z∗), zt be a local minimum of MPBVC(t)
with associated multipliers (λt, µt, ρt, vt, αt) ∈ Rm × Rp × R` × R` × R`·k and
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conditions (3.81)-(3.88) hold. Exploiting (3.101), equation (3.81) can be written as

−∇f(zt) =
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

+
∑

i∈I(zt,t)∩I0+(z∗)

vti

[
Gi(z

t)∇Hi(z
t) +Hi(z

t)
∑

j∈Ki(zt)
αtij∇Gij(zt)

]

+
∑

i∈I(zt,t)∩I+0(z∗)

vti

[
Gi(z

t)∇Hi(z
t) +Hi(z

t)
∑

j∈Ki(zt)
αtij∇Gij(zt)

]

+
∑

i∈I(zt,t)∩I00(z∗)

vti

[
Gi(z

t)∇Hi(z
t) +Hi(z

t)
∑

j∈Ki(zt)
αtij∇Gij(zt)

]

=
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
ρti∇Hi(z

t)

−
∑

i∈I(zt,t)∩I0+(z∗)

(
− vtiGi(zt)

)[
∇Hi(z

t) +
Hi(z

t)

Gi(zt)

∑

j∈Ki(zt)
αtij∇Gij(zt)

]

+
∑

i∈I(zt,t)∩I+0(z∗)

∑

j∈Ki(zt)
vtiα

t
ijHi(z

t)
[Gi(zt)
Hi(zt)

∇Hi(z
t) +∇Gij(zt)

]

−
∑

i∈I(zt,t)∩I00(z∗)

(
− vtiGi(zt)

)
∇Hi(z

t)

+
∑

i∈I(zt,t)∩I00(z∗)

∑

j∈Ki(zt)
vtiα

t
ijHi(z

t)∇Gij(zt)
(3.102)

Since I0(zt) ∩ I(zt, t) = ∅, the following implications hold:

i ∈ I0(zt) =⇒ i /∈ I(zt, t) =⇒ vti = 0 =⇒ λH,ti = ρti

i ∈ I(zt, t) =⇒ i /∈ I0(zt) =⇒ ρti = 0 =⇒ λH,ti = −vtiGi(zt).

Hence equation (3.102) becomes

−∇f(zt) =
∑

i∈Ig(zt)
λti∇gi(zt) +

∑

j∈P
µtj∇hj(zt)−

∑

i∈I0(zt)
λH,ti ∇Hi(z

t)

−
∑

i∈I(zt,t)∩I0+(z∗)

λH,ti

[
∇Hi(z

t) +
Hi(z

t)

Gi(zt)

∑

j∈Ki(zt)
αtij∇Gij(zt)

]

+
∑

i∈I(zt,t)∩I+0(z∗)

∑

j∈Ki(zt)
λG,tij

[Gi(zt)
Hi(zt)

∇Hi(z
t) +∇Gij(zt)

]

−
∑

i∈I(zt,t)∩I00(z∗)

λH,ti ∇Hi(z
t) +

∑

i∈I(zt,t)∩I00(z∗)

∑

j∈Ki(zt)
λG,tij ∇Gij(zt)(3.103)

Let us denote with

q := |Ig(z∗)|+ |P |+ |I0(z∗)|+
(
|I+0(z∗)|+ |I00(z∗)|

)
· |K|
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and define the matrix A(zt) ∈ Rq×n as

A(zt) :=




∇gi(zt)> (i ∈ A1)
∇hj(zt)> (j ∈ A2)
−∇Hi(z

t)> (i ∈ A3)

−∇Hi(z
t)> − Hi(z

t)
Gi(zt)

∑
j∈Ki(zt) α

t
ij∇Gij(zt)> (i ∈ A4)

∇Gij(zt)> ((i, j) ∈ A5)

∇Gij(zt)> + Gi(z
t)

Hi(zt)
∇Hi(z

t)> ((i, j) ∈ A6)




where

A1 := Ig(z
∗)

A2 := P

A3 := I00(z∗) ∪ I0−(z∗) ∪
(
I0+(z∗) \ I(zt, t)

)

A4 := I0+(z∗) ∩ I(zt, t)

A5 := I00(z∗) ∪
(
I+0(z∗) \ I(zt, t)

)
×K(z∗)

A6 :=
(
I+0(z∗) ∩ I(zt, t)

)
×K(z∗).

Note that with K(z∗) we identify the set of indexes j ∈ {1, . . . , k}, such that once
fixed i, we have K(z∗) = Ki(z

∗). Furthermore, define the vector yt ∈ Rq as

yt. :=




λti (i ∈ Ig(z∗))
µtj (j ∈ P )

λH,ti (i ∈ I0(z∗))
λG,tij

(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×K(z∗)

)


 .

Note that since we have chosen t > 0 sufficiently small, such that the inclusions

Ig(z
t) ⊆ Ig(z∗), I0(zt) ⊆ I0(z∗), I(zt, t) ⊆ I00(z∗) ∪ I+0(z∗) ∪ I0+(z∗)

hold, we can write equation (3.103) as

(3.104) −∇f(zt) = A(zt)>yt.

We have used the fact that

λti = 0 ∀ i ∈ Ig(z∗) \ Ig(zt)
λH,ti = 0 ∀ i ∈ I0(z∗) \

(
I0(zt) ∪ I(zt, t)

)

λG,tij = 0 ∀ (i, j) ∈
{[(

I00(z∗) ∪ I+0(z∗)
)
∩ I(zt, t)

]
×K(z∗)

}

∪
{[
I00(z∗) ∪ I+0(z∗)

]
×
(
K(z∗) \Ki(z

t)
)}
.

Since the functions gi, hj , Hi and Gij are continuously differentiable and
zt → z∗ as t→ 0, the matrix A(zt) converges to A(z∗), which assumes the form

(3.105) A(z∗) =




∇gi(z∗)> (i ∈ Ig(z∗))
∇hj(z∗)> (j ∈ P )
−∇Hi(z

∗)> (i ∈ I0(z∗))
∇Gij(z∗)>

(
(i, j) ∈ (I00(z∗) ∪ I+0(z∗))×K(z∗)

)


 .
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In fact

lim
t→0
∇gi(zt)> = ∇gi(z∗)> ∀ i ∈ A1

lim
t→0
∇hj(zt)> = ∇hj(z∗)> ∀ j ∈ A2

lim
t→0
∇Hi(z

t)> = ∇Hi(z
∗)> ∀ i ∈ A3

lim
t→0
∇Gij(zt)> = ∇Gij(z∗)> ∀ (i, j) ∈ A5

by the continuity of the gradients. If i ∈ A4 = I0+(z∗) ∩ I(zt, t), then

lim
t→0


−∇Hi(z

t)> − Hi(z
t)

Gi(zt)

∑

j∈Ki(zt)
αtij∇Gij(zt)>


 = −∇Hi(z

∗)>,

while if (i, j) ∈ A6 =
(
I+0(z∗) ∩ I(zt, t)

)
×K(z∗)

lim
t→0

[
∇Gij(zt)> +

Gi(z
t)

Hi(zt)
∇Hi(z

t)>
]

= ∇Gij(z∗)>.

Since

A3 ∪A4 =
[
I00(z∗) ∪ I0−(z∗) ∪

(
I0+(z∗) \ I(zt, t)

)]
∪
[
I0+(z∗) ∩ I(zt, t)

]

= I00(z∗) ∪ I0−(z∗) ∪ I0+(z∗) = I0(z∗)

and

A5 ∪A6 =
[
I00(z∗) ∪

(
I+0(z∗) \ I(zt, t)

)
×K(z∗)

]
∪
[(
I+0(z∗) ∩ I(zt, t)

)
×K(z∗)

]

=
(
I00(z∗) ∪ I+0(z∗)

)
×K(z∗)

we obtain (3.105).
Note thatA(z∗) has full rank, since MLICQ holds at z∗. Furthermore,∇f(zt)→

∇f(z∗) as t→ 0 and thus yt → y∗ as t→ 0, i.e. equation (3.104) becomes

(3.106) −∇f(z∗) = A(z∗)>y∗

and there exist

λ̂ ∈ R|Ig(z
∗)|, µ ∈ Rp, λ̂H ∈ R|I0(z

∗)|, λ̂G ∈ R|(I00(z
∗)∪I+0(z

∗))|k

such that

λti → λ̂i ∀ i ∈ Ig(z∗)
µtj → µj ∀ j ∈ P
λH,ti → λ̂Hi ∀ i ∈ I0(z∗)

λG,tij → λ̂Gij ∀ (i, j) ∈ (I00(z∗) ∪ I+0(z∗))×K(z∗)

as t → 0. Note that since zt is a local minimum of MPBVC(t), conditions (3.82)-
(3.88) hold. Hence, from (3.82) we have that λti ≥ 0 for all i ∈ {1, . . . ,m} and
λti = 0 for all i ∈ {1, . . . ,m} \ Ig(z∗) and t sufficiently small (the last statement
follows from the inclusion Ig(z

t) ⊆ Ig(z∗)) and so

lim
t→0

λti = 0 ∀ i ∈ {1, . . . ,m} \ Ig(z∗)
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We define the vector λ ∈ Rm as

λi :=

{
λ̂i ∀ i ∈ Ig(z∗)
0 ∀ i ∈ {1, . . . ,m} \ Ig(z∗)

satisfying

(3.107) λi ≥ 0, gi(z
∗) ≤ 0, λigi(z

∗) = 0 ∀ i ∈ {1, . . . ,m}.
Let us consider now the multipliers λH,ti . Assume first that i ∈ {1, . . . , `} \

I0(z∗) = I+(z∗). For every t > 0, we can split I+(z∗) into the disjoint sets

I+0(z∗) ∩ I(zt, t) and I+−(z∗) ∪
(
I+0(z∗) \ I(zt, t)

)
.

For every i ∈ I+0(z∗) ∩ I(zt, t), λH,ti = −vtiGi(zt) and by condition (3.99), we get

lim
t→0

λH,ti = lim
t→0
−vtiGi(zt) = 0,

while for every i ∈ I+−(z∗) ∪
(
I+0(z∗) \ I(zt, t)

)
, λH,ti = 0 and thus

lim
t→0

λH,ti = 0

Suppose now that i ∈ I00(z∗) ∪ I0−(z∗), we consider the disjoint sets
(
I00(z∗) ∪ I0−(z∗)

)
∩ I(zt, t)

(
I00(z∗) ∪ I0−(z∗)

)
∩ I0(zt)

(
I00(z∗) ∪ I0−(z∗)

)
\
(
I(zt, t) ∪ I0(zt)

)
.

If i ∈
(
I00(z∗) ∪ I0−(z∗)

)
∩ I(zt, t) = I00(z∗) ∩ I(zt, t), then λH,ti = −vtiGi(zt) and

by condition (3.99) we get

lim
t→0

λH,ti = lim
t→0
−vtiGi(zt) = 0.

If i ∈
(
I00(z∗) ∪ I0−(z∗)

)
∩ I0(zt), then λH,ti = ρti and

lim
t→0

λH,ti = lim
t→0

ρti ≥ 0.

In case i ∈
(
I00(z∗) ∪ I0−(z∗)

)
\
(
I(zt, t) ∪ I0(zt)

)
, then λH,ti = 0 and

lim
t→0

λH,ti = 0.

Finally, if i ∈ I0+(z∗), no conclusions can be made on the limit

lim
t→0

λH,ti .

Hence, if we define the vector λH ∈ R` as

λHi :=

{
λ̂H,ti ∀ i ∈ I0(z∗)

0 ∀ i ∈ {1, . . . , `} \ I0(z∗)
,

then λH,t → λH as t→ 0 and

λHi = 0 ∀ i ∈ I+(z∗)(3.108)

λHi ≥ 0 ∀ i ∈ I00(z∗) ∪ I0−(z∗)(3.109)

λHi free ∀ i ∈ I0+(z∗).(3.110)
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Finally, let us consider the limit of the multipliers λG,t as t→ 0. Suppose first that

(i, j) ∈
(
I+0(z∗) ∩ I(zt, r)

)
×Ki(z

∗), then λG,tij = vtiHi(z
t)αtij ≥ 0 and

lim
t→0

λG,tij = λ̂Gij ≥ 0.

If (i, j) ∈
(
I00(z∗) ∩ I(zt, t)

)
×Ki(z

∗), then λG,tij ≥ 0 and by condition (3.100) we
have

0 ≤ lim
t→0

λG,tij = lim
t→0

vtiHi(z
t)αtij ≤ lim

t→0
vtiHi(z

t) = 0.

Finally, if (i, j) /∈
(
I+0(z∗) ∪ I00(z∗)

)
× Ki(z

∗) then λG,tij = 0 and so its limit for

t→ 0. Hence, we can define the vector λG ∈ R`·k as

λGij :=

{
λ̂Gij ∀ (i, j) ∈

(
I+0(z∗) ∪ I00(z∗)

)
×Ki(z

∗)

0 otherwise
.

Then λG,t → λG as t→ 0 and λG satisfies

λGij ≥ 0 ∀ (i, j) ∈ I+0(z∗)×Ki(z
∗)(3.111)

λGij = 0 otherwise.(3.112)

Note that from the MLICQ follows the uniqueness of the multipliers (λ, µ, λH , λG).
Furthermore, combining the definitions of λ, µ, λH and λG together with conditions
(3.107),(3.108)-(3.110) and (3.111)-(3.112), equation (3.104) can be written as

−∇f(z∗) =

m∑

i=1

λi∇gi(z∗) +

p∑

j=1

µj∇hj(z∗)−
∑̀

i=1

λHi ∇Hi(z
∗)

+
∑̀

i=1

k∑

j=1

λGij∇Gij(z∗)

which together with (3.107),(3.108)-(3.110),(3.111)-(3.112) imply that
(z∗, λ, µ, λH , λG) is a stationary point of MPBVC. �

As a final remark, we observe that conditions (3.99)-(3.100) are satisfied in case
the multiplier vt remains bounded for all t > 0. n fact, suppose that there exists
c > 0 such that

vti ≤ c ∀ i ∈ {1, . . . , `}, t > 0.

Then by the continuity of the functions H and G we get

lim
t→0

vtiGi(z
t) ≤ lim

t→0
cGi(z

t) = cGi(z
∗) = 0 ∀ i ∈ I00(z∗) ∪ I+0(z∗)

lim
t→0

vtiHi(z
t) ≤ lim

t→0
cHi(z

t) = cHi(z
∗) = 0 ∀ i ∈ I00(z∗).

3.5. Numerical Results

In this section, we present a numerical application of the theory stated so far.
Let us consider the problem of finding the minimum time required for an aircraft to
reach certain altitude with certain speed. For the purpose, we consider a simplified,
two dimensional dynamical model describing the motion of the aircraft, where we
denote with x, y, V and γ the aircraft’s position, altitude, speed and climb angle.
The continuous valued controls influencing the model are the thrust level position
T and a parameter α controlling the aircraft’s lift force. Furthermore, we consider
a discrete-valued control v, given by the flaps position. It can assume only values
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in the set {1, 2, 3} corresponding to the different flaps configurations: Landing,
Approach or Cruise.

The equations of motion of the aircraft are as follows:

ẋ(t) = V (t) cos(γ(t)) a.e. in (0, tf )(3.113)

ẏ(t) = V (t) cos(γ(t)) a.e. in (0, tf )(3.114)

V̇ (t) = g ·
[
T (t)−D(V (t), α(t), v(t))

m · g − sin(γ(t))

]
a.e. in (0, tf )(3.115)

γ̇(t) =
L(V (t), α(t)) · cos(µ(t))−m · g · cos(γ(t))

m · V (t)
a.e. in (0, tf ).(3.116)

The functions L and D are the lift and drag forces acting on the aircraft given by

L(V, α) =
%

2
· S · V 2 · CL(α) and D(V, α, v) =

%

2
· S · V 2 · CD(α, v),

where

CL(α) = CL0 + CLα · α
is the lift coefficient with constants CL0

and CLα , while

CD(α, v) = CD0(v) + CD2(v) · CL(α)2

is the drag coefficient with CD0(v) and CD2(v) depending on the flaps configuration
v. Finally, the parameters g, m and ρ are respectively the aircraft’s mass, earth’s
acceleration and air density. The numerical values of all coefficients in the previ-
ous equations can be found [13] (for simplicity, we provide the values of the used
parameters in Table 1).

The constraints imposed on the aircraft are given by

0 ≤ T (t) ≤ Tmax,(3.117)

0 ≤ α(t) ≤ 0.4,(3.118)

− 15◦ ≤ γ(t) ≤ 15◦(3.119)

as well as the speed constraints depending on the flaps position v(t) ∈ {1, 2, 3}:
52.1 m/s ≤ V (t) ≤ 80.1 m/s if v(t) = 1(3.120)

70.1 m/s ≤ V (t) ≤ 110.9 m/s if v(t) = 2(3.121)

105.3 m/s ≤ V (t) ≤ 154.3 m/s if v(t) = 3.(3.122)

Note that we have overestimated the speed constraints in (3.120)-(3.122) mainly
for reducing the intervals in which multiple flaps configurations could be selected,
forcing in this way the algorithm to switch from one configuration to another as
soon as the speed constraints become active.

Finally, the boundary conditions applied on the aircraft are given by

(3.123)
x(0) = x0, y(0) = y0, V (0) = V0, γ(0) = γ0
x(tf ) = xf , y(tf ) = yf , V (tf ) = Vf , γ(tf ) = γf .

Hence, the resulting optimal control problem can be formulated as follows:

Problem 3.31. Minimize tf with respect to (x, y, V, γ) ∈ W 1,∞([0, tf ],R4),
(T, α) ∈ L∞([0, tf ],R2) and v ∈ L∞([0, tf ],R), and subject to the dynamics (3.113)-
(3.116), constraints (3.117)-(3.119) and (3.120)-(3.122) and boundary conditions
(3.123).
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By application of the variable time transformation from Section 3.2 we obtain
a continuous reformulation of Problem 3.31, in which vanishing constraints are
present due to the speed constraints imposed by (3.120)-(3.122). Relaxation leads to
a standard optimal control problem, which has been solved by the ”sqpfiltertoolbox”,
which is an open-source SQP-solver available at http://www.optimal-control.de. For
details about the SQP-method, we refer the reader to [128, Chapter 18].

The parameters used in the problem are provided by the following table:

Parameter Value
m 58730
g 9.80665
% 1.225
S 122.63

Tmax 142310
CL0

0.2487
CLα 4.75
CD0

(1) 0.134
CD2

(1) 0.0371
CD0(2) 0.038
CD2(2) 0.0419
CD0

(3) 0.026659
CD2

(3) 0.038726
x0 0
y0 500
V0 53
γ0 0
xf free
yf 3000
Vf 150
γf 0

Table 1. List of used parameters

The computation of the optimal solution has been executed on a on MacBook
Pro machine with 2.5GHz Intel Core i7 processor and 8G RAM with execution
time 91 seconds. The optimal solution has been obtained by iteratively rerunning
the optimization problem while scaling down the relaxation parameter. After 40
iterations, the final relaxation parameter has been set to 10−7.

The optimal final time is tf = 168.1 seconds with thrust level set to maximum
through the whole time interval. The switching instances from Landing to Approach
and from Approach to Cruise flaps configurations occurred at 11.2 and 33.1 seconds,
respectively. The aircraft’s optimal trajectory is given by Figure 5
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Figure 5. Aircraft’s optimal trajectory

The optimal speed profile and climb angle are given in Figure 6 (a) and (b),
while the continuous control α and the discrete control are given in (c) and (d),
respectively.

(a) speed profile V (b) climb angle γ

(c) discrete control (d) α

Figure 6. Optimal states and controls of the aircraft

Note that in Figure 6 (a) we also provide the upper and lower bounds of the
speed, based on the flaps configuration.





CHAPTER 4

Bilevel Optimal Control Problems

This chapter is devoted to a short introduction and overview of bilevel opti-
mization problems and bilevel optimal control problems. In the next chapters, we
will discuss recent advances in bilevel optimal control theory, numerical methods
and their applications to scheduling problems and robotics.

4.1. Bilevel Optimization Problems

The general formulation of a bilevel optimization problem (BOP) can be syn-
thesized in the following way:

min
(x,y)∈Rnx×Rny

F (x, y)(4.1)

s.t. G(x, y) ≤ 0, H(x, y) = 0(4.2)

x ∈ S(y)(4.3)

where S(y) is the solution set of the optimization problem

min
x∈Rnx

f(x, y)(4.4)

s.t. g(x, y) ≤ 0, h(x, y) = 0.(4.5)

Note that the functions in (4.1)-(4.5) are defined as

F : Rnx × Rny → R f : Rnx × Rny → R
G : Rnx × Rny → RnG g : Rnx × Rny → Rng
H : Rnx × Rny → RnH h : Rnx × Rny → Rnh .

It is common practice in literature to refer to problem (4.1)-(4.3) as upper level
problem and to problem (4.4)-(4.5) as lower level problem.

From a historical point of view, BOP are closely related to the economical
problem of Stackelberg [158] in the field of game theory. The problem models an
economic planning process, involving interacting agents at two distinct levels: one
of the individuals (called leader) issue directives to the remaining agents (called
followers). The leader is assumed to anticipate the reactions of the followers, which
allows him to choose the best strategy y∗. The followers choose their own strate-
gies x(y∗), according to the minimization of the function f(x, y∗), subject to the
constraints g(x, y∗) ≤ 0 and h(x, y∗) = 0.

Subsequently, Bracken and McGill investigated BOP and their applications in
the military field as well as in production and marketing decision making (see [32]
and [33]). Recent applications of BOP can be found in a broad variety of fields.
In [41], a revenue management problem is investigated, in which the profitability
of a firm is maximized, subject to high investments costs, low operating costs and
perishable inventories. Hearn and Ramana [81] and Larsson and Patriksson [109]
investigated the congestion management problem, where marginal tolls can be used

55



56 4. BILEVEL OPTIMAL CONTROL PROBLEMS

in urban areas, in order to minimize the overall congestion. Further applications
can be found in network design ([110] and [118]) and in the energy sector ([19], [80]
and [82]). Of particular interest are the applications in engineering problems, where
chemical and physical equilibria can be modelled as mathematical programs with
equilibria constraints. FInally, we refer the readers to [5, 6, 141] for applications
in robotics and [133] for truss design problems.

Being generally non-convex and non-differentiable, BOP are intrinsically hard.
Even the simplest scenario (linear-linear BOP) has been shown to beNP−hard (see
[94]). Equivalence between BOP and classical combinatorial problems (e.g. bilin-
ear disjoint programming, generalized linear complementarity, travelling salesman,
multicriteria optimization, nonconvex quadratic programming) has been shown in
[119]. In these cases, the lower level problem is assumed to have linear structure,
which allows the development of methods that guarantee a global optimum (see
[12] and [120]). In contrast, when the lower level problem is nonlinear (and non-
convex), only a local minimum can be expected. Much effort has been placed in the
research of necessary optimality conditions for BOP, we refer the interested readers
to the works of Dempe [51, 52], Outrata [132] and Ye and Zhu [166].

From numerical perspective, various methods have been developed for solv-
ing BOP. Among the most commons are branch-and-bound, descend methods and
penalty functions methods.

4.1.1. Branch-and-bound. When the lower level problem is convex and reg-
ular (certain constraint qualifications hold), it can be replaced by its Karush-Kuhn-
Tucker (KKT) conditions, yielding to the single level reformulation of BOP:

min
x,y,λ,µ

F (x, y)(4.6)

s.t. G(x, y) ≤ 0, H(x, y = 0)(4.7)

∇xf(x, y) + g′x(x, y)λ+ h′x(x, y)µ = 0(4.8)

gi(x, y) ≤ 0, λi ≥ 0, λigi(x, y) = 0 ∀ i ∈ {1, . . . , ng}(4.9)

h(x, y) = 0(4.10)

with respect to (x, y, λ, µ) ∈ Rnx ×Rny ×Rng ×Rnh . Even under suitable convexity
assumptions on the functions F, G and H, the above mathematical program is not
easy to solve, due mainly to the Lagrangian and complementarity constraint (i.e.
constraints (4.8) and (4.9), respectively). While the Lagrangian constraint is linear
in certain important cases (linear or convex quadratic functions), the complemen-
tarity constraint is intrinsically combinatorial and is best addressed by enumerating
algorithms (such as branch-and-bound).

In the branch-and-bound scheme, the root node of the tree corresponds to prob-
lem (4.6)-(4.10), from which the last equation in the complementarity constraints
(i.e. λigi(x, y) = 0) is removed. At a generic node of the branch-and-bound tree
that does not satisfy the complementarity constraints, separation is performed in
the following manner: two child nodes are constructed, one with λi = 0 as an addi-
tional constraint, and the other one with gi(x, y) = 0. The optimal values of these
problems yield lower bounds valid for the corresponding subtree.

Algorithms based on this idea were proposed by Bard and Falk [17] for solving
linear BOP. The approach was adopted by Bard and Moore [18] to linear-quadratic
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problems and by Al-Khayal et al. [7], Bard [15] and Edmunds and Bard [58] to
the quadratic case.

In this work, we will address the branch-and-bound algorithm in Chapter 6,
where we apply it to solving optimal control problems with scheduling tasks.

4.1.2. Descent methods. Assuming that for any y, the optimal solution of
the lower level problem is unique and implicitly defined as a function of y, BOP
can be viewed solely in terms of the upper level variable y ∈ Rny . Given a feasible
y, the idea behind the descent methods is to find a feasible direction d ∈ Rny ,
along which the upper level objective function decreases. A new point y + αd
(α > 0) is computed as to ensure a reasonable decrease in F, while maintaining
feasibility of the bilevel problem. The major problem is computing the gradient (or
the subgradient, see Section 2.2) of F. By the chain rule we have

∇y
(
F (x(y), y)

)
= x′y(y)∇xF (x, y) +∇yF (x, y)

where the functions are evaluated at the current iterate. Kolstad and Lasdon in
[105] proposed a method for approximating this gradient.

When no constraints are involved in the upper level problem, Savard and Gau-
vin in [152] proposed a method for computing the descent direction of the upper
level problem d, such that d solves

∇xF (x∗, y)>w(y, d) +∇yF (x∗, y)>d < 0

where x∗ = x(y) and w ∈ Rnx is the solution of the program

min
w

[
w> d>

]
∇2
xyL(x∗, y, λ, µ)

[
w
d

](4.11)

s.t. ∇xgi(x∗, y)>w ≤ −∇ygi(x∗, y)>d ∀ i ∈ I(y)

(4.12)

∇xhj(x∗, y)>w = −∇yhj(x∗, y)>d ∀ j ∈ {1, . . . , nh}(4.13)

∇xf(x∗, y)>w = −∇yf(x∗, y)>d+∇yL(x∗, y, λ, µ)>d(4.14)

where I(y) :=
{
i ∈ {1, . . . , ng} | gi(x∗, y) = 0

}
and

L(x, y, λ, µ) := f(x, y) +
∑

i∈I(y)
λigi(x, y) +

nh∑

j=1

µjhj(x, y)

is the Lagrangian of the lower level problem with respect to the active constraints.
The steepest descent then coincides with the optimal solution of the linear quadratic
program

min
d

∇xF (x∗, y)>w(y, d) +∇yF (x∗, y)>d(4.15)

s.t. ‖d‖ ≤ 1(4.16)

w(y, d) solves (4.11)-(4.14).(4.17)

For further details, we refer the readers to Bard and Moore [18] and Jaumard et
al. [93].
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4.1.3. Penalty function methods. Penalty function methods constitute an-
other class of algorithms for solving nonlinear BOP, although they are generally
limited to computing stationary points and local minima. Assuming that the lower
level problem has no equality constraints involved, the idea behind these methods
is to replace the lower level problem by the penalized problem

min
x

p(x, y, r) = f(x, y) + rφ(g(x, y))

where r is a positive scalar, φ is a continuous penalty function that satisfies

φ(g(x, y)) > 0 if x ∈ intS(y)
φ(g(x, y))→ +∞ if x→ ∂S(y)

and intS(y) and ∂S(y) denote the relative interior and the relative boundary of
S(y) :=

{
x ∈ Rnx | g(x, y) ≤ 0

}
respectively. Hence, BOP becomes

min
x,y

F (x∗(y, r), y)(4.18)

s.t. G(x∗(y, r), y) ≤ 0, H(x∗(y, r), y) = 0(4.19)

p(x∗(y, r), y, r) = min
x
p(x, y, r).(4.20)

Shimizu and Aiyoshi in [155] proved that the sequence {(x∗(yk, rk)), yk} of optimal
solutions of (4.18)-(4.20) converges to the solution of BOP. The main drawback
of this method is that solving (4.18)-(4.20) for a fixed value of r required the
global solution of every update of the upper level problem. Each subproblem is not
significantly easier than the original bilevel program.

In this section, we provided a short overview of the existing methods for solving
bilevel optimization problems. For further numerical techniques and recent survey
on the topic, we refer the interested reader to [40], while for indepth investigation
of the topic, we refer to the excellent textbooks of Bard [16] and Dempe [53].

4.2. Bilevel Optimal Control Problems

In contrast to BOP where both the upper and the lower level problems are
finite dimensional problems, in bilevel optimal control problems (BOCP for short)
at least one of the problem is infinite dimensional (i.e. an optimal control problem).
A general BOCP can be formulated in the following way:

min
v

Φ(x(tf ), y(tf ))(4.21)

s.t. ẏ(t) = F (x(t), y(t), v(t)) a.e. in (0, tf )(4.22)

v(t) ∈ V a.e. in (0, tf )(4.23)

Ψ(y(0), y(tf )) = 0(4.24)

x ∈ S(y)(4.25)

where S(y) is the set of solutions of the lower level problem

min
u

ϕ(x(tf ); y)(4.26)

s.t. ẋ(t) = f(x(t), u(t); y) a.e. in (0, tf )(4.27)

u(t) ∈ U a.e. in (0, tf )(4.28)

ψ(x(0), x(tf ); y) = 0.(4.29)
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The optimization is done with respect to x ∈W 1,∞([0, tf ],Rnx),
y ∈W 1,∞([0, tf ],Rny ), u ∈ L∞([0, tf ],Rnu) and v ∈ L∞([0, tf ],Rnv ), while the sets
U and V are assumed to be compact and convex subsets of Rnu and Rnv .

We emphasize the complexity of BOCP, due to the combination of bilevel op-
timization problem (already mentioned in the previous section) with infinite di-
mensional optimization problem (i.e. the optimal control problems). BOCP first
appeared in literature in [37], while Ye in [165] provided detailed description of
the problem, as well as theoretical results. Recent applications of BOCP can be
found in the area of locomotion and biomechanics [4, 6, 79, 123], optimal control
under safety constraints [103, 104] and simulation and trajectory optimization in
the Red Bull air races [62].

The two most widely used techniques for solving BOCP are by means of Pon-
tryagin minimum principle (originally stated in [144]) and by the value function of
the lower level problem. They both have their advantages and limitations and in
general, the application of one or the other depends on the nature of the problem.
In this chapter we present a short overview of both methods, while in the next
chapters we investigate some recent advances in BOCP and their applications to
scheduling and robotics.

4.2.1. Pontryagin minimum principle approach. The idea behind this
approach is to substitute the lower level problem (4.26)-(4.29) with the necessary
conditions, which have to be satisfied by its optimal solution and which are given by
the Pontryagin minimum principle. Note that the same concept applies for solving
BOP by the branch-and-bound method (see Subsection 4.1.1). Let us assume that
for a given y ∈ W 1,∞([0, tf ],Rny ), (x̂, û) ∈ W 1,∞([0, tf ],Rnx) × L∞([0, tf ],Rnu)
is a local solution of the lower level problem. Then by the Pontryagin minimum
principle (see also Theoren 2.26), it follows that there exist λ ∈ W 1,∞([0, tf ],Rnx)
and σ ∈ Rnψ , such that

λ̇(t) = −f ′x(x̂(t), û(t); y)λ(t) a.e. in (0, tf )(4.30)

min
u∈U

{
λ(t)>f(x̂(t), u; y)

}
= λ(t)>f(x̂(t), û(t); y) a.e. in (0, tf )(4.31)

λ(tf ) = ∇xϕ(x̂(tf ); y) + ψ′xf (x̂(0), x̂(tf ); y)σ(4.32)

λ(0) = −ψ′x0
(x̂(0), x̂(tf ); y)σ.(4.33)

We can now substitute the lower level problem with its necessary optimality con-
ditions (i.e. equations (4.30)-(4.33)), which leads to the following (single-level)
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optimal control problem:

min
v

Φ(x(tf ), y(tf ))(4.34)

s.t. ẏ(t) = F (x(t), y(t), v(t)) a.e. in (0, tf )(4.35)

v(t) ∈ V a.e. in (0, tf )(4.36)

Ψ(y(0), y(tf )) = 0(4.37)

ẋ(t) = f(x(t), u(t); y) a.e. in (0, tf )(4.38)

λ̇(t) = −f ′x(x(t), u(t); y)λ(t) a.e. in (0, tf )(4.39)

min
u∈U

{
λ(t)>f(x(t), u; y)

}
= λ(t)>f(x(t), u(t); y) a.e. in (0, tf )(4.40)

ψ(x(0), x(tf ); y) = 0(4.41)

λ(tf ) = ∇xϕ(x̂(tf ); ŷ) + ψ′xf (x̂(0), x̂(tf ); ŷ)σ(4.42)

λ(0) = −ψ′x0
(x̂(0), x̂(tf ); ŷ)σ.(4.43)

This technique is quite common and general approach for solving BOCP and is
one of the most widely used in applications. One of the major drawbacks is that
unless the lower level problem is convex, it is impossible to guarantee that the
solution of the transformed problem (4.34)-(4.43) coincides with the solution of the
original BOCP. Furthermore, the presence of state constraints (i.e. constraints of
type g(x(t)) ≤ 0 for every t ∈ (0, tf )) additionally complicates the problem, as
the multiplier λ loses its regularity (more precisely λ becomes only a function of
bounded variation, see [69, Section 3.2]) and the adjoint equation (4.30) can only
be written in an integral form, involving Riemann-Stieljes integrals. In Chapter 6
we address this topic in more details and propose a novel technique to overcome
these difficulties.

4.2.2. Value function approach. This approach is based on the exploitation
of the value function of the lower level problem V : W 1,∞([0, tf ],Rny )→ R̄, defined
as

V(y) := inf
(x,u)∈W 1,∞×L∞

{
ϕ(x(tf ); y)

∣∣∣∣
ẋ(t) = f(x(t), u(t); y) a.e. in (0, tf )
ψ(x(0), x(tf ); y) = 0

}

where R̄ = R ∪ {−∞} ∪ {+∞} and inf ∅ = +∞ by convention. The idea consists
in reformulation the original BOCP as

min
u,v

Φ(x(tf ), y(tf ))(4.44)

s.t. ẏ(t) = F (x(t), y(t), v(t)) a.e. in (0, tf )(4.45)

v(t) ∈ V a.e. in (0, tf )(4.46)

Ψ(y(0), y(tf )) = 0(4.47)

ẋ(t) = f(x(t), u(t); y) a.e. in (0, tf )(4.48)

u(t) ∈ U a.e. in (0, tf )(4.49)

ψ(x(0), x(tf ); y) = 0(4.50)

ϕ(x(tf ); y) ≤ V(y).(4.51)
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Note that we have moved the constraints from the lower level problem (i.e. equa-
tions (4.27)-(4.29)) to the upper level one and introduced the final inequality con-
straint (4.51), in which the objective function of the lower level problem is bounded
from above by its value function.

This approach was already applied to BOP (see [130, 131]) for numerical
purposes and for deriving first-order necessary conditions. Ye investigated the dy-
namical case in which the lower level problem is an optimal control problem in
[164, 165] and derived first-order necessary optimality conditions for the trans-
formed problem, while Mehlitz in [122] investigated the case of convex lower level
problem and derived necessary optimality conditions of Pontryagin type.

The major advantage of the value function approach is that the reformulated
problem (4.44)-(4.51) is equivalent to the original BOCP (in the sense that the
optimal solutions coincide, compare [164, 165]). Furthermore, no additional vari-
ables and constraints are introduced into the transformed problem, in contrast with
the Pontryagin minimum principle approach, where additional multipliers and ad-
joint equations are introduced, causing significant dimensionality increase which
is not convenient from numerical and computational point of view. Finally, state
constraints can be easily incorporated into the lower level problem, due to novel
approaches into the Hamilton-Jacobi-Bellman theory (see [9] for more details).

The greatest disadvantage the value function approach is the loss of regularity
of the transformed problem. It is a well known result (compare [20, 22]) that V is
only Lipschitz continuous, which implies that techniques from nonsmooth analysis
have to be adopted, in order to investigate necessary optimality conditions. We refer
the interested readers to [164, 165] for their derivation and to [20, 21, 36, 47] for
more details regarding the value function as viscosity solution of Hamilton-Jacobi
equations and their applications to control theory. We will investigate the value
function approach with more detains in the next chapter.





CHAPTER 5

Explicit Value Function Approach for BOCP

5.1. Introduction

In this chapter we investigate a particular type of bilevel optimal control prob-
lems, in which the interaction between the upper and the lower level problem de-
pends only on the state variables at the final time. Exploiting this structure and
the value function of the lower level problem allows us to characterize the gen-
eralized gradient of the value function by means of the Lagrange multipliers of
the lower level problem (see Theorem 5.5). Later on, we formulate and proof a
nonsmooth minimum principle, tailored to the reformulated single level problem
(Theorem 5.8). Finally, we provide a test scenario, in which the theory applies and
the value function and its generalized gradient can be computed explicitly.

In this chapter we extend the results from [138] to more general problem for-
mulation.

5.2. Problem formulation

Let us consider the following bilevel optimal control problem

Problem 5.1.

min
(x,y,u,v)

Φ(x(tf ), y(tf ))(5.1)

s.t. ẏ(t) = F (x(t), y(t), u(t), v(t)) a.e. in (0, tf )(5.2)

v(t) ∈ V a.e. in (0, tf )(5.3)

Ψ(x(0), y(0), x(tf ), y(tf )) = 0(5.4)

(x, u) ∈ S(y(tf ))(5.5)

where S maps Rny into the set of solutions of the optimal control problem:

min
(x,u)

ϕ(x(tf ))(5.6)

s.t. ẋ(t) = f(x(t), u(t)) a.e. in (0, tf )(5.7)

u(t) ∈ U a.e. in (0, tf )(5.8)

x(0) = x0(5.9)

ψ(x(tf ), y) = 0.(5.10)

We will refer to problem (5.1)-(5.5) as the upper level problem (ULP for short),
while problem (5.6)-(5.10) will be referred as lower level problem (LLP(y) for
short, where we emphasize the dependency of the lower level problem from y).
We assume that the variables involved in Problem 5.1 are x ∈ W 1,∞([0, tf ],Rnx),
y ∈ W 1,∞([0, tf ],Rny ), u ∈ L∞([0, tf ],Rnu) and v ∈ L∞([0, tf ],Rnv ), while the
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involved functions are defined as follows:

Φ : Rnx × Rny → R ϕ : Rnx → R
F : Rnx × Rny × Rnu × Rnv → Rny f : Rnx × Rnu → Rnx
Ψ : Rnx × Rny × Rnx × Rny → RnΨ ψ : Rnx × Rny → Rnψ .

Remark 5.2. Note that in both the upper and the lower level problems we
assume objective functions of Mayer type (i.e. depending only on the value of the
state variables x and y at the final time tf ). We emphasize that this assumption is
made for sake of simplicity and is not limiting for the study of Problem 5.1. In fact,
we can easily assume that a Lagrangian term is present in the objective function of
the LLP(y), i.e. the function subject to minimization in (5.6) is given by

ϕ(x(tf )) +

∫ tf

0

l(x(t), u(t))dt

with sufficiently smooth function l. We then introduce the new variable ξ : [0, tf ]→
R, defined as

(5.11) ξ(t) :=

∫ t

0

l(x(τ), u(τ))dτ.

It is easy to check that ξ ∈ W 1,∞([0, tf ],R) and ξ̇(t) = l(x(t), u(t)) almost every-
where in (0, tf ). Hence the objective function in (5.11) reduces to

ϕ(x(tf )) + ξ(tf )

and the additional constraints

ξ̇(t) = l(x(t), u(t)) a.e. in (0, tf )

ξ(0) = 0

have to be added to LLP(y).
In this remark, we focused on the lower level problem, nevertheless the same

transformation technique holds also for the ULP.

Let us define now the value function for the lower level problem: for a given
y ∈ Rny , we will denote with A(y) the set of admissible controls for LLP(y), i.e.

A(y) :=

{
u ∈ L∞([0, tf ], U)

∣∣∣∣
∃ xu ∈W 1,∞([0, tf ],Rnx) such that

(5.7)-(5.10) are satisfied

}

Then the value function, related to LLP(y) is defined as

(5.12) V(y) := inf
u∈A(y)

ϕ(xu(tf ))

with the convention inf ∅ := −∞. The value function provides the best cost that
can be achieved, given the parameter y.

Throughout this chapter, we will assume that the following hold:

(A1) The functions Φ, F, Ψ, ϕ and f are continuously differentiable and ψ is
twice continuously differentiable with respect to all their arguments.

(A2) V and U are compact and convex subsets of Rnv and Rnv respectively.
(A3) There exists an integrable function k : [0, tf ]→ R such that

‖f(x, u)‖ ≤ k(t)(1 + ‖x‖) ∀ (t, x, u) ∈ [0, tf ]× Rnx × U.
(A4) f(x, U) and f ′x(x, U)z are convex for every x, z ∈ Rnx .
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Definition 5.3. We say that (x, u) ∈W 1,∞([0, tf ],Rnx)×L∞([0, tf ],Rnu) is a
local minimum of LLP(y) if (x, u) satisfy (5.7)-(5.10) and there exists C > 0, such
that for every (x′, u′) ∈W 1,∞([0, tf ],Rnx)×L∞([0, tf ],Rnu) satisfying (5.7)-(5.10)
and such that

max
{
‖x− x′‖1,∞, ‖u− u′‖∞

}
≤ C

it holds

ϕ(x(tf )) ≤ ϕ(x′(tf )).

From the local minimum principle (see Theorem 2.26) it follows that if (x, u) is
a local solution of LLP(y) and a constraint qualification holds, there exist (λ, σ) ∈
W 1,∞([0, tf ],Rnx)× Rnψ such that

λ̇(t) = −f ′x(x(t), u(t))λ(t) a.e. in (0, tf )(5.13)

min
u∈U

{
λ(t)>f(x(t), u)

}
= λ(t)>f(x(t), u(t)) a.e. in (0, tf )(5.14)

λ(tf ) = ∇ϕ(x(tf )) + ψ′x(x(tf ), y)σ.(5.15)

We will refer to (λ, σ) as (Lagrange) multipliers associated with (x, u).

5.3. Differentiability of the Value Function

In this section we show that, under certain conditions, the value function de-
fined in (5.12) is Lipschitz continuous. Furthermore, we obtain a set containing
the generalized gradient of the value function, explicitly defined by means of the
Lagrange multipliers of LLP(y).

Before we proceed, we need to recall the notions of proximal and limiting sub-
gradient for a given functional. Let X be a Hilbert space with inner product 〈·, ·〉,
let f : X → R ∪ {+∞} be a lower semicontinuous functional and let x ∈ X be a
point, where f is finite. A vector ζ ∈ X is called proximal subgradient of f at x if
and only if there exist M, δ > 0 such that

f(x′)− f(x) +M‖x′ − x‖2X ≥ 〈ζ, x′ − x〉 ∀ x′ ∈ Bδ(x).

The set of all proximal subgradients of f at x is denoted with ∂P f(x). The limiting
subgradient of f at x is the set

∂Lf(x) :=

{
lim

i→+∞
ζi
∣∣ ζi ∈ ∂P f(xi), xi → x, f(xi)→ f(x)

}
.

Before stating the main result in this section, we need the following theorem,
whose proof can be found in [43, Theorem 23.2]:

Theorem 5.4. Let (f, U) be a control system on the interval [a, b] for which:

(a) f(t, x, u) is measurable in t and continuous in (x, u);
(b) U is compact;
(c) f has linear growth: there is an integrable function M such that

(t, x) ∈ [a, b]× Rn, u ∈ U =⇒ ‖f(t, x, u)‖ ≤M(t)(1 + ‖x‖);
(d) The set f(t, x, U) is convex for each (t, x).

Let (xi, ui) be a sequence of processes for the control system (f, U) such that the set
{xi(a)}i∈N is bounded. Then there exists a subsequence of {xi} converging uniformly
to a state trajectory x∗ of the system.
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Theorem 5.5. Let A1 − A4 hold and let y ∈ Rny be such that there exist
a neighbourhood Iy of y and a constant Cy > 0, such that for every y′ ∈ Iy with
nonempty S(y′), a constraint qualification holds at every solution (x′, u′) of LLP(y′)
and given the associated multipliers (λ′, σ′), it holds ‖σ′‖ ≤ Cy. Then V is Lipschitz
continuous in y and

(5.16) ∂V(y) ⊆ co
⋃

x∈S(y)




ζ ∈ Rny

∣∣∣∣∣∣∣∣

∃ λ ∈W 1,∞([0, tf ],Rnx), σ ∈ Rnψ
λ̇(t) = −f ′x(x(t), u(t))λ(t)
λ(tf ) = ∇ϕ(x(tf )) + ψ′x(x(tf ), y)σ
ζ = ψ′y(x(tf ), y)σ




.

Proof. Let us first prove that the value function V is lower semicontinuous in
y. Let {yi}i∈N be a sequence in Rny converging to y. For each i ∈ N, let (xi, ui) ∈
S(yi), hence V(yi) = ϕ(xi(tf )) and

ẋi(s) = f(xi(t), ui(t)) a.e. in (0, tf )(5.17)

ui(t) ∈ U a.e. in (0, tf )(5.18)

xi(0) = x0(5.19)

ψ(xi(tf ), yi) = 0.(5.20)

We observe that the control system (5.17)-(5.19) satisfies the hypothesis of Theo-
rem 5.4. In fact, assumption A1 − A4 imply (a) − (d) respectively. Hence there
exist (x∗, u∗) such that xi → x∗ uniformly in [0, tf ] and

ẋ∗(t) = f(x∗(t), u∗(t)) a.e. in (0, tf )

u∗(t) ∈ U a.e. in (0, tf )

x∗(0) = x0.

Furthermore, by the uniform convergence of xi to x∗ and by the continuity of ψ we
get

lim
i→∞

ψ(xi(tf ), yi) = ψ(x∗(tf ), y).

Hence we obtain

lim inf
i→+∞

V(yi) = lim inf
i→+∞

ϕ(xi(tf )) = ϕ(x∗(tf )) ≥ inf
u∈A(y)

{ϕ(xu(tf ))} = V(y)

which implies that V is lower semicontinuous in y.
We now focus on computing the proximal subgradient of V. Let ζ ∈ ∂PV(y),

by definition there exist M, δ > 0 such that

V(y′)− V(y) +M‖y′ − y‖2 ≥ ζ>(y′ − y) ∀ y′ ∈ Bδ(y)

or equivalently

(5.21) V(y′)− ζ>y′ +M‖y′ − y‖2 ≥ V(y)− ζ>y ∀ y′ ∈ Bδ(y).

Let (x, u) ∈ S(y). For every feasible point (x′, u′) of LLP(y′), inequality (5.21)
becomes

ϕ(x′(tf ))− ζ>y′ +M‖y′ − y‖2 ≥ ϕ(x(tf ))− ζ>y.
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It follows that (x, u, y) ∈ W 1,∞([0, tf ],Rnx) × L∞([0, tf ],Rnu) × Rny is a solution
of the following optimal control problem:

min ϕ(x′(tf ))− ζ>y′(tf ) +M‖y′(tf )− y‖2(5.22)

s.t. ẋ′(t) = f(x′(t), u′(t)) a.e. in (0, tf )(5.23)

ẏ′(t) = 0 a.e. in (0, tf )(5.24)

u′(t) ∈ U a.e. in (0, tf )(5.25)

x′(0) = x0(5.26)

ψ(x′(tf ), y′(tf )) = 0.(5.27)

Note that y′ appears as parameter in (5.22)-(5.27), due to equation (5.24). From
the local minimum principle (see Theorem 2.26) it follows that there exist λ ∈
W 1,∞([0, tf ],Rnx) and σ ∈ Rnψ such that

λ̇(t) = −f ′x(x(t), u(t))λ(t) a.e. in (0, tf )(5.28)

min
u∈U

{
λ(t)>f(x(t), u)

}
= λ(t)>f(x(t), u(t)) a.e. in (0, tf )(5.29)

λ(tf ) = ∇ϕ(x(tf )) + ψ′x(x(tf ), y)σ(5.30)

ζ = ψ′y(x(tf ), y)σ.(5.31)

Let us now consider ζ ∈ ∂LV(y). By the definition of limiting subgradient, there
exist sequences {yi} and {ζi} in Rny , such that yi → y, V(yi)→ V(y), ζi ∈ ∂PV(yi)
and ζi → ζ. From (5.28)-(5.31) it follows that for each i ∈ N there exist a solution
(xi, ui) of LLP(yi), λi ∈W 1∞([0, tf ],Rnx) and σi ∈ Rnψ such that

ẋi(t) = f(xi(t), ui(t)) a.e. in (0, tf )(5.32)

λ̇i(t) = −f ′x(xi(t), ui(t))λi(t) a.e. in (0, tf )(5.33)

ui(t) ∈ U a.e. in (0, tf )(5.34)

λi(tf ) = ∇ϕ(xi(tf )) + ψ′x(xi(tf ), yi)σi(5.35)

ζi = ψ′y(xi(tf ), yi)σi.(5.36)

We now apply Theorem 5.4 to the control system (5.32)-(5.36). Note that points
(a) and (b) are satisfied due to assumption A1 and A2, while (d) holds due to A4.
Observe now that due to A3 and the Gronwall’s lemma, for each i ∈ N and t ∈ [0, tf ]
it holds

‖xi(t)− x0‖ ≤
∫ t

0

exp

(∫ t

s

k(τ)dτ

)
k(s)(1 + ‖x0‖)ds

≤
∫ tf

0

exp

(∫ tf

0

k(τ)dτ

)
k(s)(1 + ‖x0‖)ds

≤ (1 + ‖x0‖)‖k‖1 exp(‖k‖1).

If we denote with

δ := (1 + ‖x0‖)‖k‖1 exp(‖k‖1)

we get

(5.37) xi(t) ∈ Bδ(x0) ∀ t ∈ [0, tf ], i ∈ N.
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We observe that the linear growth requirement (c) from 5.4 is satisfied by the control
system (5.32)-(5.36). In fact, by A3 we have

‖f(xi(t), ui(t))‖ ≤ k(t)(1 + ‖xi(t)‖)
while by the continuity of f ′x and by (5.37) it holds

‖f ′x(xi(t), ui(t))λi(t)‖ ≤ sup
(x,u)∈Bδ(x0)×U

‖f ′x(x, u)‖‖λi(t)‖.

Let us now show that {λi(0)} is bounded. Note that since yi → y, there exists

î ∈ N such that for every y ≥ î, yi ∈ Iy and ‖σi‖ ≤ Cy. Then from (5.37) we have

‖λi(tf )‖ ≤ ‖∇ϕ(xi(tf ))‖+ ‖ψ′x(xi(tf ), yi)σi‖
≤ sup
x∈Bδ(x0)

‖∇ϕ(x)‖+ sup
(x′,y′)∈Bδ(x0)×Iy

‖ψ′x(x′, y′)‖Cy

while yields to the uniform boundedness of {λi(tf )}. Then it is easy to show by
means of the Gronwall’s lemma that also {λi(0)} is bounded. Applying Theo-
rem 5.4 to the control system (5.32)-(5.36) leads to the existence of a converging
subsequence of {(xi, λi, σi)} (which we denote again with {(xi, λi, σi)}), functions
x, λ ∈ W 1,∞([0, tf ],Rnx) and σ ∈ Rnψ , such that xi → x and λi → λ uniformly in
[0, tf ] and σi → σ. Hence we conclude that

(5.38) ∂LV(y) ⊆
⋃

x∈S(y)




ζ ∈ Rny

∣∣∣∣∣∣∣∣

∃ λ ∈W 1,∞([0, tf ],Rnx), σ ∈ Rnψ
λ̇(t) = −f ′x(x(t), u(t))λ(t)
λ(tf ) = ∇ϕ(x(tf )) + ψ′x(x(tf ), y)σ
ζ = ψ′y(x(tf ), y)σ




.

It remains to prove that the value function V is Lipschitz continuous in y. We
will use the following characterisation for Lipschitz continuity (the proof can be
found in [46, Theorem 3.6]): V is Lipschitz continuous of rank C in y if and only if

sup
{
‖ζ‖

∣∣ ζ ∈ ∂PV(y′)
}
≤ C ∀ y′in a neighbourhood of y.

Let y′ ∈ Iy and let ζ ′ ∈ ∂PV(y′), then according to (5.28)-(5.31) there exist
a solution (x′, u′) of LLP(y′) with associated multipliers (λ′, σ′), such that ζ ′ =
ψ′y(x′(tf ), y′)σ′. Since σ′ is bounded, it follows that

‖ζ ′‖ = ‖ψ′y(x′(tf ), y′)σ′‖ ≤ sup
(x′,y′)∈Bδ(x0)×Iy

‖ψ′y(x′, y′)‖ · Cy.

Hence

sup
{
‖ζ ′‖

∣∣ ζ ′ ∈ ∂PV(y′)
}
≤ sup

(x′,y′)∈Bδ(x0)×Iy
‖ψ′y(x′, y′)‖ · Cy ∀ y′ ∈ Iy

which leads to the Lipschitz continuity of V in y. Finally, we note that ∂V(y) =
co ∂LV(y), according to [43, Proposition 11.23] and inclusion (5.38) leads to

∂V(y) ⊆ co
⋃

x∈S(y)




ζ ∈ Rny

∣∣∣∣∣∣∣∣

∃ λ ∈W 1,∞([0, tf ],Rnx), σ ∈ Rnψ
λ̇(t) = −f ′x(x(t), u(t))λ(t)
λ(tf ) = ∇ϕ(x(tf )) + ψ′x(x(tf ), y)σ
ζ = ψ′y(x(tf ), y)σ




.

�
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5.4. Single Level Transformation

In this section, we provide a single level reformulation of the initial ULP,
through the value function V of LLP(y). This method has been already inves-
tigated in [164] and [165], where it has been proven the equivalence between the
initial and the reformulated problem. The main drawback is the loss of regular-
ity (by Theorem 5.5 we know that the value function of LLP(y) is only Lipschitz
continuous in y), hence results from nonsmooth analysis have to be used.

Exploiting the value function V (defined in (5.12)), we can reformulate ULP as
the following single-level optimal control problem

Problem 5.6 (SLOCP).

min Φ(x(tf ), y(tf ))(5.39)

s.t. ẋ(t) = f(x(t), u(t)) a.e. in (0, tf )(5.40)

ẏ(t) = F (x(t), y(t), u(t), v(t)) a.e. in (0, tf )(5.41)

u(t) ∈ U, v(t) ∈ V a.e. in (0, tf )(5.42)

x(0) = x0(5.43)

Ψ(x(0), y(0), x(tf ), y(tf )) = 0(5.44)

ψ(x(tf ), y(tf )) = 0(5.45)

ϕ(x(tf ))− V(y(tf )) ≤ 0(5.46)

We derive now necessary optimality conditions for SLOCP. It has been shown
in [166] and [167] that the equivalent single level optimal control problem SLOCP
has always a set of nontrivial abnormal multipliers (i.e. functions
px ∈ W 1,∞([0, tf ],Rnx) and py ∈ W 1,∞([0, tf ],Rny ) and (ξ(1), ξ(2), ξ(3)) ∈ Rnx ×
RnΨ × Rnψ such that equations (5.47)-(5.54) are satisfied with λ0 = 0). Further-
more, standard constraint qualifications such as linear independence and Mangasarian-
Fromowitz are not sufficient to guarantee the existence of normal multipliers. For
the bilevel optimal control problem, the right constraint qualification to assume is
the calmness-type constraint qualification:

Definition 5.7. Let (x̂, ŷ, û, v̂) be an optimal solution for ULP (equivalently
SLOCP). SLOCP is said to be partially calm in (x̂, ŷ, û, v̂) with modulus µ ≥ 0 if
for every (x, y, u, v) satisfying

ẋ(t) = f(x(t), u(t)) a.e. in (0, tf )

ẏ(t) = F (x(t), y(t), u(t), v(t)) a.e. in (0, tf )

u(t) ∈ U, v(t) ∈ V a.e. in (0, tf )

x(0) = x0

Ψ(x(0), y(0), x(tf ), y(tf )) = 0

ψ(x(tf ), y(tf )) = 0

we have

Φ(x(tf ), y(tf ))− Φ(x̂(tf ), ŷ(tf )) + µ (ϕ(x(tf ))− V(ŷ(tf ))) ≥ 0.

Theorem 5.8. Let A1 −A4 hold and (x̂, ŷ, û, v̂) be a local solution of
SLOCP, such that it is partially calm in (x̂, ŷ, û, v̂) with modulus µ ≥ 0. Then



70 5. EXPLICIT VALUE FUNCTION APPROACH FOR BOCP

there exist λ0 ≥ 0, px ∈ W 1,∞([0, tf ],Rnx), py ∈ W 1,∞([0, tf ],Rny ), ξ(1) ∈ Rnx ,
ξ(2) ∈ RnΨ , ξ(3) ∈ Rnψ and h ∈ R, such that

ṗx(t) = −f ′x(x̂(t), û(t))px(t)(5.47)

− F ′x(x̂(t), ŷ(t), û(t), v̂(t))py(t) a.e. in (0, tf )

ṗy(t) = −F ′y(x̂(t), ŷ(t), û(t), v̂(t))py(t) a.e. in (0, tf )(5.48)

min
u∈U

{
f(x̂(t), u)>px(t) + F (x̂(t), ŷ(t), u, v̂(t))>py(t)

}
(5.49)

= f(x̂(t), û(t))>px(t)

+ F (x̂(t), ŷ(t), û(t), v̂(t))>py(t) a.e. in (0, tf )

min
v∈V

{
F (x̂(t), ŷ(t), û(t), v)>py(t)

}
(5.50)

= F (x̂(t), ŷ(t), û(t), v̂(t))>py(t) a.e. in (0, tf )

px(0) = −ξ(1) −Ψ′x(0)(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))ξ(2)(5.51)

py(0) = −Ψ′y(0)(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))ξ(2)(5.52)

px(tf ) = λ0
[
∇x(tf )Φ(x̂(tf ), ŷ(tf )) + µ∇ϕ(x̂(tf ))

]
(5.53)

+ Ψ′x(tf )(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))ξ(2)

+ ψ′x(tf )(x̂(tf ), ŷ(tf ))ξ(3)

py(tf ) ∈ λ0∇y(tf )Φ(x̂(tf ), ŷ(tf ))− λ0µ∂V(ŷ(tf ))(5.54)

+ Ψ′y(tf )(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))ξ(2)

+ ψ′y(tf )(x̂(tf ), ŷ(tf ))ξ(3)

f(x̂(t), û(t))>px(t) + F (x̂(t), ŷ(t), û(t), v̂(t))>py(t) = h a.e. in (0, tf ).(5.55)

Furthermore, if the hypotheses from Theorem 5.5 hold in ŷ(tf ), then ∂V(ŷ(tf ))
is given by (5.16).

In addition, if the matrix

[
f ′u(x̂(t), û(t)) 0

F ′u(x̂(t), ŷ(t), û(t)v̂(t)) F ′v(x̂(t), ŷ(t), û(t)v̂(t))

]

is of full rank almost everywhere in (0, tf ) and there exist a solution d̂ = (d̂x, d̂y, d̂u, d̂v) ∈
W 1,∞([0, tf ],Rnx)×W 1,∞([0, tf ],Rny )× L∞([0, tf ],Rnu)× L∞([0, tf ],Rnv ) of the
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system

ḋx(t) = f ′x(x̂(t), û(t))dx(t) + f ′u(x̂(t), û(t))du(t) a.e. in (0, tf )

ḋy(t) = F ′x(x̂(t), ŷ(t), û(t), v̂(t))dx(t)

+ F ′y(x̂(t), ŷ(t), û(t), v̂(t))dy(t)

+ F ′u(x̂(t), ŷ(t), û(t), v̂(t))du(t)

+ F ′v(x̂(t), ŷ(t), û(t), v̂(t))dv(t) a.e. in (0, tf )

dx(0) = 0

Ψ′x(0)(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))dx(0)

+ Ψ′y(0)(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))dy(0)

+ Ψ′x(tf )(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))dx(tf )

+ Ψ′y(tf )(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))dy(tf ) = 0

ψ′x(tf )(x̂(tf ), ŷ(tf ))dx(tf ) + ψ′y(tf )(x̂(tf ), ŷ(tf ))dy(tf ) = 0

such that d̂u(t) + û(t) ∈ int(U) and d̂v(t) + v̂(t) ∈ int(V ) almost everywhere in
(0, tf ), equation (5.47)-(5.55) hold with λ0 = 1.

Proof. Since SLOCP is partially calm in (x̂, ŷ, û, v̂) with modulus µ ≥ 0, it is
easy to see that (x̂, ŷ, û, v̂) is also solution of the following optimal control problem

min Φ(x(tf ), y(tf )) + µ(ϕ(x(tf ))− V(y(tf )))(5.56)

s.t. ẋ(t) = f(x(t), u(t)) a.e. in (0, tf )(5.57)

ẏ(t) = F (x(t), y(t), u(t), v(t)) a.e. in (0, tf )(5.58)

u(t) ∈ U, v(t) ∈ V a.e. in (0, tf )(5.59)

x(0) = x0(5.60)

Ψ(x(0), y(0), x(tf ), y(tf )) = 0(5.61)

ψ(x(tf ), y(tf )) = 0.(5.62)

The Hamiltonian function related to problem (5.56)-(5.62),

H : Rnx × Rny × Rnu × Rnv × Rnx × Rny → R

is defined as such that

H(x, y, u, v, px, py) := f(x, u)>px + F (x, y, u, v)>py.

Since the objective function of the problem is non differentiable (due to the pres-
ence of the value function V), we apply results from nonsmooth analysis, in order
to derive necessary optimality conditions for (5.56)-(5.62). Extensive studies in
this direction can be found in [42],[44], [46] and [163]. According to [163, The-
orem 6.2.3], there exist λ0 ≥ 0, px ∈ W 1,1([0, tf ],Rnx), py ∈ W 1,1([0, tf ],Rny ),

ξ(1) ∈ Rnx , ξ(2) ∈ RnΨ , ξ(3) ∈ Rnψ and h ∈ R with

λ0 + ‖px‖∞ + ‖py‖∞ + ‖ξ(1)‖+ ‖ξ(2)‖+ ‖ξ(3)‖ > 0
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such that

ṗx(t) = −∇xH(x̂(t), ŷ(t), û(t), v̂(t), px(t), py(t)) a.e. in (0, tf )(5.63)

ṗy(t) = −∇yH(x̂(t), ŷ(t), û(t), v̂(t), px(t), py(t)) a.e. in (0, tf )(5.64)

min
u∈U,v∈V

H(x̂(t), ŷ(t), u, v, px(t), py(t))

= H(x̂(t), ŷ(t), û(t), v̂(t), px(t), py(t)) a.e. in (0, tf )(5.65)

(px, py)(0) ∈ ∂(x(0),y(0))
{

(x̂(0)− x0)>ξ(1)

+ Ψ(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))>ξ(2)
}

(5.66)

(px, py)(tf ) ∈ ∂
{
λ0
[
Φ(x̂(tf ), ŷ(tf ))

+ µ(ϕ(x̂(tf ))− V(ŷ(tf )))
]

+ ψ(x̂(tf ), ŷ(tf ))>ξ(3)

+ Ψ(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))>ξ(2)
}

(5.67)

H(x̂(t), ŷ(t), û(t), v̂(t), px(t), py(t)) = h.(5.68)

If we introduce the notations

f̂ [t] := f(x̂(t), û(t))

F̂ [t] := F (x̂(t), ŷ(t), û(t), v̂(t))

ϕ̂ := ϕ(x̂(tf ))

V̂ := V(ŷ(tf ))

Ψ̂ := Ψ(x̂(0), ŷ(0), x̂(tf ), ŷ(tf ))

ψ̂ := ψ(x̂(tf ), ŷ(tf ))

equations (5.63)-(5.68) become

ṗx(t) = −f̂ ′x[t]px(t)− F̂ ′x[t]py(t) a.e. in (0, tf )(5.69)

ṗy(t) = −F̂ ′y[t]py(t) a.e. in (0, tf )(5.70)

min
u∈U

{
f(x̂(t), u)>px(t) + F (x̂(t), ŷ(t), u, v̂(t))>py(t)

}

= f̂ [t]>px(t) + F̂ [t]>py(t) a.e. in (0, tf )(5.71)

min
v∈V

{
F (x̂(t), ŷ(t), û(t), v)>py(t)

}
= F̂ [t]>py(t) a.e. in (0, tf )(5.72)

px(0) = −ξ(1) − Ψ̂′x(0)ξ
(2)(5.73)

py(0) = −Ψ̂′y(0)ξ
(2)(5.74)

px(tf ) = λ0
[
∇x(tf )Φ̂ + µ∇ϕ̂

]

+ Ψ̂′x(tf )ξ
(2) + ψ̂′x(tf )ξ

(3)(5.75)

py(tf ) ∈ λ0∇y(tf )Φ̂− λ0µ∂V̂
+ Ψ̂′y(tf )ξ

(2) + ψ̂′y(tf )ξ
(3)(5.76)

f̂ [t]>px(t) + F̂ [t]>py(t) = h a.e. in (0, tf ).(5.77)



5.4. SINGLE LEVEL TRANSFORMATION 73

Note that (5.69)-(5.77) are exactly equations (5.47)-(5.55). Furthermore, by (5.69)-
(5.70) follows that px and py are functions in W 1,∞.

We prove now the existence of normal multipliers. Let us assume that equations
(5.69)-(5.77) are satisfied with λ0 = 0. We denote with

z := (x, y, u, v),

define the spaces

X := W 1,∞([0, tf ],Rnx)×W 1,∞([0, tf ],Rny )× L∞([0, tf ],Rnu)× L∞([0, tf ],Rnv )

Y := L∞([0, tf ],Rnx)× L∞([0, tf ],Rny )× Rnx × RnΨ × Rnψ

S :=
{
z ∈ X

∣∣ u(t) ∈ U, v(t) ∈ V a.e. in (0, tf )
}

and the operator H : X → Y defined as

H(z) :=




ẋ− f(x, u)
ẏ − F (x, u, v)
x(0)− x0

Ψ(x(0), y(0), x(tf ), y(tf ))
ψ(x(tf ), y(tf ))



.

Let us first prove that H ′(ẑ) is surjective. This is equivalent to finding a solution
(dx, dy, du, dv) ∈ X of the following system

ḋx(t) = f̂ ′x[t]dx(t) + f̂ ′u[t]du(t) + αx(t)(5.78)

ḋy(t) = F̂ ′x[t]dx(t) + F̂ ′y[t]dy(t)

+ F̂ ′u[t]du(t) + F̂ ′v[t]dv(t) + αy(t)(5.79)

dx(0) = βx(5.80)

Ψ̂′x(0)dx(0) + Ψ̂′y(0)dy(0) + Ψ̂′x(tf )dx(tf ) + Ψ̂′y(tf )dx(tf ) = γ1(5.81)

ψ̂′x(tf )dx(tf ) + ψ̂′y(tf )dy(tf ) = γ2(5.82)

for any (αx, αy, βx, γ1, γ2) ∈ Y. If we denote with

Â(t) :=

[
f̂ ′x[t] 0

F̂ ′x[t] F̂ ′y[t]

]
B̂(t) :=

[
f̂ ′u[t] 0

F̂ ′u[t] F̂ ′v[t]

]

Ĉ0 :=

[
Ψ̂′x(0) Ψ̂′y(0)

0 0

]
Ĉtf :=

[
Ψ̂′x(tf ) Ψ̂′y(tf )
ψ̂′x(tf ) ψ̂′y(tf )

]

and with

dxy(·) :=

[
dx(·)
dy(·)

]
duv(·) :=

[
du(·)
dv(·)

]
α(·) :=

[
αx(·)
αy(·)

]
β :=

[
βx
βy

]
γ :=

[
γ1
γ2

]
,

equations (5.78)-(5.82) become

ḋxy(t) = Â(t)dxy(t) + B̂(t)duv(t) + α(t) a.e. in (0, tf )(5.83)

dxy(0) = β(5.84)

Ĉ0dxy(0) + Ĉtf dxy(tf ) = γ.(5.85)

Let Γ(·) be the solution of the Cauchy problem
{

Γ̇(t) = Â(t)Γ(t) a.e. in (0, tf )

Γ(0) = Inx+ny
.



74 5. EXPLICIT VALUE FUNCTION APPROACH FOR BOCP

Then the solution of (5.83)-(5.84) is given by

dxy(t) = Γ(t)

{
β +

∫ t

0

Γ(τ)−1
[
B̂(τ)duv(τ) + α(τ)

]
dτ

}

which, as substituted in (5.85), gives

Ĉ0β + ĈtfΓ(tf )

{
β +

∫ tf

0

Γ−1(τ)
[
B̂(τ)duv(τ) + α(τ)

]
dτ

}
= γ

or

(5.86) ĈtfΓ(tf )

∫ tf

0

Γ−1(τ)B̂(τ)duv(τ)dτ = γ̃

where

γ̃ := γ − Ĉ0β − ĈtfΓ(tf )

{
β +

∫ tf

0

Γ−1(τ)α(τ)dτ

}

Hence, for any given γ̃ ∈ RnΨ+nψ , we have to find duv ∈ L∞([0, tf ],Rnu+nv ) such

that (5.86) is satisfied. Let us denote with B̂+(τ) and Ĉ+
tf

the pseudoinverse ma-

trices of B̂(τ) and Ĉtf defined as

B̂+(τ) := B̂(τ)>(B̂(τ)B̂(τ)>)−1 and Ĉ+
tf

:= Ĉ>tf (Ĉtf Ĉ
>
tf

)−1.

Then by defining the function

(5.87) d̃uv(τ) :=
1

tf
B̂+(τ)Γ(τ)Γ−1(tf )Ĉ+

tf
γ̃ for a.e. τ ∈ (0, tf )

we get

ĈtfΓ(tf )

∫ tf

0

Γ−1(τ)B̂(τ)d̃uv(τ)dτ

= ĈtfΓ(tf )

∫ tf

0

Γ−1(τ)B̂(τ)

{
1

tf
B̂+(τ)Γ(τ)Γ−1(tf )Ĉ+

tf
γ̃

}
dτ

= ĈtfΓ(tf )

∫ tf

0

1

tf
Γ−1(tf )Ĉ+

tf
γ̃dτ = γ̃.

Hence d̃uv satisfies (5.86) which implies that ∇H(ẑ) is surjective.

Observe now that by definition d̂ ∈ int(S−{ẑ}). From the Open Map Theorem

follows that there exist δ, ε > 0 such that Bδ(d̂) ⊆ int(S − {ẑ}) and Bε(0Y ) ⊆
H ′(ẑ)(Bδ(d̂)), which implies that

(5.88) 0Y ∈ int
{
H ′(ẑ)(z − ẑ)

∣∣ z ∈ S
}
.

Let us consider now

λ∗ := (px, py,−ξ(1),−ξ(2),−ξ(3)) ∈ Y ∗

where px, py, ξ
(1), ξ(2) and ξ(3) are the multipliers satisfying (5.69)-(5.77). We

observe that

〈λ∗, H ′(ẑ)(z − ẑ)〉 ≤ 0 ∀ z ∈ S.
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In fact, let us consider z ∈ S and let us denote with dx = x − x̂ and dy = y − ŷ.
Then

〈λ∗, H ′(ẑ)(z − ẑ)〉

=

∫ tf

0

px(t)>
{
ḋx(t)− f̂ ′x[t]dx(t)− f̂ ′u[t](u− û)(t)

}
dt

+

∫ tf

0

py(t)>
{
ḋy(t)− F̂ ′x[t]dx(t)− F̂ ′y[t]dy(t)

−F̂ ′u[t](u− û)(t)− F̂ ′v[t](v − v̂)(t)
}
dt− (ξ(1))>dx(0)

− (ξ(2))>
{

Ψ̂′x(0)dx(0) + Ψ̂′y(0)dy(0) + Ψ̂′x(tf )dx(tf ) + Ψ̂′y(tf )dy(tf )
}

− (ξ(3))>
{
ψ̂′x(tf )dx(tf ) + ψ̂′y(tf )dy(tf )

}

=
[
px(t)>dx(t)

]tf
0

+
[
py(t)>dy(t)

]tf
0

−
∫ tf

0

ṗx(t)>dx(t) + px(t)>f̂ ′x[t]dx(t) + px(t)>f̂ ′u[t](u− û)(t)dt

−
∫ tf

0

ṗy(t)>dy(t) + py(t)>F̂ ′x[t]dx(t) + py(t)>F̂ ′y[t]dy(t)

+ py(t)>F̂ ′u[t](u− û)(t) + py(t)>F̂ ′v[t](v − v̂)(t)dt− (ξ(1))>dx(0)

− (ξ(2))>
{

Ψ̂′x(0)dx(0) + Ψ̂′y(0)dy(0) + Ψ̂′x(tf )dx(tf ) + Ψ̂′y(tf )dy(tf )
}

− (ξ(3))>
{
ψ̂′x(tf )dx(tf ) + ψ̂′y(tf )dy(tf )

}

=−
∫ tf

0

{
ṗx(t)> + px(t)>f̂ ′x[t] + py(t)>F̂ ′x[t]

}
dx(t)dt(5.89)

−
∫ tf

0

{
ṗy(t)> + py(t)>F̂ ′y[t]

}
dy(t)dt(5.90)

−
∫ tf

0

{
px(t)>f̂ ′u[t] + py(t)>F̂ ′u[t]

}
(u− û)(t)dt

−
∫ tf

0

py(t)>F̂ ′v[t](v − v̂)(t)dt

−
{
px(0)> + (ξ(1))> + (ξ(2))>Ψ̂′x(0)

}
dx(0)(5.91)

−
{
py(0)> + (ξ(2))>Ψ̂′y(0)

}
dy(0)(5.92)

+
{
px(tf )> − (ξ(2))>Ψ̂′x(tf ) − (ξ(3))>ψ̂′x(tf )

}
dx(tf )(5.93)

+
{
py(tf )> − (ξ(2))>Ψ̂′y(tf ) − (ξ(3))>ψ̂′y(tf )

}
dy(tf )(5.94)

=−
∫ tf

0

{
px(t)>f̂ ′u[t] + py(t)>F̂ ′u[t]

}
(u− û)(t)dt

−
∫ tf

0

py(t)>F̂ ′v[t](v − v̂)(t)dt ≤ 0.(5.95)
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Note that the integrals in (5.89) and (5.90) are zero due to the adjoint equations
(5.69)-(5.70), while the terms (5.91)-(5.94) are zero due to the boundary conditions
(5.73)-(5.76) (note that we have assumed that λ0 = 0). Finally, the inequality in
(5.95) holds due to (5.71)-(5.72).

It follows that the functional λ∗ separates 0Y from
{
H ′(ẑ)(z − ẑ)

∣∣ z ∈ S
}

what
contradicts (5.88). Hence, the assumption λ0 = 0 has to be wrong. �

5.5. Application to the Pursuer-Evader Problem

In order to illustrate the method we developed in the previous sections, we
consider a pursuer-evader scenario in the two dimensional plane (the generalization
to the three dimensional case is straightforward).

Pursuer-evader problems have been widely studied in literature (compare [23,
74, 90, 162]) by means of different techniques. For instance, in [90] a differential
game approach was adopted, where the key idea is to solve the Isaacs equations,
which provides necessary optimality conditions. Different techniques, based on
probability analysis and Bayesian reasoning was used in [162]. In this paper, we
consider the bilevel optimization approach, in order to solve the problem.

The idea behind it is the following: The pursuer (P) aims to reach the position
of the evader (E) in a minimum time tf , while the evader aims to maximize the
final time tf reduced by a term representing its control effort. The problem can be
formulated as a bilevel optimal control problem, where the solution of the lower level
problem describes the pursuer’s optimal strategy, while the solution of the upper
level problem describes the evader’s optimal strategy. The upper level problem
reads as follows:

(PEu) min − tf +

∫ tf

0

1

2
uE(t)2dt

s.t. ẋE(t) = vE(t) a.e. in (0, tf )

v̇E(t) = uE(t) a.e. in (0, tf )

uEi (t) ∈ [−uEmax, uEmax] a.e. in (0, tf ), i ∈ {1, 2}
xE(0) = xE0 , v

E(0) = 0

tf ∈ S(xE(tf )),

where S(xE(tf )) is the set objective function values of the lower level problem:

(PEl) min tf

s.t. ẋP (t) = vP (t) a.e. in (0, tf )

v̇P (t) = uP (t) a.e. in (0, tf )

uPi (t) ∈ [−uPmax, uPmax] a.e. in (0, tf ), i ∈ {1, 2}
xP (0) = xP0 , x

P (tf ) = xE(tf )

vP (0) = vP (tf ) = 0.

5.5.1. Value function of (PEl). We begin with deriving the value function
of the lower level problem (PEl). Let us assume that (x̂, v̂, û) is an optimal solution
of (PEl) and certain constraint qualifications hold (hence the Lagrange multiplier
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associated with the objective function is set to 1). The Hamiltonian function reads
as

Hl(x, v, u, λx, λv) := −1 + λ>x v + λ>v u.

The first order necessary optimality conditions for (x̂, v̂, û) to be minimum, state
that there exist functions λx and λv such that

λ̇x(t) = −(Hl)′x[t] = 0R2(5.96)

λ̇v(t) = −(Hl)′v[t] = −λx(t)(5.97)

ûi(t) = arg max
ui∈[−uPmax,uPmax]

Hl(x̂(t), v̂(t), u, λx(t), λv(t))

= arg max
ui∈[−uPmax,uPmax]

λv,i(t)ui, i = 1, 2(5.98)

0 ≡ Hl[t] = −1 + λx(t)>v̂(t) + λv(t)
>û(t).(5.99)

The adjoint equations (5.96) and (5.97) imply that

λx(t) = cx and λv(t) = −cxt+ cv

where cx, cv ∈ R2. Hence the optimal control function û is given by

ûi(t) =





−uPmax if − cx,it+ cv,i < 0

uPmax if − cx,it+ cv,i > 0

undefined if − cx,it+ cv,i = 0

, i = 1, 2.

Note that the last case only occurs when cx,i = cv,i = 0 and thus λx,i ≡ 0 ≡ λv,i. In
that case the minimum principle does not provide any information about ûi except
that it has to be feasible. If c2x,i + c2v,i > 0, then there is at most one switching
point 0 ≤ ts,i ≤ tf of the control ûi. The switching points is determined by

ts,i =
cv,i
cx,i

if cx,i 6= 0.

Let us assume first that the control ûi does not switch in [0, tf ], i.e. ûi = ±uPmax
in [0, tf ]. Then the optimal velocity is given by v̂i(t) = ±uPmaxt and in particular
v̂i(tf ) = ±ûitf 6= 0, provided that tf > 0. The last statement is in contrast with
the boundary condition vP (0) = 0, hence no optimal control of the type ±uPmax is
allowed.

Notice furthermore that λx and λv can not be simultaneously zero, otherwise
equation (5.99) becomes 0 ≡ Hl[t] = −1. Hence at least one of the coefficients
cx,i, cv,i has to be different from zero.

Once established the structure of the optimal control û, we can distinguish two
cases.

Case I. Let i ∈ {1, 2} and

ûi(t) =

{
uPmax t ∈ (0, ts,i)

−uPmax t ∈ [ts,i, tf )
.

Then

v̂i(t) =

{
uPmaxt t ∈ (0, ts,i)

uPmax(2ts,i − t) t ∈ [ts,i, tf )

and

x̂i(t) =

{
xP0,i + uPmax

1
2 t

2 t ∈ (0, ts,i)

xP0,i + uPmax
{
t2s,i − 1

2 (2ts,i − t)2
}

t ∈ [ts,i, tf )
.
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The boundary conditions lead to

(5.100) uPmax(2ts,i − tf,i) = 0 and xP0,i + uPmax

{
t2s,i −

1

2
(2ts,i − tf,i)2

}
= xPf,i

where tf,i is the final time for the i-th component to reach the final position
xi(tf,i) = xPf,i with vi(tf,i) = 0. From the first equation in (5.100) we get ts,i =

tf,i/2, which substituted in the second one leads to

tf,i = 2

√
xPf,i − xP0,i
uPmax

and ts,i =

√
xPf,i − xP0,i
uPmax

.

Note that the previous equations hold only if xPf,i − xP0,i ≥ 0.

Case II. let i ∈ {1, 2} and

ûi(t) =

{
−uPmax t ∈ (0, ts,i)

uPmax t ∈ [ts,i, tf )
.

Then

v̂i(t) =

{
−uPmaxt t ∈ (0, ts,i)

−uPmax(2ts,i − t) t ∈ [ts,i, tf )

and

x̂i(t) =

{
xP0,i − uPmax 1

2 t
2 t ∈ (0, ts,i)

xP0,i − uPmax
{
t2s,i − 1

2 (2ts,i − t)2
}

t ∈ [ts,i, tf )
.

The boundary conditions lead to

−uPmax(2ts,i − tf,i) = 0 and xP0,i − uPmax
{
t2s,i −

1

2
(2ts,i − tf,i)2

}
= xPf,i.

Again we emphasize that the previous equations hold only if xP0,i − xPf,i ≥ 0.

Summarizing, an optimal solution of (PEl) is obtained as follows:

(a) For i = 1, 2 set

ts,i =





√
xP0,i−xPf,i
uPmax

if xPf,i < xP0,i,√
xPf,i−xP0,i
uPmax

otherwise.

.

Set tf,i = 2ts,i and tf = max{tf,1, tf,2}.
(b) For i = 1, 2 set

ûi(t) =





−uPmax if xPf,i < xP0,i, 0 ≤ t ≤ ts,i,
uPmax if xPf,i < xP0,i, ts,i < t ≤ tf,i,
uPmax if xPf,i ≥ xP0,i, 0 ≤ t ≤ ts,i,
−uPmax if xPf,i ≥ xP0,i, ts,i < t ≤ tf,i,
0 if tf,i < t ≤ tf .

(c) In order to obtain x̂ and v̂, integrate ẋ(t) = v(t) and v̇(t) = û(t).
(d) The value function of (PEl) is given by

(5.101) V(xPf,1, x
P
f,2) = max



2

√
|xPf,1 − xP0,1|

uPmax
, 2

√
|xPf,2 − xP0,2|

uPmax



 .
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5.5.2. Reformulated single stage problem. In this section, we exploit the
value function of (PEl), computed in the previous section, in order to reformulate
the original bilevel optimal control problem (PEu) as a single level optimal control
problem. Notice that in our settings, it is not required to include the differential
equations and constraints of the lower level problem, since the coupling is only
present through the final time tf . Hence, the reformulated problem reads as

(PE) min

∫ tf

0

−1 +
1

2
uE(t)2dt

s.t. ẋE(t) = vE(t) ∀ t ∈ (0, tf )

v̇E(t) = uE(t) ∀ t ∈ (0, tf )

uEi (t) ∈ [−uEmax, uEmax] ∀ t ∈ (0, tf ), i ∈ {1, 2}
xE(0) = xE0 , v

E(0) = 0

tf − V(xE(tf )) ≤ 0.

The Hamiltonian function, relative to (PE) is given by

H(x, u, v, λx, λv) = 1− 1

2
u2 + λ>x v + λ>v u.

The necessary optimality conditions for a minimum (x̂, v̂, û) of (PE) are given by
the minimum principle (see [89, Theorem 1, p. 123]). Hence there exist multipliers
(λx, λv) and h ∈ R, such that

λ̇x(t) = −H′x[t] = 0R2(5.102)

λ̇v(t) = −H′v[t] = −λx(t)(5.103)

ûi(t) = arg max
ui∈[−uEmax,uEmax]

{
1− 1

2
u2i + λx,i(t)v̂i(t) + λv,i(t)ui

}

= arg max
ui∈[−uEmax,uEmax]

{
−1

2
u2i + λv,i(t)ui

}
, i ∈ {1, 2}(5.104)

h = H(x̂(t), v̂(t), û(t), λx(t), λv(t))(5.105)

(h,−λx(tf )) ∈ NL
S (tf , x̂(tf ))(5.106)

λv(tf ) = 0R2 .(5.107)

Note that in (5.106), we have introduced the set S :=
{

(t, x)
∣∣ t − V(x) ≤ 0

}
and

denoted with NL
S (tf , x̂(tf )) its limiting normal cone in the point (tf , x̂(tf )).

The adjoint equations (5.102)-(5.103) imply that there exist cx, cv ∈ R2, such
that

λx(t) = cx and λv(t) = −cxt+ cv.

Furthermore, by the transversality condition (5.107), we have cv = cxtf and so
λv(t) = cx(tf − t). Let us now investigate (5.106). Note that S is the set of all
(t, x) ∈ R× R2, for which ϕ(t, x) ≤ 0 where

ϕ(t, x) := t− V(x) = t−max



2

√
|x1 − xP0,1|
uPmax

, 2

√
|x2 − xP0,2|
uPmax
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Since ϕ is locally Lipschitz function in R×
(
R2 \ {xP0 }

)
, assuming that x̂(tf ) 6= xP0 ,

its subdifferential in (tf , x̂(tf )) is given by

(5.108) ∂ϕ(tf , x̂(tf )) =

{
(1,−ω1k̂1, ω2k̂2)

∣∣∣∣
ω1, ω2 ∈ [0, 1]
ω1 + ω2 = 1

}

where

k̂1 :=
x̂1(tf )− xP0,1√

uPmax|x̂1(tf )− xP0,1|3
and k̂2 :=

x̂2(tf )− xP0,2√
uPmax|x̂2(tf )− xP0,2|3

.

Note that in case |x̂1(tf ) − xP0,1| > |x̂2(tf ) − xP0,2|, the set ∂ϕ(tf , x̂(tf )) reduces to

the single element
{

(1,−k̂1, 0)
}

which is captured by (5.108) by setting ω1 = 1

and ω2 = 0. In the same way, when |x̂1(tf ) − xP0,1| < |x̂2(tf ) − xP0,2| we obtain

∂ϕ(tf , x̂(tf )) =
{

(1, 0,−k̂2) for ω1 = 0 and ω2 = 1. By (5.108) it follows that the

limiting normal cone NL
S (tf , x̂(tf )) is given by the set





α
(
1,−ω1k̂1,−ω2k̂2

)

∣∣∣∣∣∣∣∣∣∣∣∣

α ≥ 0
ϕ(tf , x̂(tf )) ≤ 0
αϕ(tf , x̂(tf )) = 0
ω1, ω2 ∈ [0, 1], ω1 + ω2 = 1
ω2 = 0 if |x̂1(tf )− xP0,1| > |x̂2(tf )− xP0,2|
ω1 = 0 if |x̂1(tf )− xP0,1| < |x̂2(tf )− xP0,2|





.

Hence by (5.106) it follows that there exist α ≥ 0, αϕ(tf , x̂(tf )) = 0 and ω1, ω2 ∈
[0, 1], ω1 + ω2 = 1 such that for i ∈ {1, 2} we have

λx,i(t) = αωik̂i and λv,i(t) = αωik̂i(tf − t).
Exploiting (5.105) we can derive the optimal control ûi :

ûi(t) =





−uEmax if λv,i(t) < −uEmax
αωik̂i(tf − t) if λv,i(t) ∈ [−uEmax, uEmax]

uEmax if λv,i(t) > uEmax

.

Since λv,i(t) is a linear function of t and λv,i(tf ) = 0, it follows that λv,i and thus ûi
have constant sign in (0, tf ), depending on the sign of x̂i(tf )− xP0,i. Let us suppose

that x̂i(tf ) − xP0,i > 0 (the other case can be treated in the same way) and let us
define

(5.109) ts,i =

{
max

{
tf − uEmax

αωik̂i
, 0
}

if ωi > 0

0 if ωi = 0

i.e. the projection of the instance at which λv,i(t) = uEmax on the interval [0, tf ].
The optimal control ûi is given by

ûi(t) =

{
uEmax t ∈ (0, ts,i)

αωik̂i(tf − t) t ∈ [ts,i, tf )
.

We obtain v̂i by integrating ûi over [0, tf ] :

v̂i(t) =

{
uEmaxt t ∈ [0, ts,i)

uEmaxts,i + 1
2αωik̂i

{
(tf − ts,i)2 − (tf − t)2

}
t ∈ [ts,i, tf ]
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and x̂i by integrating v̂i :

x̂i(t) =





xE0,i + 1
2u

E
maxt

2 t ∈ [0, ts,i)

xE0,i + uEmaxts,i(t− 1
2 ts,i)

+ 1
6αωik̂i(tf − ts,i)2(3t− 2ts,i − tf )

+ 1
6αωik̂i(tf − t)3 t ∈ [ts,i, tf ]

.

Let us now consider the Hamiltonian function H. Note that it can be written as

H[t] = 1 +H1[t] +H2[t]

where

Hi[t] := −1

2
(ûi(t))

2
+ λx,i(t)v̂i(t) + λv,i(t)ûi(t) ∀ t ∈ [0, tf ], i ∈ {1, 2}.

We observe that when ωi = 0 we have Hi ≡ 0. Hence we suppose that ωi > 0, we
can distinguish two cases: ts,i = 0 and ts,i > 0.

Let us first suppose that ts,i = 0. Then for every t ∈ [0, tf ] Hi becomes

Hi[t] = −1

2

(
αωik̂i(tf − t)

)2
+ αωik̂i

{
1

2
αωik̂i

[
t2f − (tf − t)2

]}

+ α2ω2
i k̂

2
i t

2
f =

1

2
α2ω2

i k̂
2
i t

2
f .

Suppose now that ts,i > 0. For each t ∈ [0, ts,i) Hi becomes

Hi(t) = −1

2

(
uEmax

)2
+ αωik̂iu

E
maxt+ αωik̂i(tf − t)uEmax

= −1

2

(
uEmax

)2
+ αωik̂iu

E
maxtf

while in [ts,i, tf ] we have

Hi[t] =− 1

2

(
αωik̂i(tf − t)

)2
+ α2ω2

i k̂
2
i (tf − t)2

+ αωik̂i

{
uEmaxts,i +

1

2
αωik̂i

[
(tf − ts,i)2 − (tf − t)2

]}

=
1

2
α2ω2

i k̂
2
i (tf − ts,i)2 + αωik̂iu

E
maxts,i

=
1

2
α2ω2

i k̂
2
i

(
uEmax

αωik̂i

)2

+ αωik̂iu
E
max

(
tf −

uEmax

αωik̂i

)
(5.110)

=− 1

2

(
uEmax

)2
+ αωik̂iu

E
maxtf .

Note that in (5.110) we have substituted the value of ts,i from (5.109). Summarizing

(5.111) Hi[t] =





0 if ωi = 0
1
2α

2ω2
i k̂

2
i t

2
f if ωi > 0 and ts,i = 0

− 1
2

(
uEmax

)2
+ αωik̂iu

E
maxtf if ωi > 0 and ts,i > 0

.
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Thus in order to compute the optimal solution of (PE) we have to solve the
(possibly underdetermined) system:

1 +H1[t] +H2[t] = α(5.112)

ω1, ω2 ≥ 0 i = 1, 2(5.113)

ω1 + ω2 = 1(5.114)

ts,i =

{
max

{
tf − uEmax

αωik̂i
, 0
}

if ωi > 0

0 if ωi = 0
i = 1, 2(5.115)

ϕ(tf , x̂(tf )) ≤ 0(5.116)

α ≥ 0(5.117)

αϕ(tf , x̂(tf )) = 0(5.118)

with respect to α, tf , ts,1, ts,2, ω1 and ω2. Once a solution of (5.112)-(5.118)
is found, we compute the optimal solution of (PE) by substituting the respective
values in the expressions of x̂, v̂ and û.

5.5.3. Numerical result. Let us now provide a concrete numerical scenario,
in which we exploit the methods from the previous sections, in order to compute
the optimal solution.

We set the starting position of the pursuer (P) at the origin, i.e. xP0 = (0, 0),
with upper bound for the control uPmax = 4. Furthermore, we set the initial position
of the evader (E) at xE0 = (3, 2) with initial velocity vE0 = (0, 0) and upper bound
for the control uEmax = 1. According to (5.101), the value function of the problem
is given by

V(xE(tf )) = max

{
2

√
|xE1 (tf )|

4
, 2

√
|xE2 (tf )|

4

}
= max

{√
|xE1 (tf )|,

√
|xE2 (tf )|

}
.

We can observe that it is locally Lipschitz continuous in R2 \ {(0, 0)} and its graph
is illustrated in Figure 1.
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Figure 1. Value function of the lower level problem

We begin by solving system (5.112)-(5.118). Note that the relative initial po-
sition of the evader with respect to the pursuer suggests that in order to maximize
the final time tf , he should move along the x−axis (since |xE0,1−xP0,1| > |xE0,2−xP0,2|).
Furthermore, no effort should be made along the y−axis since the final reaching
time depends on the maximum of |xE1 (tf )−xP0,1| and |xE2 (tf )−xP0,2|. Note that this
type of behaviour is strictly related to the linear dynamics of the lower level prob-
lem. In fact, we expect different behaviour in case of nonlinear dynamics or presence
of constraints. Hence we can assume that ω1 = 1 and ω2 = 0 in (5.112)-(5.118):

1 +H1[t] = α(5.119)

ts,1 = max
{
tf − 1/(αk̂1), 0

}
, ts,2 = 0(5.120)

tf −
√
|xE1 (tf )| ≤ 0, α ≥ 0, α

(
tf −

√
|xE1 (tf )|

)
= 0(5.121)

Note that according to (5.111), H1 depends of ts,1. Let us first assume that ts,1 =

tf − 1/(αk̂1), then equation (5.119) becomes

(5.122) 1− 1

2
+ αk̂1tf = α.

It follows from (5.122) that α has to be strictly positive, hence by (5.121) we get

tf =
√
|xE1 (tf )|. Substituting the values of tf and k̂1 in (5.122), we obtain

1

2
+ α

1

2
√
|xE1 (tf )|

√
|xE1 (tf )| = α

which implies that α = 1. This is in contrast with our initial assumption that
ts,1 > 0, since

ts,1 = tf −
1

αk̂1
=
√
|xE1 (tf )| − 2

√
|xE1 (tf )| = −

√
|xE1 (tf )| < 0.
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Hence ts,1 = 0 and (5.119)-(5.121) become

1 +
1

2
α2k̂21t

2
f = α(5.123)

ts,1 = ts,2 = 0(5.124)

tf −
√
|xE1 (tf )| ≤ 0, α ≥ 0, α

(
tf −

√
|xE1 (tf )|

)
= 0.(5.125)

Note that from (5.123), α still has to be positive and tf =
√
|xE1 (tf )|. Substituting

the values of tf and k̂1 in (5.123), we obtain

1 +
1

8
α2 = α which implies α = 4± 2

√
2.

Note that by tf − 1/(αk̂1) < 0 follows that α = 4− 2
√

2. In order to compute the
optimal solution, we need the value of xE1 at tf , i.e.

xE1 (tf ) = xE0,1 +
1

6
αk̂12t3f = 3 +

1

3
(4− 2

√
2)

1

2
√
xE1 (tf )

xE1 (tf )
√
xE1 (tf )

= 3 +
2 +
√

2

3
xE1 (tf )

or

xE1 (tf ) =
9

1 +
√

2
.

Hence tf and k̂1 become

tf =
3√

1 +
√

2
and k̂1 =

√
1 +
√

2

2
√

3
.

Substituting these values into the expressions of xE , vE and uE leads to the optimal
solution.
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Figure 2. Optimal trajectories

Figure 2 illustrates the optimal trajectories for the pursuer (in blue) and the
evader (in red). We can observe that the evader tries to maximize the final reaching
time tf by moving along the positive direction of the x−axis. No movement has
been made along the y−axis, it would add additional cost to the penalty term∫ tf
0

1
2u

E(t)2dt.
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(a) Pursuer speed vP (b) Evader speed vE

(c) Pursuer control uP (d) Evader control uE

Figure 3. Optimal solutions of the pursuer and evader

5.6. Conclusion

In this chapter, we investigated the theoretical properties of unconstrained
bilevel optimal control problems, by means of the value function of the lower level
problem. We emphasize that the numerical computations held in Section 5.5 apply
only when the lower level problem has linear structure. In [137], the authors
investigate the pursuer-evader problem in presence of state constraints, where the
upper level problem is solved by direct discretization method.



CHAPTER 6

Bilevel Optimal Control Problems with Scheduling
Tasks

6.1. Introduction

In this chapter, we investigate a particular type of bilevel optimal control prob-
lems, in which the lower level problem is an optimal control problem, while at
the upper level, we have a finite dimensional mixed-integer optimization problem.
We are motivated to investigate such type of problems, since this is the natural
formulation of optimal control problems in which scheduling is involved.

Hence, in presence of several operations or tasks to be executed by a given
system whose sequence is unknown and subject to optimization, the lower level
problem is responsible for the optimal tasks execution, while the upper level problem
provides the optimal scheduling.

Such type of problems have been widely studied in literature (compare [35, 48,
72, 73]) and are also referred to as hybrid optimal control problems. The following
is based on the results obtained in [136].

6.2. Problem Formulation

Let us consider a problem, in which the scheduling of N different operations has
to be optimized, while each of the operations has to be performed in the optimal
way possible (under certain criteria). This type of problems can be modeled as a
bilevel optimal control problem, in which as an upper level problem we have the
scheduling of the different operations, while at the lower level we have a set of
optimal control problems, each of which is responsible for the optimal execution of
the different operations.

Let us suppose that each operation i ∈ {1, . . . , N} has a starting time ti ≥ 0,
and is composed of two different phases: an execution phase, in which the op-
eration is performed, and a recovery phase, in which the system responsible for

executing the ith operation returns to its initial state. Let us denote with p
(i)
1 and

p
(i)
2 the durations of the execution and recovery phase, respectively. Hence, for

each operation i ∈ {1, . . . , N}, the execution phase is performed during the time

interval [ti, ti+p
(i)
1 ], while the recovery phase is performed during the time interval

[ti + p
(i)
1 , ti + p

(i)
1 + p

(i)
2 ]. Later on, we will see that both the phases are present in

the lower level problem and their presence is due mainly for modeling purposes.
In order to schedule the different operations, we introduce the binary variables

wij ∈ {0, 1} with i, j ∈ {1, . . . , N} and i < j, where wij = 1 stands for perform-
ing the execution phase of the ith operation before the execution phase of the jth

operation begins, while wij = 0 stands for the opposite (i.e. performing the execu-
tion phase of the jth operation before the beginning of the execution phase of the

87
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ith operation). If we introduce a large enough positive constant M, the previous
statement can be written as

ti + p
(i)
1 − tj ≤ (1− wij)M

tj + p
(j)
1 − ti ≤ wijM

for each i, j ∈ {1, . . . , N} with i < j. A typical choice for M is to be larger than the

sum of all starting instances ti and all phase durations p
(i)
1 , p

(i)
2 . Hence the problem

can be formulated as a bilevel optimal control problem in the following way:

Problem 6.1 (BOCP).

(6.1) Minimize max
1≤i≤N

{
ti + p

(i)
1 + p

(i)
2

}

with respect to ti ∈ R, wij ∈ {0, 1}, subject to

ti + p
(i)
1 − tj ≤ (1− wij)M(6.2)

tj + p
(j)
1 − ti ≤ wijM(6.3)

ti ≥ 0(6.4)

(p
(i)
1 , p

(i)
2 ) ∈ S(i)(ti)(6.5)

where i, j ∈ {1, . . . , N} with i < j.

Note that in (6.5) we have introduced the set S(i)(ti) ⊂ [0,+∞)2, consisting
of the optimal phase durations for each operation, provided a starting time ti. In
order to determine S(i), we assume that the execution of each phase is given by the
solution of an optimal control problem, which can be written in the following way:

Problem 6.2 (LLP(ti)). Minimize

(6.6) p
(i)
1 + p

(i)
2 +

c

2

∫ ti+p
(i)
1 +p

(i)
2

ti

‖u(i)(t)‖2dt

with respect to x(i) ∈ W 1,∞([ti, ti + p
(i)
1 + p

(i)
2 ],Rnx), u(i) ∈ L∞([ti, ti + p

(i)
1 +

p
(i)
2 ],Rnu) and p

(i)
1 , p

(i)
2 ∈ R and subject to

ẋ(i)(t) = A(i)x(i)(t) +B(i)u(i)(t) a.e. in (ti, ti + p
(i)
1 + p

(i)
2 )(6.7)

x(i)(ti) = x
(i)
0(6.8)

x(i)(ti + p
(i)
1 ) = xT (ti + p

(i)
1 )(6.9)

x(i)(ti + p
(i)
1 + p

(i)
2 ) = x

(i)
0 .(6.10)

In LLP(ti) we are seeking to minimize the overall duration of the operation

(through the term p
(i)
1 + p

(i)
2 in (6.6)), while keeping the control effort reasonably

bounded (by the integral term in (6.6)). Note that we are assuming that the dy-
namics of the problem is given by a linear system of ordinary differential equations
(6.7), with A(i) ∈ Rnx×nx and B(i) ∈ Rnx×nu . Equations (6.8) and (6.10) ensure
that the system performing the ith operation starts and finishes in the same initial

configuration x
(i)
0 ∈ Rnx , while equation (6.9) represents the completion of the ex-

ecution phase, where xT ∈W 1,∞([0,+∞),Rnx) is the targeted state of the system,
which changes in time.
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6.3. Reduction to a Single Level Problem

In this section, we provide a single-level reformulation of the initial bilevel
optimal control problem BOCP by exploiting suitable reformulation in time and
the local minimum principle from Chapter 2 (see Theorem 2.26). Similar technique
has been already adopted by Knauer in [103, 104] regarding bilevel optimal control
problems under safety constraints.

We first observe that for each i ∈ {1, . . . , N} the final time in LLP(ti) is free

and subject to optimization (since we are minimizing p
(i)
1 + p

(i)
2 in (6.6)). Fur-

thermore intermediate state constraints are present at time ti + p
(i)
1 (given by

equation (6.9)). We can transform the problem into a fixed-time optimal con-

trol problem, introducing the transformations t
(i)
1 : [0, 1] → [ti, ti + p

(i)
1 ] and

t
(i)
2 : [0, 1]→ [ti + p

(i)
1 , ti + p

(i)
1 + p

(i)
2 ], defined as

(6.11) t
(i)
1 (τ) := ti + τp

(i)
1 and t

(i)
2 (τ) := ti + p

(i)
1 + τp

(i)
2 ∀ τ ∈ [0, 1].

By definition t
(i)
1 and t

(i)
2 are differentiable, and for every τ ∈ (0, 1) we have

dt
(i)
1 (τ)/dτ = p

(i)
1 and dt

(i)
2 (τ)/dτ = p

(i)
2 .

Let us now define for every x(i) ∈ W 1,∞([ti, ti + p
(i)
1 + p

(i)
2 ],Rnx) and u(i) ∈

L∞([ti, ti + p
(i)
1 + p

(i)
2 ],Rnu) the functions

(6.12)
x
(i)
1 (τ) := x(i)(t

(i)
1 (τ)), x

(i)
2 (τ) := x(i)(t

(i)
2 (τ))

u
(i)
1 (τ) := u(i)(t

(i)
1 (τ)), u

(i)
2 (τ) := u(i)(t

(i)
2 (τ)).

It is easy to check that x
(i)
1 , x

(i)
2 ∈W 1,∞([0, 1],Rnx) and u

(i)
1 , u

(i)
2 ∈ L∞([0, 1],Rnu).

In this way, we can prove (see Theorem 6.4) that BOCP can be reduced to the
following single level mixed-integer optimal control problem:

Problem 6.3. Minimize

(6.13) ξ
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with respect to ti, p
(i)
1 , p

(i)
2 ∈ R, wij ∈ {0, 1}, x(i)1 , x

(i)
2 ∈W 1,∞([0, 1],Rnx), λ

(i)
x1 , λ

(i)
x2 ∈

W 1,∞([0, 1],Rnx) and λ
(i)
p1 , λ

(i)
p2 ∈W 1,∞([0, 1],R) subject to

ti + p
(i)
1 + p

(i)
2 ≤ ξ(6.14)

ti + p
(i)
1 − tj ≤ (1− wij)M(6.15)

tj + p
(j)
1 − ti ≤ wijM(6.16)

ti ≥ 0(6.17)

ẋ
(i)
k = p

(i)
k

[
A(i)x

(i)
k −

1

c
B(i)

(
B(i)

)>
λ(i)xk
]

(6.18)

λ̇(i)xk = −p(i)k
(
A(i)

)>
λ(i)xk(6.19)

λ̇(i)pk = −1−
(
λ(i)xk
)>[

A(i)x
(i)
k −

1

2c
B(i)

(
B(i)

)>
λ(i)xk
]

(6.20)

x
(i)
1 (0) = x

(i)
2 (1) = x

(i)
0(6.21)

x
(i)
1 (1) = x

(i)
2 (0)(6.22)

x
(i)
1 (1) = xT (t

(i)
1 (1))(6.23)

λ(i)p1
(0) = λ(i)p2

(0) = λ(i)p2
(1) = 0(6.24)

λ(i)p1
(1) = −

[
λ(i)x1

(1)− λ(i)x2
(0)
]>
ẋT (t

(i)
1 (1))(6.25)

where constraints (6.14)-(6.25) hold almost everywhere in (0, 1), with k ∈ {1, 2}
and i, j = 1, . . . , N with i < j.

Theorem 6.4. Let a constraint qualification hold for LLP(ti) for each i ∈
{1, . . . , N} and let c > 0. Then replacing LLP(ti) by their necessary optimality
conditions in BOCP leads to Problem 6.3.

Remark 6.5. Please note that Problem 6.3 is not equivalent to BOCP, since
the last one is nonconvex. Moreover, we assume that the multiplier λ0 (related
to the objective function) is not zero. This is justified if a constraint qualification
holds, see, e.g. Lemma 2.28 and Lemma 2.29.

Proof. Let us first transform LLP(ti) into a set of optimal control problems
with fixed final time. This can be done by exploiting the time transformations

introduced in (6.11) as well as considering the new state and control variables x
(i)
1 ,

x
(i)
2 , u

(i)
1 and u

(i)
2 introduced in (6.12). Furthermore, we will treat the parameters

p
(i)
1 and p

(i)
2 as state variables (i.e. functions in W 1,∞([0, 1],R)) with ṗ

(i)
1 (τ) = 0 =

ṗ
(i)
2 (τ) for every τ ∈ [0, 1]. In this way, LLP(ti) can be written in the following

transformed form (which we denote with TLLP(ti)):

(6.26) Minimize

∫ 1

0

p
(i)
1 (τ)

{
1 +

c

2
‖(u(i)1 (τ)‖2

}
+ p

(i)
2 (τ)

{
1 +

c

2
‖u(i)2 (τ)‖2

}
dτ
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with respect to x
(i)
1 , x

(i)
2 ∈W 1,∞([0, 1],Rnx), p

(i)
1 , p

(i)
2 ∈W 1,∞([0, 1],R) and

u
(i)
1 , u

(i)
2 ∈ L∞([0, 1],Rnu) subject to

ẋ
(i)
k (τ) = p

(i)
k (τ)

[
A(i)x

(i)
k (τ) +B(i)u

(i)
k (τ)

]
a.e. in (0, 1), k = 1, 2(6.27)

ṗ
(i)
k (τ) = 0 a.e. in (0, 1), k = 1, 2(6.28)

x
(i)
1 (0)− x(i)0 = 0(6.29)

x
(i)
1 (1)− x(i)2 (0) = 0(6.30)

x
(i)
1 (1)− xT (ti + p

(i)
1 (1)) = 0(6.31)

x
(i)
2 (1)− x(i)0 = 0.(6.32)

For simplicity, we will omit the dependency of the variables from τ. Our goal

now is to transform TLLP(ti) into a boundary value problem. Let λ
(i)
x1 , λ

(i)
x2 ∈

W 1,∞([0, 1],Rnx), λ
(i)
p1 , λ

(i)
p2 ∈ W 1,∞([0, 1],R) and σ ∈ R4nx be the Lagrange mul-

tipliers associated with TLLP(ti), furthermore we define the Hamiltonian function
as:

H(i)[τ ] := H(i)(τ, x
(i)
1 , x

(i)
2 , p

(i)
1 , p

(i)
2 , u

(i)
1 , u

(i)
2 , λ(i)x1

, λ(i)x2
)

= p
(i)
1

{
1 +

c

2
‖u(i)1 ‖2

}
+ p

(i)
2

{
1 +

c

2
‖u(i)2 ‖2

}

+
(
λ(i)x1

)>{
p
(i)
1

[
A(i)x

(i)
1 +B(i)u

(i)
1

]}
+
(
λ(i)x2

)>{
p
(i)
2

[
A(i)x

(i)
2 +B(i)u

(i)
2

]}
.

Note that in the formulation of the Hamiltonian, we have assumed that λ0 6= 0. In
this way, we can omit it, dividing the other multipliers by λ0.

Stationarity of the Hamiltonian (i.e. ∇ukH(i) = 0), implies

p
(i)
k cu

(i)
k + p

(i)
k

(
B(i)

)>
λ(i)xk = 0 a.e. in (0, 1), k = 1, 2

which, assuming that p
(i)
k 6= 0, leads to

(6.33) u
(i)
k (τ) = −1

c

(
B(i)

)>
λ(i)xk a.e. in (0, 1), k = 1, 2.

This provides an analytic expression for the controls u
(i)
1 and u

(i)
2 involved in

TLLP(ti). Note that in (6.33), we have assumed that p
(i)
k 6= 0. The case p

(i)
k = 0

corresponds to the degenerate case in which x
(i)
0 = xT (ti), which is equivalent to

assuming that the ith operation is executed instantaneously.
Let us now derive the adjoint equations (6.19). For k = 1, 2 we have

λ̇(i)xk (τ) = −∇xkH(i)[τ ] = −p(i)k
(
A(i)

)>
λ(i)xk

λ̇(i)pk (τ) = −∇pkH(i)[τ ] = −1− c

2

(
u
(i)
k

)2 −
(
λ(i)xk
)>[

A(i)x
(i)
k +B(i)u

(i)
k

]

= −1−
(
λ(i)xk
)>[

A(i)x
(i)
k −

1

2c
B(i)

(
B(i)

)>
λ(i)xk
]

(6.34)

almost everywhere in (0, 1). Note that in (6.34), we substituted the control u
(i)
k

with its expression, given by equation (6.33).
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Finally, we derive the boundary conditions (6.24)-(6.25). Let us define the
function ψ : R4·nx × R→ R4nx as

ψ(x
(i)
1 (0), x

(i)
2 (0), x

(i)
1 (1), x

(i)
2 (1), p

(i)
1 (1)) :=




x
(i)
1 (0)− x(i)0

x
(i)
1 (1)− x(i)2 (0)

x
(i)
1 (1)− xT (ti + p

(i)
1 )

x
(i)
2 (1)− x(i)0


 .

By denoting with σ(i) =
(
σ
(i)
1 , σ

(i)
2 , σ

(i)
3 , σ

(i)
4

)>
where σ

(i)
k ∈ Rnx for k = 1, . . . , 4,

the transversality conditions for LLP(ti) become:

λ(i)x1
(0) = −(ψ′

x
(i)
1 (0)

)>σ(i) = −σ(i)
1(6.35)

λ(i)x2
(0) = −(ψ′

x
(i)
2 (0)

)>σ(i) = σ
(i)
2(6.36)

λ(i)p1
(0) = −(ψ′

p
(i)
1 (0)

)>σ(i) = 0(6.37)

λ(i)p2
(0) = −(ψ′

p
(i)
2 (0)

)>σ(i) = 0(6.38)

λ(i)x1
(1) = (ψ′

x
(i)
1 (1)

)>σ(i) = σ
(i)
2 + σ

(i)
3(6.39)

λ(i)x2
(1) = (ψ′

x
(i)
2 (1)

)>σ(i) = σ
(i)
4(6.40)

λ(i)p1
(1) = (ψ′

p
(i)
1 (1)

)>σ(i) = −σ(i)T
3 ẋT (t

(i)
1 (1))(6.41)

λ(i)p2
(1) = (ψ′

p
(i)
2 (1)

)>σ(i) = 0.(6.42)

Note that equation (6.24) follows from (6.37), (6.38) and (6.42). Finally, from (6.36)

and (6.39), it follows that σ
(i)
3 = λ

(i)
x1 (1) − λ(i)x2 (0). Substituting its value in (6.41),

we obtain

λ(i)p1
(1) = −

[
λ(i)x1

(1)− λ(i)x2
(0)
]>
ẋT (ti + p

(i)
1 (1))

and thus equation (6.25). �

6.4. Problem Discretization and Branch-and-Bound Algorithm

In the previous section, we saw how the initial problem BOCP can be trans-
formed into a single level mixed-integer optimal control problem (i.e. Problem 6.3)
by means of the local minimum principle. In this section, we investigate a dis-
cretization technique which allows us to approximate the initial infinite dimensional
optimization problem with a finite dimensional one. Furthermore, we present a
variation of the classical branch-and-bound algorithm, tailored to our purposes.

Let us define consider I ∈ N and define the step size h := 1/I and the de-
scretization grid

GI := {τ` | ` = 0, . . . , I } where τ` := ` · h.

The approximation of the states x
(i)
k and the multipliers λ

(i)
xk and λ

(i)
pk in Problem 6.3

is given by their values on the discretization grid:

x
(i)
k,` := x

(i)
k (τ`), λ

(i)
xk,`

:= λ(i)xk (τ`), λ
(i)
pk,`

:= λ(i)pk (τ`)
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for i ∈ {1, . . . , N}, k ∈ {1, 2} and ` ∈ {0, . . . , I}. Hence, we will denote with

x
(i)
k,GI :=

(
x
(i)
k,0, . . . , x

(i)
k,I

)
∈ R(I+1)nx

λ
(i)
xk,GI :=

(
λ
(i)
xk,0

, . . . , λ
(i)
xk,I

)
∈ R(I+1)nx

λ
(i)
pk,GI :=

(
λ
(i)
pk,0

, . . . , λ
(i)
pk,I

)
∈ R(I+1).

For sake of simplicity, we will discretize the dynamics (6.18)-(6.20) in Problem 6.3
by the Euler’s method (see chapter 3). More sophisticated discretization schemes
can be found in [69, Chapter 4]. Hence, equations (6.18)-(6.20) become

x
(i)
k,`+1 = x

(i)
k,` + h

{
p
(i)
k

[
A(i)x

(i)
k,` −

1

c
B(i)

(
B(i)

)>
λ
(i)
xk,`

]}

λ
(i)
xk,`+1 = λ

(i)
xk,`

+ h
{
− p(i)k

(
A(i)

)>
λ
(i)
xk,`

}

λ
(i)
pk,`+1 = λ

(i)
pk,`

+ h
{
− 1− λ(i)xk,`

[
A(i)x

(i)
k,` −

1

2c
B(i)

(
B(i)

)>
λ
(i)
xk,`

]}

where i ∈ {1, . . . , N}, k ∈ {1, 2} and ` ∈ {0, . . . , I − 1}. The boundary conditions
(6.21)-(6.25) read as follows

x
(i)
1,0 = x

(i)
0 x

(i)
2,I = x

(i)
0

x
(i)
1,I = x

(i)
2,0 x

(i)
1,I = xT (ti + p

(i)
1 )

λ
(i)
p1,0

= 0 λ
(i)
p2,0

= 0

λ
(i)
p1,I

= −
(
λ
(i)
x1,I
− λ(i)x2,0

)>
ẋT (ti + p

(i)
1 ) λ

(i)
p2,I

= 0.

Note that after discretization, Problem 6.3 becomes a finite dimensional mixed-
integer nonlinear optimization problem, which can be written in the following com-
pact form (MINLP):

Minimize F (y)
s.t. G(y, w) ≤ 0, H(y) = 0

y ∈ Rny , w ∈ {0, 1}nw

where

y := (ξ, ti, p
(i)
k , x

(i)
k,`, λ

(i)
xk,`

, λ
(i)
pk,`

) and w = (wij | i, j ∈ {1, . . . , N}, i < j)

while the dimensions ny and nw are given by

ny = 1 + 3 ·N + 4 ·N · (I + 1) · nx + 2 ·N · (I + 1) and nw = N · (N − 1)/2.

Furthermore, the functions in MINLP are defined as

F (y) := ξ

(6.43) G(y, w) :=




ti + p
(i)
1 + p

(i)
2 − ξ

−ti
ti + p

(i)
1 − tj − (1− wij)M

tj + p
(j)
1 − ti − wijM
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and

(6.44) H(y) :=




x
(i)
k,`+1 − x

(i)
k,` − h

{
p
(i)
k

[
A(i)x

(i)
k,` − 1

cB
(i)
(
B(i)

)>
λ
(i)
xk,`

]}

λ
(i)
xk,`+1 − λ

(i)
xk,`

+ hp
(i)
k

(
A(i)

)>
λ
(i)
xk,`

λ
(i)
pk,`+1 − λ

(i)
pk,`

+ h
{

1 + λ
(i)
xk,`

[
A(i)x

(i)
k,` − 1

2cB
(i)
(
B(i)

)>
λ
(i)
xk,`

]}

x
(i)
1,0 − x

(i)
0

x
(i)
2,I − x

(i)
0

x
(i)
1,I − x

(i)
2,0

x
(i)
1,I − xT (ti + p

(i)
1 )

λ
(i)
p1,0

λ
(i)
p2,0

λ
(i)
p1,I

+
[
λ
(i)
x1,I
− λ(i)x2,0

]>
ẋT (ti + p

(i)
1 )

λ
(i)
p2,I




where the expressions in (6.43) hold for i, j ∈ {1, . . . , N} with i < j, while the
expressions in (6.44) hold for i ∈ {1, . . . , N}, k ∈ {1, 2} and ` ∈ {0, . . . , I − 1}.

The presence of the binary vector w makes problem MINLP NP−hard, fur-
thermore no gradient based method can be applied directly. Schittkowski et al.
[31] proposed a mixed-integer SQP algorithm for solving nonlinear mixed-integer
mathematical programs, nevertheless their method applies to problems, in which
the integer variable is not ”categorical”, i.e. small changes between different integer
values does not affect significantly the model. This does not apply in our case.

Our approach for solving MINLP is based on the branch-and-bound algorithm
in [67]. It is a tree-search algorithm, combined with a rule for pruning sub-trees. At
each node of the tree, a continuous relaxation of the initial mixed-integer problem
has to be solved. In case the optimal solution of the relaxed problem turns out to
be integer (and hence feasible for MINLP), its objective function value provides an
upper bound for the optimal objective function value of MINLP and the node is
explored. Usually, the relaxed problem does not have an integer solution. In this
case, the optimal objective function value serves as lower bound for the sub-tree
emanating from the current node. If the optimal objective function value is less
than the upper bound provided by the best solution found so far, then all successors
of the current node are generated by adding additional constraints (branching).
Afterwards, all successors have to be investigated. If at some node the relaxed
problem has an optimal objective function value, which is greater or equal to the
upper bound, provided by the best solution found so far, then this node needs
not to be explored any further and the sub-tree can be pruned, since the optimal
objective function values of all nodes in the sub-tree are greater or equal to the
value of the current node.

We now investigate how a relaxation of MINLP is done. Given the vectors
w,w ∈ {0, 1}nw with wj ≤ wj for every j = 1, . . . , nw, let

W (w,w) =
{
w ∈ Rnw

∣∣ wj ≤ wj ≤ wj ∀ j = 1, . . . , nw
}

and let NLP(w,w) denotes the continuous nonlinear optimization problem

Minimize F (y)
s.t. G(y, w) ≤ 0, H(y) = 0

y ∈ Rny , w ∈W (w,w).
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Note that {0, 1}nw ⊂W (0, 1) and W (0, 1) will be called relaxation of {0, 1}nw . Cor-
respondingly, NLP(w,w) will be called a relaxation of MINLP. Since the admissible
set of the relaxation is larger than the one of MINLP, the optimal objective func-
tion value of the relaxed problem provides a lower bound for the optimal objective
function value of MINLP.

Let us focus now on how to create new nodes. This is done by the following
Branching rule:
Consider the relaxed problem NLP(w,w) with w,w ∈ [0, 1]nw , w = (w1, . . . , wnw),
w = (w1, . . . , wnw), 0 ≤ wj ≤ wj ≤ 1 and w 6= w. Let (y∗, w∗) be an optimal solu-
tion of NLP(w,w) such that w∗ is not integer, i.e. w∗ /∈ {0, 1}nw . Then branching
consists of the following steps

(i) Determine some index k, such that wk < w∗k < wk. The choice of k
can be done in several ways: first/last non-integer value of w∗, maxi-
mum/minimum distance of w∗k to an integer. (In this work, we imple-
mented the minimum distance from an integer).

(ii) Create two new subproblems NLP(w(1), w(1)) and NLP(w(2), w(2)) with

w
(1)
i = wi and w

(1)
i =

{
wi, if i 6= k,

0, if i = k,
for i ∈ {1, . . . , nw}

and

w
(2)
i =

{
wi, if i 6= k,

1, if i = k,
and w

(2)
i = wi for i ∈ {1, . . . , nw}.

A recursive application of the branching rule starting with NLP(0, 1) generates
a finite tree structure. Each node of the tree corresponds to a continuous non-
linear programming problem NLP(w,w). Each edge corresponds to imposing one
additional constraint.

Following Leyffer [113], a node NLP(w,w) is explored or fathomed, i.e. no
further branching has to be done, if one of the following events occur:

• NLP(w,w) is infeasible. This implies that all nodes of the subtree are
infeasible as well.

• NLP(w,w) has an integral solution. The corresponding optimal objective
function value serves as an upper bound for MINLP.

• The optimal objective function value of NLP(w,w) is greater than or equal
to the upper bound found so far. Due to the branching rule, the optimal
objective function values are monotonically non-decreasing for the nodes
of the subtree and thus, the subtree can be pruned.

In addition, we need a rule to traverse the tree. In this work, the depth-first
approach is adopted, in this way a feasible solution for MINLP and hence an upper
bound is computed as soon as possible. Alternative strategies are breadth-first
search or some problem-specific search strategies.
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Algorithm 1 Branch-and-bound algorithm

1: Let Fu be an upper bound for the optimal objective function value of
MINLP (if none is known, let Fu = +∞)

2: Let the root of the tree NLP(0, 1) be active
3: while (there are active nodes) do
4: Select an active node NLP(w,w)
5: Solve NLP(w,w) (if possible) and let (y∗, w∗) be an optimal solu-

tion and F ∗ = F (y∗, w∗) be the optimal objective function value of
NLP(w,w)

6: if (infeasible) then
7: Mark node as explored
8: end if
9: if (w∗ ∈ {0, 1}nw) then

10: if (F ∗ < Fu) then
11: Save (y∗, w∗) as best solution and set Fu = F ∗

12: end if
13: Mark node as explored
14: end if
15: if (F ∗ ≥ Fu) then
16: Mark node as explored
17: end if
18: if (F ∗ < Fu) then
19: Apply branching rule, mark all successors as active and mark cur-

rent node as inactive
20: end if
21: end while

Note that Algorithm 1 requires to solve the subproblems globally. This is a
difficult task in its own and could be achieved by using convex underestimators,
which, however, are difficult to obtain for our problems. Hence, in our computa-
tional studies we only considered local minima taking into account the danger that
optimal solutions are pruned falsely. Nevertheless, since the combinatorial effort in
our studies is not high, we can crosscheck the results by enumeration of all possible
combinations.

6.5. State Constrained Problem

In the previous sections, we imposed no control or state constraints in problems
LLP(ti), mainly due to sake of simplicity. In fact, the presence of constraints leads
to complementarity conditions, which are hard to solve numerically. Nevertheless,
it is often necessary to impose constraints due to structural or safety reasons. In
many cases, pure state constraints (i.e. constraints involving only the states of
the problem) have to be considered, for instance if an obstacle has to be avoided
or the speed has to be kept in a certain range. The main drawback of pure state

constraints is that the multipliers λ
(i)
xk in Problem 6.3 lose their regularity. In fact, it

can be proven (see [69, Section 3.2]) that λ
(i)
xk are functions of bounded variation and

the adjoint equations can only be written in an integral form, involving Riemann-
Stieltjes integrals (see [69, p.64-66] for details). From numerical point of view, this
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presents several difficulties, since efficient numerical schemes are required to handle
the Riemann-Stieltjes integrals properly.

To overcome these difficulties, in this work we adopt the concept of virtual con-
trol, introduced in [39, Chapter 4] and [106] for optimal control problems subject to
an elliptic partial differential equation. The idea is that the pure state constrained
optimal control problem is embedded into a family of optimal control problems with
mixed control-state constraints using a regularization parameter α > 0. For linear
quadratic optimal control problems, it has been proven in [70] that the optimal
solution of the regularized problem converges to the optimal solution of the pure
state constrained problem in L2 norm, as α tends to zero. For general nonlinear
optimal control problems, the convergence of the regularized solution is still an
open problem, but its formal proof is beyond the scope of this work. Nevertheless
the numerical simulations in the next sections suggest that the results obtained
from [70] can be extended to general nonlinear optimal control problem.

Let us suppose that for each i ∈ {1, . . . , N}, constraints are imposed on the
evolution of the ith operation (for instance, obstacles are present in the area of op-
eration or certain values have to be kept into safety interval). From a mathematical
point of view, we can describe these scenarios in an abstract form, introducing the
following inequalities as an additional constraint in LLP(ti):

(6.45) g(i)(t, x(i)(t)) ≤ 0 ∀ t ∈ (ti, ti + p
(i)
1 + p

(i)
2 ).

We assume that the functions g(i) : R × Rnx → Rng are twice continuously differ-
entiable.

We now illustrate the idea behind the virtual control regularization. Let us

consider the virtual control functions v(i) ∈ L∞([ti, ti + p
(i)
1 + p

(i)
2 ],Rng ) and the

regularization parameter α > 0. We can embed the initial pure-state constraints
(6.45) into a family of mixed control-state constraints

g(i)(t, x(i)(t))− αv(i)(t) ≤ 0 ∀ t ∈ (ti, ti + p
(i)
1 + p

(i)
2 )

and add additional penalty term to the objective function of LLP(ti), which drives

the L2−norm of v(i) to zero. Exploiting the time transformations t
(i)
1 and t

(i)
2 from

(6.11), the functions x
(i)
1 , x

(i)
2 , u

(i)
1 and u

(i)
2 from (6.12) and introducing the new

functions v
(i)
1 , v

(i)
2 ∈ L∞([0, 1],Rng ) defined as

v
(i)
1 (τ) := v(i)(t

(i)
1 (τ)) and v

(i)
2 (τ) := v(i)(t

(i)
2 (τ)),

the regularized constrained LLP(ti), with fixed final time reads as follows

Problem 6.6 (LLP(ti, α)). Minimize

∫ 1

0

p
(i)
1

{
1 +

c

2
‖u(i)1 (τ)‖2

}
+ p

(i)
2

{
1 +

c

2
‖u(i)2 (τ)‖2

}

+
1

2

{
‖v(i)1 (τ)‖2 + ‖v(i)2 (τ)‖2

}
dτ(6.46)
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with respect to x
(i)
1 , x

(i)
2 ∈W 1,∞([0, 1],Rnx), p

(i)
1 , p

(i)
2 ∈ R, u(i)1 , u

(i)
2 ∈ L∞([0, 1],Rnu)

and v
(i)
1 , v

(i)
2 ∈ L∞([0, 1],Rng ), subject to

ẋ
(i)
k (τ) = p

(i)
k

[
A(i)x

(i)
k (τ) +B(i)u

(i)
k (τ)

]
a.e. in (0, 1), k = 1, 2(6.47)

g(i)(t
(i)
k (τ), x

(i)
k (τ))− αv(i)k (τ) ≤ 0 a.e. in (0, 1), k = 1, 2(6.48)

x
(i)
1 (0)− x(i)0 = 0(6.49)

x
(i)
1 (1)− x(i)2 (0) = 0(6.50)

x
(i)
1 (1)− xT (t

(i)
1 (1)) = 0(6.51)

x
(i)
2 (1)− x(i)0 = 0.(6.52)

We can now state a result, similar to Theorem 6.4 with constrained lower level
problems.

Theorem 6.7. Consider the bilevel optimal control problem BOCP, in which
the lower level problems are given by LLP(ti, α) for each i ∈ {1, . . . , N} and c, α > 0.
Then the corresponding single level problem, obtained by replacing the lower level
problems by their necessary optimality conditions, is the following mixed-integer
optimal control problem

Problem 6.8.

(6.53) Minimize ξ

with respect to ti, p
(i)
1 , p

(i)
2 ∈ R, wij ∈ {0, 1}, x(i)1 , x

(i)
2 ∈W 1,∞([0, 1],Rnx), λ

(i)
x1 , λ

(i)
x2 ∈

W 1,∞([0, 1],Rnx), λ
(i)
p1 , λ

(i)
p2 ∈W 1,∞([0, 1],R) and
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µ
(i)
1 , µ

(i)
2 ∈ L∞([0, 1],Rng ) for i, j ∈ {1, . . . , N} with i < j, subject to

ti + p
(i)
1 + p

(i)
2 ≤ ξ(6.54)

ti + p
(i)
1 − tj ≤ (1− wij)M(6.55)

tj + p
(j)
1 − ti ≤ wijM(6.56)

ti ≥ 0(6.57)

ẋ
(i)
k (τ) = p

(i)
k

[
A(i)x

(i)
k (τ)− 1

c
B(i)

(
B(i)

)>
λ(i)xk (τ)

]
(6.58)

λ̇(i)xk (τ) = −p(i)k
(
A(i)

)>
λ(i)xk (τ)−∇xg(i)(t(i)k (τ), x

(i)
k (τ))>µ(i)

k (τ)(6.59)

λ̇(i)pk (τ) = −1−
(
λ(i)xk (τ)

)>[
A(i)x

(i)
k (τ)− 1

2c
B(i)

(
B(i)

)>
λ(i)xk (τ)

]

− τ
(
µ
(i)
k (τ)

)>∇tg(i)(t(i)k (τ), x
(i)
k (τ))

− δ1k
(
µ
(i)
2 (τ)

)>∇tg(i)(t(i)2 (τ), x
(i)
2 (τ))(6.60)

µ
(i)
k (τ) ≥ 0(6.61)

g(i)(t
(i)
k (τ), x

(i)
k (τ))− αµ(i)

k (τ) ≤ 0(6.62)
(
µ
(i)
k (τ)

)>[
g(i)(t

(i)
k (τ), x

(i)
k (τ))− αµ(i)

k (τ)
]

= 0(6.63)

x
(i)
1 (0) = x

(i)
2 (1) = x

(i)
0(6.64)

x
(i)
1 (1) = x

(i)
2 (0)(6.65)

x
(i)
1 (1) = xT (t

(i)
1 (1))(6.66)

λ(i)p1
(0) = λ(i)p2

(0) = λ(i)p2
(1) = 0(6.67)

λ(i)p1
(1) = −

[
λ(i)x1

(1)− λ(i)x2
(0)
]>
ẋT (t

(i)
1 (1)).(6.68)

Proof. Let λ
(i)
x1 , λ

(i)
x2 ∈W 1,∞([0, 1],Rnx

)
, λ

(i)
p1 , λ

(i)
p2 ∈W 1,∞([0, 1],R

)
, µ

(i)
1 , µ

(i)
2 ∈

L∞
(
[0, 1],Rng

)
and σ(i) ∈ R4nx be the Lagrange multipliers, associated with LLP(ti, α).

The augmented Hamiltonian function (see Section 2.4) reads as follows:

H(i)
α := H(i)

α (τ, x
(i)
1 , x

(i)
2 , p

(i)
1 , p

(i)
2 , u

(i)
1 , u

(i)
2 , v

(i)
1 , v

(i)
2 , λ(i)x1

, λ(i)x2
µ
(i)
1 , µ

(i)
2 )

= p
(i)
1

{
1 +

c

2
‖u(i)1 ‖2

}
+ p

(i)
2

{
1 +

c

2
‖u(i)2 ‖2

}
+

1

2

{
‖v(i)1 ‖2 + ‖v(i)2 ‖2

}

+
(
λ(i)x1

)>{
p
(i)
1

[
A(i)x

(i)
1 +B(i)u

(i)
1

]}
+
(
λ(i)x2

)>{
p
(i)
2

[
A(i)x

(i)
2 +B(i)u

(i)
2

]}

+
(
µ
(i)
1

)>{
g(i)(t

(i)
1 , x

(i)
1 )− αv(i)1

}
+
(
µ
(i)
2

)>{
g(i)(t

(i)
2 , x

(i)
2 )− αv(i)2

}
.

From the stationarity of the Hamiltonian with respect to the control variables u
(i)
k

and v
(i)
k (i.e. ∇

u
(i)
k

H(i)
α = 0 and ∇

v
(i)
k

H(i)
α = 0) we have

cp
(i)
k u

(i)
k + p

(i)
k

(
B(i)

)>
λ(i)xk = 0 and v

(i)
k − αµ

(i)
k = 0

which implies that

(6.69) u
(i)
k (τ) = −1

c

(
B(i)

)>
λ(i)xk (τ) a.e. in (0, 1), k = 1, 2
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and

(6.70) v
(i)
k (τ) = αµ

(i)
k (τ) a.e. in (0, 1), k = 1, 2.

By substituting the control function values u
(i)
k from (6.69) in (6.47), we obtain

(6.58). Let us know derive the adjoint equations (6.59)-(6.60). We obtain equation
(6.59) by

λ̇(i)xk (τ) = −∇
x

(i)
k

H(i)
α = −p(i)k (τ)

(
A(i)

)>
λ(i)xk (τ)−∇xg(i)(t(i)k (τ), x

(i)
k (τ))>µ(i)

k (τ)

while recalling that t
(i)
1 (τ) = ti + p

(i)
1 τ and t

(i)
2 (τ) = ti + p

(i)
1 + p

(i)
2 τ, it holds

λ̇(i)p1
(τ) =−∇

p
(i)
1
H(i)
α = −1− c

2
‖u(i)1 (τ)‖2

−
(
λ(i)x1

(τ)
)>[

A(i)x
(i)
1 (τ) +B(i)u

(i)
1 (τ)

]

−
(
µ
(i)
1 (τ)

)>∇tg(i)(t(i)1 (τ), x
(i)
1 (τ))τ

−
(
µ
(i)
2 (τ)

)>∇tg(i)(t(i)2 (τ), x
(i)
2 (τ))(6.71)

and

λ̇(i)p2
(τ) =−∇

p
(i)
2
H(i)
α = −1− c

2
‖u(i)2 (τ)‖2

−
(
λ(i)x2

(τ)
)>[

A(i)x
(i)
2 (τ) +B(i)u

(i)
2 (τ)

]

−
(
µ
(i)
2 (τ)

)>∇tg(i)(t(i)2 (τ), x
(i)
2 (τ))τ.(6.72)

Exploiting the Kronecker delta, defined as

δij :=

{
1 if i = j

0 otherwise
,

equations (6.71) and (6.72) lead to the following form for λ̇
(i)
pk :

λ̇(i)pk (τ) =− 1− c

2
‖u(i)k (τ)‖2 −

(
λ(i)xk (τ)

)>[
A(i)x

(i)
k (τ) +B(i)u

(i)
k (τ)

]

−
(
µ
(i)
k (τ)

)>∇tg(i)(t(i)k (τ), x
(i)
k (τ))τ

− δ1k
(
µ
(i)
2 (τ)

)>∇tg(i)(t(i)2 (τ), x
(i)
2 (τ)).(6.73)

By substituting the values of u
(i)
k from (6.69) in (6.73), we obtain

λ̇(i)pk (τ) =− 1−
(
λ(i)xk (τ)

)>[
A(i)x

(i)
k (τ)− 1

2c
B(i)

(
B(i)

)>
λ(i)xk (τ)

]

− τ
(
µ
(i)
k (τ)

)>∇tg(i)(t(i)k (τ), x
(i)
k (τ))

− δ1k
(
µ
(i)
2 (τ)

)>∇tg(i)(t(i)2 (τ), x
(i)
2 (τ)).

which are exactly equations (6.60). Substituting the values of v
(i)
k from (6.70) in

the complementarity conditions:

µ
(i)
k (τ) ≥ 0

g(i)(t
(i)
k (τ), x

(i)
k (τ))− αv(i)k (τ) ≤ 0

(
µ
(i)
k (τ)

)>(
g(i)(t

(i)
k (τ), x

(i)
k (τ))− αv(i)k (τ)

)
= 0
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leads to equations (6.61)-(6.63). Finally, equations (6.64)-(6.68) can be derived in
the same manner as in the proof of Theorem 6.7. �

In order to solve Problem 6.8 numerically, we can exploit the same tech-
niques, illustrated in Section 6.4. Once provided the discretization grid GI =

{τ`, | ` = 0, . . . , I} , in addition to the discretized states and multipliers x
(i)
k,GI , λ

(i)
xk,GI

and λ
(i)
pk,GI , we introduce the discretization of µ

(i)
k on GI :

µ
(i)
k,GI :=

(
µ
(i)
k,0, . . . , µ

(i)
k,I−1

)
∈ RI·ng where µ

(i)
k,l = µ

(i)
k (τl)

for i ∈ {1, . . . , N}, k ∈ {1, 2} and l ∈ {0, . . . , I − 1}. By arguing in the same
manner as in Section 6.4, we can obtain the following finite dimensional mixed-
integer optimization problem, to which we will refer as MINLP(α) and which which
is a discretization of Problem 6.8:

Minimize F̂ (ŷ)

s.t. Ĝ(ŷ, w) ≤ 0, Ĥ(ŷ) = 0
ŷ ∈ Rnŷ , w ∈ {0, 1}nw

where

ŷ := (ξ, ti, p
(i)
k , x

(i)
k,`, λ

(i)
xk,`

, λ
(i)
pk,`

, µ
(i)
k,`) and w = (wij | i, j ∈ {1, . . . , N}, i < j)

while the dimensions nŷ and nw are given by

nŷ = 1+3·N+4·N ·(I+1)·nx+2·N ·(I+1)+2·N ·I ·ng and nw = N ·(N−1)/2.

The functions F̂ , Ĝ and Ĥ are defined as follows

F̂ (ŷ) := ξ

Ĝ(ŷ, w) :=




ti + p
(i)
1 + p

(i)
2 − ξ

−ti
ti + p

(i)
1 − tj − (1− wij)M

tj + p
(j)
1 − ti − wijM
−µ(i)

k,`

g(i)(t
(i)
k (τ`), x

(i)
k,`)− αµ

(i)
k,`
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and

Ĥ(ŷ) :=




x
(i)
k,`+1 − x

(i)
k,` − h

{
p
(i)
k

[
A(i)x

(i)
k,` − 1

cB
(i)
(
B(i)

)>
λ
(i)
xk,`

]}

λ
(i)
xk,`+1 − λ

(i)
xk,`

+ h
{
p
(i)
k

(
A(i)

)>
λ
(i)
xk,`

+∇xg(i)(t(i)k (τ`), x
(i)
k,`)µ

(i)
k,`

}

λ
(i)
pk,`+1 − λ

(i)
pk,`

+ h
{

1 + λ
(i)
xk,`

[
A(i)x

(i)
k,` − 1

2cB
(i)
(
B(i)

)>
λ
(i)
xk,`

]

+τ`
(
µ
(i)
k,`

)
∇tg(i)(t(i)k (τ`), x

(i)
k,`) + δ1k

(
µ
(i)
2,`

)
∇tg(i)(t(i)2 (τ`), x

(i)
2,`)
}

(
µ
(i)
k,`

)>(
g(i)(t

(i)
k (τ`), x

(i)
k,`)− αµ

(i)
k,`

)

x
(i)
1,0 − x

(i)
0

x
(i)
2,I − x

(i)
0

x
(i)
1,I − x

(i)
2,0

x
(i)
1,I − xT (ti + p

(i)
1 )

λ
(i)
p1,0

λ
(i)
p2,0

λ
(i)
p1,I

+
[
λ
(i)
x1,I
− λ(i)x2,0

]>
ẋT (ti + p

(i)
1 )

λ
(i)
p2,I




.

Note that the presence of the complementarity conditions in MINLP(α) (i.e.the
discretized constraints (6.61)-(6.63)) introduces additional difficulties from both
theoretical and numerical point of view. There are several ways to address this
topic, e.g. by relaxation or penalization. Any of these approaches would be feasible.
In the numerical studies, presented in the next section, the best performance is
obtained by applying the Fisher-Burmeister function

ΦFB(a, b) :=
√
a2 + b2 − a− b ∀ a, b ∈ R.

The Fischer-Burmeister function has the property that ΦFB(a, b) = 0 if and only
if the complementarity conditions a, b ≥ 0 and ab = 0 hold. Hence, we can replace
the complementarity constraints

− µ(i)
k,` ≤ 0

g(i)(t
(i)
k (τ`), x

(i)
k,`)− αµ

(i)
k,` ≤ 0

(
µ
(i)
k,`

)>(
g(i)(t

(i)
k (τ`), x

(i)
k,`)− αµ

(i)
k,`

)
= 0.

by the equality constraints

(6.74) ΦFB(−µ(i)
k,`,−g(i)(t

(i)
k (τ`), x

(i)
k,`) + αµ

(i)
k,`) = 0.

Remark 6.9. For numerical purposes, equation (6.74) is often substituted with
the following set of inequalities:

− ε− ΦFB(−µ(i)
k,`,−g(i)(t

(i)
k (τ`), x

(i)
k,`) + αµ

(i)
k,`) ≤ 0

ΦFB(−µ(i)
k,`,−g(i)(t

(i)
k (τ`), x

(i)
k,`) + αµ

(i)
k,`)− ε ≤ 0

where the regularization parameter ε > 0 is introduced. This provides stability in
gradient based numerical schemes. Typical values for ε can be 10−2 − 10−1 and
once a solution is computed, it can be used as initial value for a finer values of ε
(10−6 − 10−5).
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6.6. Numerical Scenarios

In this section, we consider a case scenario, which illustrates the theoretical
results, obtained in the previous sections.

Let us consider the scheduling of three agents, aiming to intercept a moving
along specified trajectory target. Each of the agents has to reach the target (the
execution phase in our initial formulation) and then return to its initial position (the
recovery phase in our initial formulation). We assume that the interaction between
the agents and the moving target is instantaneous, since it does not influence the
structure of the problem significantly. Hence, in the initial formulation of the
problem (see Section 6.2), ti stands for the instance in which the ith agent starts

moving in order to intercept the target, ti + p
(i)
1 is the instance at which the target

is reached (hence the interception or execution phase has length p
(i)
1 ), while at time

ti + p
(i)
1 + p

(i)
2 the agent returns to its initial position (hence the return or recovery

phase has duration p
(i)
2 ).

Let us denote with (x
(i)
1 , x

(2)
2 ) the position of the ith agent on the two-dimensional

plane and with (x
(i)
3 , x

(i)
4 ) its velocity along the axes. We assume that its dynamics

is given by

ẋ
(i)
1 (t) = x

(i)
3 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
2 (t) = x

(i)
4 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
3 (t) = u

(i)
1 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
4 (t) = u

(i)
2 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

where (u
(i)
1 , u

(i)
2 ) are the control inputs on the ith agent accelerations along the axes.

Furthermore, let us assume that the target is moving along a circular trajectory
with radius R and constant speed v.

6.6.1. Unconstrained scenario. Let us first consider an unconstrained sce-
nario. We set the initial position of the agents to

x
(1)
0 = (4, 0) x

(2)
0 = (0, 4) x

(3)
0 = (−4, 0)

while the target’s trajectory radius and speed are set to R = 2 and v = 1.4,
respectively. Hence the target’s position at any time t ≥ 0 is given by

xT (t) = (R · cos(R/v · t), R · sin(v/R · t)).
(Note that the initial position of the target is then (2, 0)). The bilevel optimal
control problem reads as follows:

Minimize max
1≤i≤3

{
ti + p

(i)
1 + p

(i)
2

}

subject to ti + p
(i)
1 − tj ≤ (1− ωij)M

tj + p
(j)
1 − ti ≤ ωijM

ti ≥ 0

ωij ∈ {0, 1}
(p

(i)
1 , p

(i)
2 ) ∈ S(i)(ti)
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where S(i)(ti) is the set of optimal phase durations (p
(i)
1 , p

(i)
2 ) of the problem

Minimize p
(i)
1 + p

(i)
2 +

∫ ti+p
(i)
1 +p

(i)
2

ti

‖u(i)(t)‖2dt

subject to ẋ
(i)
1 (t) = x

(i)
3 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
2 (t) = x

(i)
4 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
3 (t) = u

(i)
1 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

ẋ
(i)
4 (t) = u

(i)
2 (t) a.e. in (ti, ti + p

(i)
1 + p

(i)
2 )

x(i)(ti) = x
(i)
0

x(i)(ti + p
(i)
1 ) = xT (ti + p

(i)
1 )

x(i)(ti + p
(i)
1 + p

(i)
2 ) = x

(i)
0 .

We solve the discretized version of the previously described problem with c =
0.1, M = 1000 and I = 25 in the following way:

• Algorithm 1 handles the tree structure of the problem
• At each node of the tree, the relaxed problem is solved by the optimal

control package OCPID-DAE1, publicly available at http://www.optimal-
control.de

The optimal scheduling of the agents is (1) < (2) < (3) with starting times t1 =
0, t2 = 1.46, t3 = 2.75 and phase durations p(1) = (1.46, 2.49), p(2) = (1.29, 1.94)

and p(3) = (1.70, 1.62). We can observe that p
(i)
1 < p

(i)
2 for i = 1, 2 while p

(3)
1 > p

(3)
2 .

This is reasonable, since p
(1)
2 and p

(2)
2 do not influence the objective function, while

p
(3)
2 does (being (3) the last scheduled robot). The computation time of the optimal

solution is approximately 3 seconds on MacBook Pro with 2.5GHz Intel Core i7
processor and 8G RAM.
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(a) Starting positions (b) First agent moves toward the target

(c) First agent reaches the target (d) Second agent moves toward the target

(e) Second agent reaches the target (f) Third agent moves toward the target

(g) Third agent reaches the target (h) Third agent returns to its initial position
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Figure 1. Optimal trajectories of the three agents

6.6.2. Constrained scenario. Let us consider the same scheduling problem,
as in the previous subsection, with additional obstacle avoidance constraints. For
simplicity, we assume that the obstacle is a circular body with center (xobs, yobs)
and radius robs. In order to have no collision with it, the following constraints have
to be imposed on each agent:

r2obs −
(
x
(i)
1 (t)− xobs

)2 −
(
x
(i)
2 (t)− yobs

)2 ≤ 0.

This leads to the same optimization problem, already stated in the previous sec-
tion, with the only difference of the presence of state constraints. By exploiting
Theorem 6.7, we can obtain a mixed-integer optimal control problem, with relax-
ation parameter α > 0, and c = 0.1 which has to be solved at each iteration of
Algorithm 1. For this numerical test, we chose α = 10−6.

The starting positions of the three agents are the same as for the unconstrained
case and the target moves along the same trajectory. The obstacle has been placed
along the target’s trajectory ((xobs, yobs) = (−2, 0) with robs = 1), hence no in-
teractions are allowed inside the circle. The optimal solution provides the same
scheduling as for the unsconstrained problem: (1) < (2) < (3), with starting
times t1 = 0.44, t2 = 2.34, t3 = 3.75 and phase durations p(1) = (1.73, 2.75),
p(2) = (1.40, 2.27) and p(3) = (1.48, 3.18). We observe that the second agent inter-
acts with the target just before it enters the obstacle area, while the third agent
interacts with the target as soon as it leaves the obstacle area. We believe this
is the reason for the staring delay (t1 = 0.44 > 0). The computation time of the
optimal solution is approximately
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(a) Starting positions (b) First agent moves toward the target

(c) First agent reaches the target (d) Second agent moves toward the target

(e) Second agent reaches the target (f) Third agent moves toward the target

(g) Third agent reaches the target (h) Third agent returns to its initial position
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Figure 2. Optimal trajectories of the three agents



CHAPTER 7

Application: Robots Interactions

In this chapter, we investigate a possible application of the theory of bilevel
optimal control problems (see Chapters 5 and 6), in the area of automation and
robotics. We consider the interaction between two autonomous systems (robot-
robot and quadcopter-robot) where the trajectories they follow are the solution of
suitably stated optimal control problems. We will show how the whole process can
be embedded into the theoretical framework of the bilevel optimal control problems.

7.1. Introduction

Let us consider the problem of two autonomous systems, which have to interact
between each other, in order to perform certain task. It can be passing an object
from one robot to another (in the case of robot-robot interaction) or flying over
the position of a moving robot for a certain time (in the case of quadcopter-robot
interaction). Both the problems are motivated by the numerical examples from
Chapter 6, although in this chapter we consider detailed 3−dimensional nonlinear
mathematical models, describing the dynamics of the systems. The problem can
be split in three phases:

• approach phase, during which the two systems approach each other
and position themselves in a formation, such that the next phase can be
executed;

• execution phase, during which the interaction between the two systems
is performed;

• return phase, during which the two systems return to their initial posi-
tions.

For each of the three phases, an optimal control problem can be formulated and
solved, providing in this way the optimal trajectory for each system. We have
to emphasize that the beginning of the second (execution) phase can only occur
when the systems position themselves in a feasible for the execution phase starting
configuration, hence constraints on the final configuration of the first phase have
to be imposed. Moreover, in order to ensure continuity in the problem, the final
positions of the systems from the first and second phase have to coincide with their
starting positions in the second and third phase, respectively.

We now focus on the description of the mathematical models, governing the
motion of the involved systems

7.2. KUKA youBot dynamical model

The KUKA youBot consists of an omnidirectional mobile platform, on which
a five-axis robot arm with a two finger gripper is installed (see Figure 1).

109
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Figure 1. KUKA youBot (Source: www.generationrobots.com)

The omnidirectional platform (or base) is equipped with four KUKA omni-
Wheels, each rotating independently from the others. This allows rotational and
translational movements of the platform (3 degrees of freedom, please refer to Fig-
ure 2).

6 Kapitel 3. Versuchsaufbau

Desweiteren sind interne Rotationssensoren an den Elektromotoren verbaut, durch die die
gefahrene Distanz grob bestimmt werden kann. Allerdings ist es aufgrund der Treiber nicht
möglich, direkt auf die intern gemessenen Daten der Rotationssensoren zu zugreifen, so dass
nur die gefahrenen Strecken ausgegeben werden können.

Abbildung 3.2: Ein Omni-Wheel des youBots. Aufgrund der einzeln verbauten, dreh-
bar gelagerten Walzen kann der youBot spezielle Bewegungen aus-
führen, die mit normalen Rädern nicht möglich sind.[1]

Abbildung 3.3: Hier wird die Möglichkeit des youBots geradeaus (oben links), seit-
wärts (oben rechts) und diagonal (unten links) zu fahren verdeutlicht,
sowie eine Drehung um den Mittelpunkt der Basis (unten rechts) dar-
gestellt. Weiterhin werden auch die jeweils benutzten Drehrichtungen
der einzelnen Omni-Wheels aufgezeigt.[1]

Dabei kann der Roboter Geschwindigkeiten von bis zu 1m/s in jede Richtung erreichen. Die
Plattform ist 531 x 380 x 140 mm groß und rund 24 kg schwer. Sie verfügt über einen internen
Akku.

Figure 2. Omnidirectional platform’s movement (Source:
www.generationrobots.com)

Let us denote with x, y and θ the position of the center of the platform in the x−
y plane and its orientation, let vx, vy and vθ be the velocities of the platform (along
the x− y axis and the angular velocity) and let ux, uy and uθ be its accelerations
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(along the x− y axis and the angular acceleration). Then the equations of motion
of the base at any time t are given by

ẋ(t) = vx(t)(7.1)

ẏ(t) = vy(t)(7.2)

θ̇(t) = vθ(t)(7.3)

v̇x(t) = ux(t) · cos(θ(t)) + uy(t) · sin(θ(t))(7.4)

v̇y(t) = ux(t) · sin(θ(t))− uy(t) · cos(θ(t))(7.5)

v̇θ(t) = uθ(t).(7.6)

3.1. Spezifikationen des KUKA youBots 7

Der Arm des KUKA youBots besitzt insgesamt fünf drehbare Gelenke sowie einen Greifer,
wie in Abbildung 3.4 zu erkennen ist. Für die Markierungsarbeiten wird anstatt des Greifers
eine Konstruktion wie in Abb. 3.5 benutzt. Die Konstruktion besteht aus einem Aluminium-
Rahmen, der speziell für diese Anforderung hergestellt wurde. Der Rahmen kann dabei an
eine der beiden beweglichen Backen montiert werden. Durch diese einseitige Fixierung ist es
weiterhin möglich, die Backen, an denen zuvor die zwei Greifer befestigt waren, zu initialisieren
und zu bewegen. Im Rahmen ist am oberen Ende eine Ö↵nung für das Einspannen eines
Stiftes vorhanden, mit dem die Markierung durchgeführt wird. Zentrisch unter dem Stift ist
eine Reflektorkugel verbaut (auf die Funktion der Reflektorkugel wird in Kapitel 3.2 genauer
eingegangen).

Abbildung 3.4: Der Arm eines youBot in Nullstellung mit den einzelnen
Abmessungen.[1]

Für die weitere Betrachtung des Armes muss zunächst die Nullposition definiert werden. In
dieser Position sind alle Gelenke des Armes auf 0¶ eingestellt, das heißt, dass die einzelnen Ge-
lenke nach vorne (A1, A5) beziehungsweise oben zeigen(A2 bis A4) und der Arm ist maximal
aufgerichtet.
In diesem Zustand ist der Arm 655 mm hoch und rund 6.3 kg schwer.
In der Nullposition werden auch die Drehrichtungen der einzelnen Gelenke festgelegt. Betrach-
tet man nun jedes Gelenk für sich in einem lokalen Koordinatensystem, das direkt im Gelenk
aufgestellt wird, kann man die relativen Rotationsachsen bestimmen.
So ist das unterste Gelenk A1 um die lokale z-Achse drehbar gelagert. Die Gelenke A2 bis A4
erlauben alle eine Rotation um die eigene x-Achse. Das Gelenk A5, welches im Übergang von

Figure 3. youBot’s arm (Source: www.generationrobots.com)

Let us consider now the robot arm, shown in Figure 3. It is composed by
a small base (with height 72mm), four axis and a two-finger gripper. Let us de-
note with q1, . . . , q5 the angles of the joints between the axes and let vq1 , . . . , vq5
and uq1 , . . . , uq5 be respectively their angular velocities and accelerations. Their
evolution is given by the following (simplified) model:

q̇i(t) = vqi(t) for i = 1, . . . , 5(7.7)

v̇qi(t) = uqi(t) for i = 1, . . . , 5.(7.8)

We now focus on computing the position of the gripper. Let us denote with
r the offset vector of the first joint of the arm, with respect to the base and with
l1, . . . , l4 the lengths of the four axis. For the general angles α, β, γ, δ ∈ R we define
the rotational matrices

S0(α) :=




cos(α) − sin(α) 0
sin(α) cos(α) 0

0 0 1


 and S1(β) :=




cos(β) 0 sin(β)
0 1 0

− sin(β) 0 cos(β)
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as well as

S01(α, β) := S0(α) · S1(β)

S012(α, β, γ) := S0(α) · S1(β) · S1(γ)

S0123(α, β, γ, δ) := S0(α) · S1(β) · S1(γ) · S1(δ).

Then the mount points P1(q), . . . , P4(q) and the gripper position P5(q) are given
by the following equations

P1(q) = S0(q1) · r
P2(q) = P1(q) + S01(q1, q2) · (0, 0, l1)>

P3(q) = P2(q) + S012(q1, q2, q3) · (0, 0, l2)>

P4(q) = P3(q) + S0123(q1, q2, q3, q4) · (0, 0, l3)>

P5(q) = P4(q) + S0123(q1, q2, q3, q4) · (0, 0, l4)>.

7.3. Quadcopter dynamical model

A quadcopter is an aerial vehicle with four rotor assemblies that provide lift
and controllability. For the standard design, the rotors are counter-rotating and are
made of fixed pitch blades. Due to the light weight (< 4 kg), reliability, robustness,
easy of design and simple dynamics, they are a preferred test platform for aerial
robotics research (see [116]). A typical quadcopter is shown in Figure 4.

Figure 4. Illustration of a quadcopter (Source:
http://www.robotshop.com/)

In order to determine the dynamics of a quadcopter, we consider a six degrees
of freedom model. Let us denote with {A} the inertial frame and with {B} the
body fixed frame. Let (e1, e2, e3) be the unit vector in {B} and let (x, y, z) be the
position of the origin of the body fixed frame {B} with respect to the inertial frame
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{A}. Finally, let (α, β, γ) denote the roll, pitch and yaw angles of the quadcopter
(in the inertial frame). The rotation matrix between {A} and {B} is given by

(7.9) Ω = Ω(α, β, γ) =
[
Ωij
]
i,j=1,...,3

where

Ω11 = cos(β) cos(γ)

Ω12 = − cos(β) sin(γ)

Ω13 = sin(β)

Ω21 = cos(α) sin(γ) + sin(α) sin(β) cos(γ)

Ω22 = cos(α) cos(γ)− sin(α) sin(β) sin(γ)

Ω23 = − sin(α) cos(β)

Ω31 = sin(α) sin(γ)− cos(α) sin(β) cos(γ)

Ω32 = sin(α) cos(γ) + cos(α) sin(β) sin(γ)

Ω33 = cos(α) cos(β).

Following [61], we assume that the quadcopter is rigid and symmetric with respect
to e3 and the center of gravity is the origin of the body fixed frame {B}. The forces
acting on the quadcopter are the lift force L generated by the rotors, its weight W
and the drag D. Their expressions are given by

L = Ω


NB

1

2
ρr2AB




0
0

ω2
1 + ω2

2 + ω2
3 + ω2

4




 ,

W =




0
0
−mg




and

D =
1

4
ρ



−sgn(ẋ)ẋ2Aeff,x
−sgn(ẏ)ẏ2Aeff,y
−sgn(ż)ż2Aeff,z




where Ω is the matrix defined in (7.9), NB = 2 is the number of blades per rotor,
ρ = 1.225 is the air density, r = 0.12 and AB = 0.0018 are respectively the radius
and the aria of each blade, m = 1.5 is the mass of the whole quadcopter, g = 9.81
is the gravitational acceleration and


Aeff,x
Aeff,y
Aeff,z


 = Ω



hd
hd

5r2π




is the effective area of the quadcopter in the x, y and z direction of the inertial
frame {A}. We denote with h = 0.1 the height and d = 0.5 the diameter of the
quadcopter. The quantities ω1, . . . ω4 denote the revolutions per minute with which
each rotor rotates. We assume that these values are limited between 200 and 400
rotations per second. The moments acting on the quadcopter are the moment of
the lift force ML and the moment of the rotors MR, where

ML = Ω


1

4
ρNBABr

2d



ω2
2 − ω2

4

ω2
3 − ω2

1

0
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and

MR = Ω


ρNBAB0.1r3




0
0

ω2
1 − ω2

2 + ω2
3 + ω2

4




 .

The complete derivation of the equations of motion is beyond the scope of this
chapter, we refer the interested reader to [61], where the equations are derived
by means of the Principle if Least Action. Hence, we present here only the final
equations.

Let us denote with q := (x, y, z, α, β, γ, ẋ, ẏ, ż, α̇, β̇, γ̇) ∈ R12, let F tot and M tot

denote the sum of the forces and moments acting on the quadcopter, i.e.

F tot := L+W +D and M tot := ML +MR.

Furthermore, let us denote with Mmass the mass matrix

Mmass :=
[
Mmass
ij

]
i,j=1,...,6

where Mmass
ij = 0 except for

Mmass
11 =Mmass

22 = Mmass
33 = m

Mmass
44 = cos2(β) cos2(γ)Θ1 + cos2(β) sin2(γ)Θ2 + sin2(β)Θ3

Mmass
45 =Mmass

54 = cos(β) cos(γ) sin(γ)(Θ1 −Θ2)

Mmass
46 =Mmass

64 = sin(β)Θ3

Mmass
55 = sin2(γ)Θ1 + cos(γ)Θ2

Mmass
66 =Θ3,

where Θ1, Θ2 and Θ3 are the inertial moments along the axis, given by

Θ1 = Θ2 = 2

(
d

2

)2

mr and Θ3 = d2mr

with mr = 0.15 the mass of each rotor.
Finally, let us consider the vectors Q,G,K ∈ R6, where

Q =




F tot1

F tot2

F tot3

M tot
1

cos(α)M tot
2 + sin(α)M tot

3

sin(β)M tot
1 − sin(α) cos(β)M tot

2 + cos(α) cos(β)M tot
3



,

G =




0
0
0
G4

G5

G6
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with

G4 =2α̇β̇ cos(β) sin(β)
[
cos2(γ)(Θ1 −Θ2) + Θ3 −Θ2

]

+ β̇2 sin(β) cos(γ) sin(γ)(Θ2 −Θ1)

+ β̇γ̇ cos(β)
[
Θ3 + Θ2 −Θ1 + 2 cos2(γ)(Θ1 −Θ2)

]

+ 2α̇γ̇ cos2(β) cos(γ) sin(γ)(Θ1 + Θ2)

G5 =α̇γ̇ cos(β)
[
Θ2 −Θ1 −Θ3 + 2 cos2(γ)(Θ1 −Θ2)

]

+ 2β̇γ̇ sin(γ) cos(γ)(Θ1 −Θ2)

+ α̇2 cos(β) sin(β)
[
cos2(γ)(Θ1 −Θ2) + Θ2 −Θ3

]

G6 =α̇β̇ cos(β)
[
Θ3 −Θ2 + Θ1 + 2 cos2(γ)(Θ2 −Θ1)

]

+ α̇2 cos2(β) cos(γ) sin(γ)(Θ1 −Θ2)

+ β̇2 sin(γ) cos(γ)(Θ2 −Θ1)

and

K = Q−G.
With the previously introduced notations, the equations of motion of the quad-
copter can be written as

q̇1 = q7(7.10)

q̇2 = q8(7.11)

q̇3 = q9(7.12)

q̇4 = q10(7.13)

q̇5 = q11(7.14)

q̇6 = q12(7.15)

q̇7 =
(
Mmass

)−1
11
·Q1(7.16)

q̇8 =
(
Mmass

)−1
22
·Q2(7.17)

q̇9 =
(
Mmass

)−1
33
·Q3(7.18)

q̇10 =
(
Mmass

)−1
44
·K4 +

(
Mmass

)−1
45
·K5 +

(
Mmass

)−1
46
·K6(7.19)

q̇11 =
(
Mmass

)−1
54
·K4 +

(
Mmass

)−1
55
·K5 +

(
Mmass

)−1
56
·K6(7.20)

q̇12 =
(
Mmass

)−1
64
·K4 +

(
Mmass

)−1
65
·K5 +

(
Mmass

)−1
66
·K6.(7.21)

7.4. Interaction between two youBot robots

Let us consider the case scenario of a robot carrying an object, which has to be
passed to a second robot. For the simulation, we will use the dynamical model of a
KUKA youBot, illustrated in Section 7.2. We can distinguish three different phases:
The approach phase, during which the two robots approach each other in order to
reach a configuration, from which they can interact. Furthermore, the arm of the
first (the one carrying the object) is controlled, such that the gripper is positioned
on the object. During the second (interaction) phase, only the arms of the robots
are controlled, and the passing of the object is simulated by positioning the grippers
of the two robots in the same position. During the final (return) phase, the two
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robots return to their initial positions, the arm of the first robot is contracted to a
fixed configuration, while the arm of the second robot positions the object in the
back of the robot.

Let us denote with t(i) and p(i) the starting time and the duration of the ith

phase. Let ξ
(i)
1 , ξ

(i)
2 ∈ R6 and γ

(i)
1 , γ

(i)
2 ∈ R10 be the state variables of the bases and

the arms of the two robots during the ith phase, where

ξ := (x, y, θ, vx, vy, vθ) and γ := (q1, . . . , q5, vq1 , . . . , vq5).

Furthermore, let u
(i)
ξ1
, u

(i)
ξ2
∈ R3 and u

(i)
γ1 , u

(i)
γ2 ∈ R5 be the controls on the base and

the arm of each of the two robots, respectively, where

uξ := (ux, uy, uθ) and uγ := (uq1 , . . . , uq5).

According to equations (7.1)-(7.6) and (7.7)-(7.8), the dynamics of the base and
the arm of each robot during the ith phase is given by

ξ̇
(i)
j (t) = fξ(t, ξ

(i)
j (t), u

(i)
ξj

(t)) a.e. in (t(i), t(i) + p(i))

γ̇
(i)
j (t) = fγ(t, γ

(i)
j (t), u(i)γj (t)) a.e. in (t(i), t(i) + p(i)),

where

fξ(t, ξ, uξ) :=




vx
vy
vθ

ux cos(θ) + uy sin(θ)
ux sin(θ)− uy cos(θ)

uθ




and fγ(t, γ, uγ) :=




vq1
...
vq5
uq1
...
vq5




.

Note that structural constraints have to be imposed on the angles of the arm (see
Figure 3), which can be expressed by the following inequality

gγ(γ
(i)
j (t)) ≤ 0 ∀ t ∈ (t(i), p(i))

where

g(i)γ (γ) :=




−169− q1
q1 − 169
−65− q2
q2 − 90
−150− q3
q3 − 146
−102.5− q4
q4 − 102.5
−167.5− q5
q5 − 167.5




.

Furthermore, in order to avoid collisions between the bases of the two robots, we
impose that they remain at certain safe distance ds. The last condition can be
written as

gs(ξ
(i)
1 (t), ξ

(i)
2 (t)) ≤ 0 ∀ t ∈ (t(i), t(i) + p(i))

where

gs(ξ1, ξ2) := d2s − (x1 − x2)2 − (y1 − y2)2.
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Finally, we assume that the controls are forced to assume values only in a convex
compact sets:

u
(i)
ξ1

(t), u
(i)
ξ2

(t) ∈ Uξ and u(i)γ1
(t), u(i)γ2

(t) ∈ Uγ .
We now focus on formulation the optimal control problems, whose solutions

provide the trajectories of the robots in the three phases.

7.4.1. Approach phase. During the approach phase, the two robots ap-
proach each other and position themselves in a configuration, which allows the
second (interaction) phase to begin. Furthermore, the arm of the first robot is
controlled in a way that simulates the picking up of an object, laying on the back
platform of the robot. The optimal control problem, governing the dynamics of
this phase can be written as follows:

(7.22) Minimize p(1) +

∫ t(1)+p(1)

t(1)

{
‖u(1)ξ1 (t)‖2 + ‖u(1)ξ2 (t)‖2 + ‖u(1)γ1

(t)‖2
}
dt

with respect to p(1) ∈ [0,+∞), ξ
(1)
1 , ξ

(1)
2 ∈ W 1,∞([t(1), t(1) + p(1)],R6), γ

(1)
1 , γ

(1)
2 ∈

W 1,∞([t(1), t(1) + p(1)],R10), u
(1)
ξ1
, u

(1)
ξ2
∈ L∞([t(1), t(1) + p(1)],R3) and

u
(1)
γ1 ∈ L∞([t(1), t(1) + p(1)],R5), subject to

ξ̇
(1)
1 (t) = fξ(t, ξ

(1)
1 (t), u

(1)
ξ1

(t)) a.e. in (t(1), t(1) + p(1))(7.23)

ξ̇
(1)
2 (t) = fξ(t, ξ

(1)
2 (t), u

(1)
ξ2

(t)) a.e. in (t(1), t(1) + p(1))(7.24)

γ̇
(1)
1 (t) = fγ(t, γ

(1)
1 (t), u(1)γ1

(t)) a.e. in (t(1), t(1) + p(1))(7.25)

γ̇
(1)
2 (t) = 0 a.e. in (t(1), t(1) + p(1))(7.26)

gs(ξ
(1)
1 (t), ξ

(1)
2 (t)) ≤ 0 ∀ t ∈ (t(1), t(1) + p(1))(7.27)

gγ(γ
(1)
1 (t)) ≤ 0 ∀ t ∈ (t(1), t(1) + p(1))(7.28)

u
(1)
ξ1

(t), u
(1)
ξ2

(t) ∈ Uξ a.e. in (t(1), t(1) + p(1))(7.29)

u(1)γ1
(t) ∈ Uγ a.e. in (t(1), t(1) + p(1))(7.30)

ψ
(1)
0 (ξ

(1)
1 , ξ

(1)
2 , γ

(1)
1 , γ

(1)
2 )(t(1)) = 0(7.31)

ψ
(1)
f (ξ

(1)
1 , ξ

(1)
2 , γ

(1)
1 , γ

(1)
2 )(t(1) + p(1)) = 0.(7.32)

Note that the objective function in (7.22) contains both the duration of the
phase p(1) and a Lagrangian term, aiming to minimize the control effort. In equation

(7.26), we set γ̇
(1)
2 to zero, which means that we do not apply any control on the arm

of the second robot (hence it remains in its initial configuration). The inequality
constraints (7.27) and (7.28) assure respectively that no collisions occur between
the robots and that the angles of the first robot arm are within the feasible ranges.
Finally, with the boundary conditions (7.31) and (7.32), we impose the starting
positions of the robots and their arms configurations, their final relative positions
and the final position of the gripper of the first arm.

7.4.2. Execution phase. During the execution phase, the arm of the first
robot passes an (imaginary) object to the arm of the second robot. This event is
modelled as positioning the grippers of the two robots at the same point in the
space. In this phase, no control is applied on the bases of the two robots, which
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remain fixed in their final positions from the previous phase. The optimal control
problem for this phase reads as follows:

(7.33) Minimize p(2) +

∫ t(2)+p(2)

t(2)

{
‖u(2)γ1

(t)‖2 + ‖u(2)γ2
(t)‖2

}
dt

with respect to p(2) ∈ [0,+∞), ξ
(2)
1 , ξ

(2)
2 ∈ W 1,∞([t(2), t(2) + p(2)],R6) γ

(2)
1 , γ

(2)
2 ∈

W 1,∞([t(2), t(2) + p(2)],R10) and u
(2)
γ1 , u

(2)
γ2 ∈ L∞([t(2), t(2) + p(2)],R5), subject to

ξ̇
(2)
1 (t) = 0 a.e. in (t(2), t(2) + p(2))(7.34)

ξ̇
(2)
2 (t) = 0 a.e. in (t(2), t(2) + p(2))(7.35)

γ̇
(2)
1 (t) = fγ(t, γ

(2)
1 (t), u(2)γ1

(t)) a.e. in (t(2), t(2) + p(2))(7.36)

γ̇
(2)
2 (t) = fγ(t, γ

(2)
2 (t), u(2)γ2

(t)) a.e. in (t(2), t(2) + p(2))(7.37)

gγ(γ
(2)
1 (t)) ≤ 0 ∀ t ∈ (t(2), t(2) + p(2))(7.38)

gγ(γ
(2)
2 (t)) ≤ 0 ∀ t ∈ (t(2), t(2) + p(2))(7.39)

u(2)γ1
(t), u(2)γ2

(t) ∈ Uγ a.e. in (t(2), t(2) + p(2))(7.40)

ψ
(2)
0 (ξ

(2)
1 , ξ

(2)
2 , γ

(2)
1 , γ

(2)
2 )(t(2)) = 0(7.41)

ψ
(2)
f (ξ

(2)
1 , ξ

(2)
2 , γ

(2)
1 , γ

(2)
2 )(t(2) + p(2)) = 0.(7.42)

Note that the boundary conditions (7.41)-(7.42) include the continuity of the
states from the previous phase (final position of the previous phase equal to the
initial position in the next phase), as well as the final positions of the two grippers.

7.4.3. Return phase. During the last phase, the two robots return to their
initial positions. The first robot contracts its arm to a given configuration, while
the second one positions the (imaginary) object on a platform, standing on the
back of the robot. The optimal control problem for this phase reads as follows:

(7.43) Minimize p(3) +

∫ t(3)+p(3)

t(3)

2∑

j=1

{
‖u(3)ξj (t)‖2 + ‖u(3)γj (t)‖2

}
dt

with respect to p(3) ∈ [0,+∞), ξ
(3)
1 , ξ

(3)
2 ∈ W 1,∞([t(3), t(3) + p(3)],R6), γ

(3)
1 , γ

(3)
2 ∈

W 1,∞([t(3), t(3) + p(3)],R10), u
(3)
ξ1
, u

(3)
ξ2
∈ L∞([t(3), t(3) + p(3)],R3) and u

(3)
γ1 , u

(3)
γ2 ∈
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L∞([t(3), t(3) + p(3)],R5), subject to

ξ̇
(3)
1 (t) = fξ(t, ξ

(3)
1 (t), u

(3)
ξ1

(t)) a.e. in (t(3), t(3) + p(3))(7.44)

ξ̇
(3)
2 (t) = fξ(t, ξ

(3)
2 (t), u

(3)
ξ2

(t)) a.e. in (t(3), t(3) + p(3))(7.45)

γ̇
(3)
1 (t) = fγ(t, γ

(3)
1 (t), u(3)γ1

(t)) a.e. in (t(3), t(3) + p(3))(7.46)

γ̇
(3)
2 (t) = fγ(t, γ

(3)
2 (t), u(3)γ2

(t)) a.e. in (t(3), t(3) + p(3))(7.47)

gs(ξ
(3)
1 (t), ξ

(3)
2 (t)) ≤ 0 ∀ t ∈ (t(3), t(3) + p(3))(7.48)

gγ(γ
(3)
1 (t)) ≤ 0 ∀ t ∈ (t(3), t(3) + p(3))(7.49)

gγ(γ
(3)
2 (t)) ≤ 0 ∀ t ∈ (t(3), t(3) + p(3))(7.50)

u
(3)
ξ1

(t), u
(3)
ξ2

(t) ∈ Uξ a.e. in (t(3), t(3) + p(3))(7.51)

u(3)γ1
(t), u(3)γ2

(t) ∈ Uγ a.e. in (t(3), t(3) + p(3))(7.52)

ψ
(3)
0 (ξ

(3)
1 , ξ

(3)
2 , γ

(3)
1 , γ

(3)
2 )(t(3)) = 0(7.53)

ψ
(3)
f (ξ

(3)
1 , ξ

(3)
2 , γ

(3)
1 , γ

(3)
2 )(t(3) + p(3)) = 0.(7.54)

Note that during this phase, we are controlling both the bases and the arms of the
two robots (equations (7.44)-(7.47)). Furthermore, inequality constraints (7.48)
assure collision avoidance between the two robots, while constraints (7.49)-(7.50)
assure that the arms move in feasible ranges. Finally, boundary conditions (7.53)
guarantees the continuity of the states, while (7.54) guarantees that the final posi-
tions and arms configuration are reached.

7.4.4. Optimal solution. We illustrate now the optimal solution of the in-
teraction problem between two youBot robots. Due to the high dimensionality of
the data, we present first a graphical illustration, where in Figure 5 the reader can
observe the dynamics of the two robots from above, while Figure 6 and Figure 7
focus on the first and second robot, respectively.
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(a) Starting positions of the two robots (b) Robots approaching each other

(c) End of the first phase: the robots (d) First robot passes the object
are positioned and ready for the second to the second one
phase

(e) End of the second phase, the grippers (f) During the third phase the robots
are positioned at the same point return to their initial positions

(g) Robots reach their final configurations

Figure 5. View from above of the trajectories generated by the
optimal solutions of the problems
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(a) Starting positions of the first robots (b) The arm of the robot approaches
the position of the object

(c) End of the first phase: robot’s (d) First robot passes the object to
arm has reached the position of the second one
the object

(e) End of the second phase, the grippers (f) First robot returns to its initial
are positioned at the same point position

(g) Robot reaches its final configuration

Figure 6. Movement of the first robot
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(a) Starting positions of the second robots (b) Second robot approaches the first one

(c) Meeting point of the two robots (d) First robot passes the object to
the second one

(e) End of the second phase, the grippers (f) Second robot returns to its initial
are positioned at the same point position

(g) Robot reaches its final configuration

Figure 7. Movement of the second robot

We illustrate now the optimal solution in each of the three phases separately.

Optimal solution of the approach phase. The optimal solution during
this phase has been obtained in 93 seconds. The optimal time length p(1) is 5.31
seconds. In Figure 8 we illustrate the trajectories of the bases (a), their angular
speeds (b), the speeds of the two bases (c) and their accelerations (d).
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(a) Trajectories of the two robots (b) Angular speeds of the bases

(c) Speeds of the two bases (d) Accelerations of the two bases

Figure 8. Trajectories and states of the two robots

Figure 9 illustrates the angles, speed and acceleration applied on the joints of
the two robots.
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(a) angles of the joints (b) angles of the joints

(c) angular speed of the joints (d) angular speed of the joints

(e) angular acceleration of the joints (f) angular acceleration of the joints

Figure 9. Angles, speeds and accelerations of the joints of the
two robots

Optimal solution of the execution phase. The optimal solution during
this phase has been obtained in 9314 seconds with optimal time length p(2) = 2.53
seconds. Since the bases are not moving during this phase, we illustrate only the
states and control on the joints of the arms:



7.4. INTERACTION BETWEEN TWO YOUBOT ROBOTS 125

(a) angles of the joints (b) angles of the joints

(c) angular speed of the joints (d) angular speed of the joints

(e) angular acceleration of the joints (f) angular acceleration of the joints

Figure 10. Angles, speeds and accelerations of the joints of the
two robots

Optimal solution of the return phase. The optimal solution during this
phase has been obtained in 77 seconds with optimal time length p(3) = is 6.44
seconds. In Figure 11 we illustrate the trajectories of the bases (a), their angular
speeds (b), the speeds of the two bases (c) and their accelerations (d).
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(a) Trajectories of the two robots (b) Angular speeds of the bases

(c) Speeds of the two bases (d) Accelerations of the two bases

Figure 11. Trajectories and states of the two robots

Figure 12 illustrates the angles, speed and acceleration applied on the joints of
the two robots.
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(a) angles of the joints (b) angles of the joints

(c) angular speed of the joints (d) angular speed of the joints

(e) angular acceleration of the joints (f) angular acceleration of the joints

Figure 12. Angles, speeds and accelerations of the joints of the
two robots

7.5. Quadcopter intercepting moving target

In this case scenario, we consider the problem of a quadcopter aiming to in-
tercept a moving target along a fixed trajectory. The dynamical model of the
quadcopter is provided in Section 7.3, while for sake of simplicity, no control is
applied on the target. We can distinguish three different phases: the approach
phase, during which the quadcopter approaches the moving target and positions
itself upon it, the execution phase, during which the quadcopter flies above the
target for a given time and the return phase, during which the quadcopter returns
to its initial position.

As in the previous section, we denote with t(i) and p(i) the starting time and

the duration of the ith phase. Furthermore, we denote with q(i) ∈ R12 and u
(i)
q ∈ R4
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the states and controls in each phase. We can write the equations of motion (7.10)-
(7.21) in a short form as

q̇(i)(t) = fq(t, q
(i)(t), u(i)q (t)) a.e. in (t(i), t(i) + p(i)).

Since we are controlling the number of rotations per minute of each rotor, it is

natural to impose upper and lower bounds on the control u
(i)
q , which can be written

as

u(i)q (t) ∈ Uq a.e. in (t(i), t(i) + p(i)).

State constraints (such as minimum altitude and constraints on the roll and pitch
angles) can be expressed in the general form

gq(q
(i)(t)) ≤ 0 ∀ t ∈ (t(i), t(i) + p(i)).

Finally, since the target is moving along fixed trajectory, we denote at each time t
its position and orientation with

qT (t) := (xT (t), yT (t), θT (t)).

Let us now investigate the three phases separately.

7.5.1. Approach phase. During the approach phase, the quadcopter flies
away from its initial position and intercepts the target at certain point along its
trajectory. The optimal control problem, whose solution provides the trajectory of
the quadcopter, reads as follows:

(7.55) Minimize p(1) +

∫ t(1)+p(1)

t(1)

‖u(1)q (t)‖2dt

with respect to p(1) ∈ [0,+∞), q(1) ∈ W 1,∞([t(1), t(1) + p(1)],R12) and u
(1)
q ∈

L∞([t(1), t(1) + p(1)],R4), subject to

q̇(1)(t) = fq(t, q
(1)(t), u(1)q (t)) a.e. in (t(1), t(1) + p(1))(7.56)

u(1)q (t) ∈ Uq a.e. in (t(1), t(1) + p(1))(7.57)

gq(q
(1)(t)) ≤ 0 ∀ t ∈ (t(1), t(1) + p(1))(7.58)

ψ
(1)
0 (q(1))(t(1)) = 0(7.59)

ψ
(1)
f (q(1), qT )(t(1) + p(1)) = 0.(7.60)

As the reader can observe, the objective function is a combination between the
time interval length p(1) and an integral term, aiming to minimize the control
effort. Equation (7.56) is responsible for the dynamics, while constraints (7.57) and
(7.58) ensure that the structural limits of the quadcopter are respected. Finally,
boundary conditions (7.59) and (7.60) set the initial position of the quadcopter and
the point of interception with the target.

7.5.2. Execution phase. During this phase, the quadcopter has to maintain
its position above the target for a given time. Hence, the length of the phase
duration p(2) is fixed, while we are aiming to minimize the distance between the
quadcopter’s position and the target at each instance. The optimal control problem
becomes

(7.61) Minimize

∫ t(2)+p(2)

t(2)

{
‖q(2)1 − xT ‖2 + ‖q(2)2 − yT ‖2 + ‖q(2)6 − θT ‖2

}
dt
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with respect to q(2) ∈ W 1,∞([t(2), t(2) + p(2)],R12) and u
(2)
q ∈ L∞([t(2), t(2) +

p(2)],R4), subject to

q̇(2)(t) = fq(t, q
(2)(t), u(2)q (t)) a.e. in (t(2), t(2) + p(2))(7.62)

u(2)q (t) ∈ Uq a.e. in (t(2), t(2) + p(2))(7.63)

gq(q
(2)(t)) ≤ 0 ∀ t ∈ (t(2), t(2) + p(2))(7.64)

ψ
(2)
0 (q(2))(t(2)) = 0(7.65)

ψ
(2)
f (q(2))(t(2) + p(2)) = 0.(7.66)

As in the robot interaction problem, the continuity of the states is provided by the
boundary conditions (7.65)-(7.66).

7.5.3. Return phase. During the return phase, the quadcopter returns to
its initial position. The optimal control problem, governing the dynamics on this
phase is similar to the one in the first (approach) phase:

(7.67) Minimize p(3) +

∫ t(3)+p(3)

t(3)

‖u(3)q (t)‖2dt

with respect to p(3) ∈ [0,+∞), q(3) ∈ W 1,∞([t(3), t(3) + p(3)],R12) and u
(3)
q ∈

L∞([t(3), t(3) + p(3)],R4), subject to

q̇(3)(t) = fq(t, q
(3)(t), u(3)q (t)) a.e. in (t(3), t(3) + p(3))(7.68)

u(3)q (t) ∈ Uq a.e. in (t(3), t(3) + p(3))(7.69)

gq(q
(3)(t)) ≤ 0 ∀ t ∈ (t(3), t(3) + p(3))(7.70)

ψ
(3)
0 (q(3))(t(3)) = 0(7.71)

ψ
(3)
f (q(3), qT )(t(3) + p(3)) = 0.(7.72)

7.5.4. Optimal solution. We present now the optimal solution of the inter-
cepting problem. As for the previous scenario (the robot-robot interaction), we
are limited by the high dimensionality of the data, hence we provide at first a
visualisation of the optimal trajectory in Figure 13:
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Figure 13. Optimal trajectory of the quadcopter in the moving
target interception problem

The optimal trajectory is provided in Figure 14. The duration of the three
phases are respectively p(1) = 2.24, p(2) = 2 and p(3) = 2.02, while the computation
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time is 4 minutes and 37 seconds. In Figure 15, the optimal speed and controls
are illustrated, while in Figure 16, the reader can visualize the angles and angular
speed.

Figure 14. Optimal trajectory of the quadcopter
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(a) approach phase: speed (b) approach phase: controls

(c) execution phase: speed (d) execution phase: controls

(e) return phase: speed (f) return phase: controls

Figure 15. Optimal speed and controls
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(a) approach phase: angles (b) approach phase: angular speed

(c) execution phase: angles (d) execution phase: angular speed

(e) return phase: angles (f) return phase: angular speed

Figure 16. Optimal angles and angular speed

7.6. Conclusion

In this chapter, we presented two case studies of a multi-phase optimal control
problems, involving highly nonlinear dynamical models. We emphasize that in both
problems, the scheduling of the different phases is known a priori (hence no bilevel
structure is present in the formulation of the problems). We note however, that the
theory stated in Chapter 5 and 6 applies for the two problems and can be used in
case of multiple phases, which sequence is unknown and subject to optimization.
Note however, that the high dimensionality of the data and the nonlinear dynamics
make both the computation of the value function (from Chapter 5) and the appli-
cation of necessary optimality conditions (from Chapter 6) nontrivial and hard to
achieve (in general) task.





CHAPTER 8

Application: Terminal Control Area Aircraft
Scheduling

In this chapter, we deal with real-time scheduling of take-off and landing aircraft
at a busy terminal control area and with the optimization of the aircraft trajectories
during the landing procedures. The first problem aims to reduce the propagation
of delays, while the second one aims to either minimize the travel time or reduce
the fuel consumption. We propose a framework for the lexicographic optimization
of the two problems. Furthermore, computational experiments are performed for
the Milano Malpensa airport, showing the existing gaps between the performance
indicators of the two problems when different lexicographic optimization approaches
are considered. The results stated in this chapter have been originally published in
[140].

8.1. Introduction

Air traffic control must ensure safe, ordered and rapid transit of aircraft on the
ground and in the air segments. Airports have become the major bottleneck in air
traffic control due to the strong increase in air traffic demand of the last decades.
Operations in air traffic control are performed by human controllers aided by some
computer support, often limited to a graphical representation of the aircraft position
and speed. The controllers of the Terminal Control Area (TCA) determine feasible
plans by selecting the order in which the different aircraft perform their operations
and the aircraft timing in each airport resource. Usually the controllers start from
a solution computed using some scheduling rule, e.g. the First Come First Served
(FCFS) rule, and make then adjustments to improve the schedule. However, the
resulting solution does not fully take into consideration neither the propagation of
aircraft delays nor the minimization of other relevant performance indicators.

In this chapter, we deal with the Terminal Control Area Aircraft Scheduling
Problem (TCA-ASP) and the Aircraft Trajectory Optimization Problem (ATOP)
for landing operations in a busy TCA. The first problem is to compute a conflict-free
schedule for all aircraft with the minimization of the overall aircraft delays. The
second problem is to compute a landing trajectory for each aircraft with either the
minimization of the final time or the minimization of the fuel consumption. The tra-
jectory with minimal travel time helps to reduce the individual aircraft delay, while
trajectories with minimal fuel consumption can increase aircraft delays. According
to recent surveys on the aircraft scheduling literature [8, 14, 27, 102, 142], there
is still a need to develop integrated optimization approaches for solving the TCA-
ASP and the ATOP. This topic requires to take simultaneously into consideration
the following aspects:

135
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(1) In the TCA-ASP, the optimization approach should be able to incorpo-
rate all the information that ensures that the aircraft schedule is compliant
with the safety regulations. In most of the existing approaches, the char-
acteristics of the airport infrastructure are drastically simplified and the
flight paths are aggregated. Thus potential aircraft conflicts may not be
detected and solved at the level of runways, ground and air segments of
the TCA.

(2) In the ATOP, the trajectory optimization approach should be done in
order to ensure safety and efficiency of the flight. A detailed approach
for planning the flying time of each aircraft should take into account the
behavior of all aircrafts that share the same TCA resources.

(3) The available time for developing a new schedule for the integrated prob-
lem can be very limited, since a computerized scheduler should be able to
promptly react to any change occurring in the TCA.

We addresses the first aspect by formulating the TCA-ASP as a job shop sched-
uling model with additional constraints. This modeling approach is able to con-
sider the airspace interactions between aircraft in each TCA resource. However, a
pre-defined trajectory has to be modeled for each aircraft. The trajectory can be
fine-tuned before/after solving the TCA-ASP.

The second aspect is addressed by formulating and solving an optimal control
problem, whose solution provides the reference trajectory for each aircraft flying
through each resource.

The third aspect requires to use fast and effective approaches to solve the
TCA-ASP and the ATOP, and for integrating their solutions. We solve the TCA-
ASP via AGLIBRARY, a dedicated software developed by Roma Tre University,
and we compute a near-optimal solution to the ATOP of each landing aircraft
via OCPID-DAE1, a Fortran package designed to solve optimal control problems,
subject to ordinary differential equations and differential algebraic equations, con-
trol and state constraints and boundary conditions, available under request on
http://www.optimal-control.de.

8.2. Terminal Area Aircraft Scheduling Approach

Let us consider a set of landing and take-off aircraft to be scheduled in the TCA.
For each aircraft, a feasible trajectory in the TCA is provided together with its
current position, and its scheduled occupancy times in the required TCA resources
to accomplish the arriving/departing procedures. The TCA-ASP is to assign the
start time to each aircraft in each TCA resource it crosses in such a way that all
the potential conflict situations between aircraft are solved, the safety constraints
are respected and the propagation of aircraft delays is minimized.

To model the TCA-ASP, we follow the approach of Bianco et al. [29], based on
the no-wait version of the job shop scheduling problem. However, we exploit the
alternative graph model introduced by Mascis and Pacciarelli [121]. The alternative
graph model is able to model with higher precision some relevant TCA-ASP aspects
such as modeling the airborne holding, the aircraft trajectory in each TCA resource,
the hosting of multiple aircraft simultaneously in each air segment, and the hosting
of individual aircraft simultaneously in each runway.

We now formalize the TCA-ASP model. An operation i denotes the traversing
of a TCA resource (i.e. holding circle, air segment, runway) by a job (i.e. aircraft).



8.3. AIRCRAFT TRAJECTORY OPTIMIZATION APPROACH 137

The timing of an operation i represents the aircraft trajectory in the corresponding
resource. Given the timing related to each aircraft operation, the associated sched-
ule is conflict-free if the minimum time separation constraints are satisfied on each
resource.

Let G = (N,F,A) be the alternative graph composed of the following sets:
N = {0, 1, ..., n} is the set of nodes, where nodes 0 and n represent the start and
the end operations of the schedule, while the other nodes are related to the start
of the other operations; F is the set of fixed directed arcs that model the sequence
of operations to be executed by each aircraft; A is the set of alternative pairs that
model the sequencing decision and inter-aircraft safety separations. Each pair is
composed of two alternative directed arcs.

Let ti be the start time of operation i, each node i ∈ N of the alternative graph
is associated with ti, and corresponds to the entrance of the associated aircraft in
the associated resource. By definition, the start time of the schedule is a known
value, e.g. t0 = 0, and the end time of the schedule is a variable tn.

Let σ(i) denote the operation following i. Each fixed directed arc (i, σ(i)) ∈ F
((σ(i), i) ∈ F ) has a weight wFiσ(i) (wFσ(i)i), i.e. the constraint tσ(i) ≥ ti + wFiσ(i)
(ti ≥ tσ(i) + wFσ(i)i). The fixed arc weight wFiσ(i) (−wFσ(i)i) models the minimum

(maximum) traversing time between the start of i and the start of σ(i).
Each alternative pair ((i, j), (h, k)) ∈ A has two arcs with weight wAij and wAhk.

The alternative arc weight wAij represents a minimum separation time between the

start of i and the start j. In particular, wAij (wAhk) can be sequence-dependent, when
nodes i and j (h and k) are operations of different jobs. Also, there can be multiple
alternative arcs between nodes i and j.

A selection S is a set of alternative arcs, at most one from each pair. Given the
alternative pair ((i, j), (h, k)) ∈ A, we select either the arc (i, j) or the arc (h, k),
i.e. either the constraint tj ≥ ti + wAij or the constraint tk ≥ th + wAhk.

An ASP solution is a complete selection Sc, where an arc for each alternative
pair of the set A is selected and the connected graph (N,F, Sc) has no positive
weight cycles. Note that a positive weight cycle represents an operation preceding
itself, which is an infeasibility. Given a feasible schedule Sc, ti is the length of a
longest path from 0 to i (lS

c

(0, i)). A fixed arc (k, n) between the end node k of
each job and node n is added to the alternative graph, with weight equal to the
scheduled arrival time at the runway with negative sign. A selection Sc is optimal if
lS
c

(0, n) is minimum over all the solutions. In this work, we minimize the maximum
tardiness, that is lS

c

(0, n).
We compute a near-optimal solution to the proposed TCA-ASP formulation via

a branch & bound algorithm [50] truncated after a maximum computation time
(i.e. after 180 seconds), implemented in the AGLIBRARY solver. A more detailed
description of the alternative graph models, algorithms and solver can be found in
D’Ariano et al. [49, 50] and Samà et al. [150, 151].

8.3. Aircraft Trajectory Optimization Approach

The ATOP is an optimal control problem, representing a simplified,
two-dimensional point mass model of the aircraft’s dynamics. It includes the state
variables x, h, V and γ, representing respectively the aircraft’s position, altitude,
speed and climb angle. The control inputs to the model are given by the angle of
attack α and the thrust level position δT , constrained in the interval [0, 1]. Hence
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the actual thrust applied to the aircraft is given by T = TmaxδT , where Tmax is the
maximum thrust available. The lift L and drag D forces, acting on the aircraft, are
given by

L =
ρ

2
· V 2 · Sref · CL and D =

ρ

2
· V 2 · Sref · CD

where CL and CD are respectively the lift and drag coefficients

CL = CL0
+ CLαα and CD = CD0

+ CD2
C2
L.

Note that CL0
, CLα , CD0

and CD2
are unit-less parameters, depending on the flat’s

configuration of the aircraft, as well as on the aircraft itself. Furthermore, Sref is
the aircraft’s wing reference surface, m is the aircraft’s mass, ρ is the air density,
while g is the gravitational acceleration. Hence ATOP reads as follow

Minimize ω · tf + (1− ω)

∫ tf

0

‖δT (t)‖2dt(8.1)

subject to ẋ(t) = V (t) · cos γ(t)(8.2)

ḣ(t) = V (t) · sin γ(t)(8.3)

V̇ (t) =
T (t)−D(t)

m
− g · sin γ(t)(8.4)

γ̇(t) =
L(t)−m · g · cos γ(t)

m · V (t)
(8.5)

V (t) ∈ [Vmin, Vmax](8.6)

L(t)/(m · g) ∈ [Lmin, Lmax](8.7)

(x, h, V, γ)(0) = (x0, h0, V0, γ0)(8.8)

(x, h, V, γ)(tf ) = (xf , hf , Vf , γf ).(8.9)

Note that in (8.1) the parameter ω is responsible for the minimum travel time prob-
lem (ω = 1, ATOP-tt), the minimum fuel consumption problem (ω = 0, ATOP-fc)
or any combination of the two problems (ω ∈ (0, 1)). Constraint (8.6) is responsible
for keeping the aircraft’s speed within reasonable bounds (Vmin and Vmax), while
in constraint (8.7), we bound what is known as load factor (given by L(t)/(m · g))
within certain range (assuring in this way a comfortable flight). Finally, equations
(8.8)-(8.9) are responsible for fixing the states of the problem at initial and final
time (depending on the resource through which the aircraft is flying). We empha-
size that the model described in this section is a two-dimensional version of the one
introduced in Section 3.5. We also refer the interested reader to [139, 145].

In order to compute the solution of ATOP, we adopt the ”discretize-then-
optimize” approach,in which the original infinite dimensional optimization prob-
lem (8.1)-(8.9) is discretized (for example by the Euler’s method, introduced in
Section 3.2) and the obtained finite-dimensional optimization problem is solved nu-
merically. In this way, the optimal solution of ATOP can be reached with high
precision and can be easily recomputed, once the dynamics or the cost function are
perturbed.

In order to compute the solution of ATOP, we adopt a standard technique in
optimal control theory, known as discretize-then-optimize. It consists in the approx-
imation of the original infinite dimensional problem by a suitable finite dimensional
one. Then, the approximated problem is solved and the solution is interpreted as an
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approximation of the solution of the original problem. One of the main advantages
is that the optimal solution of ATOP can be reached with high precision and its op-
timality is guaranteed by mathematical theory. Furthermore, the optimal solution
is easily recomputable, once the dynamics or the cost function are perturbed.
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8.4. Integrated Approaches

The problems studied in the previous sections are now combined in order to find
an integrated solution. To this aim, we use the framework of Figure 2. Note that
this is a simplification of the bilevel optimal control problem, stated in chapter 6.
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The idea is to solve the two problems sequentially and to define a lexicographic
order of importance for the performance indicators to be optimized. Therefore, the
following alternative integrated approaches are investigated:

• First ATOP, then TCA-ASP: We first compute the near-optimal trajec-
tory of each landing aircraft in each TCA resource it requires. This tra-
jectory is found by either minimizing the aircraft travel time (ATOP-tt)
or the fuel consumption (ATOP-fc), and it is used to form the job in the
alternative graph corresponding to the investigated aircraft. In this inte-
grated approach, we need to set a fixed travel time for the aircraft in the
TCA-ASP problem. This is modeled by setting the weight wF
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order of importance for the performance indicators to be optimized. Therefore, the
following alternative integrated approaches are investigated:

• First ATOP, then TCA-ASP: We first compute the near-optimal trajec-
tory of each landing aircraft in each TCA resource it requires. This tra-
jectory is found by either minimizing the aircraft travel time (ATOP-tt)
or the fuel consumption (ATOP-fc), and it is used to form the job in the
alternative graph corresponding to the investigated aircraft. In this inte-
grated approach, we need to set a fixed travel time for the aircraft in the
TCA-ASP problem. This is modeled by setting the weight wFiσ(i) of each
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fixed arc (i, σ(i)) equal to the corresponding traversing time in the ATOP,
and wFσ(i)i = −wFiσ(i).

• First TCA-ASP, then ATOP: We first compute the near-optimal solution
to the TCA-ASP. The resulting connected graph (N,F, Sc) is then studied
in order to find a range of feasible values for the travel time of each landing
aircraft in each resource. Specifically, we set a minimum and a maximum
value of the travel time such that the selection Sc is respected in any
feasible ATOP solution. Clearly, the ATOP optimization only focuses on
the aircraft that offer some degree of flexibility, i.e. on the aircraft having
a different value of the minimum and maximum travel times on at least
one TCA resource.

8.5. Computational Experiments

Figure 3 shows the TCA scheme of Milano Malpensa airport (MXP). There are
two interdependent runways (RWY 35L, RWY 35R), used both for departing and
arriving procedures. The MXP resources are 3 airborne holding circles (resources
1-3, named TOR, MBR, SRN), 11 air segments for arriving procedures (resources
4-14), 1 common glide path (resource 15), and 2 runways (resources 16-17).
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Figure 3. Milano Malpensa (MXP) Terminal Control Area

Table 1 describes the 15 instances that we generated with random entrance
delays. Column 1 presents the TCA (FCO and MXP), Columns 2-3 the number
of landing and take-off aircraft, Columns 4-5 the maximum and average entrance
delays (in seconds). The entrance delays are randomly generated for the first half
aircraft entering the TCA according to a given distribution (either negative ex-
ponential or Gaussian distributions). The exit delays are measured as a positive
deviation from the scheduled take-off/landing time.

Table 1. Problem instances

TCA Landing Take-off Max Entrance Avg Entrance
Aircraft Aircraft Delay (sec) Delay (sec)

MXP 14 6 1792.9 869.6
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Preliminary computational experiments have been performed on a Quad-Core
Intel Xeon E5 3.7GHz processor with 32 GB RAM, under OS X 10.10.3. Table 2
presents an average comparison of the various integrated approaches on the 15
instances of Table 1. Column 1 indicates the integrated approach configuration
and Columns 2-4 the average value of a specific performance indicator. The best
value for each column is reported in bold. The results show an interesting trade-off
between the performance indicators related to the different problems. When mini-
mizing the maximum tardiness and the travel time, the lexicographic order in which
the two problems are tackled does not impact on the solution quality, suggesting a
strong correlation between the two indicators. A different trend is observed when
dealing with the minimization of the fuel consumption. The lexicographic order
in which the two problems are tackled impacts the solution quality in terms of all
performance indicators.

Table 2. Trade-off between the three performance indicators

Integrated Approach Max Tardiness Travel Time Fuel Consumption
TCA-ASP/ATOP-tt 1494.3 9812.0 2369.9
TCA-ASP/ATOP-fc 1494.3 12188.8 756.4
ATOP-tt/TCA-ASP 1494.3 9812.0 2369.9
ATOP-fc/TCA-ASP 1729.2 13278.0 276.0





Conclusion

This thesis studies two challenging problems in optimal control theory: mixed-
integer and bilevel optimal control problems with their applications to task sched-
uling and flight path optimization.

Starting off, it is shown that in presence of constraints depending on the discrete
valued control, a mixed-integer optimal control problem can be transformed into a
mathematical program with block of vanishing constraints, exploiting the variable
time transformation and discretization techniques. For the formal one, first order
necessary optimality conditions are obtained and constraint qualifications, suitably
tailored towards the problem, are formulated. In this way, the existence of nontrivial
Lagrange multipliers is guaranteed. Furthermore, motivated by numerical purposes,
a relaxation technique is investigated and the convergence of the relaxed solution is
shown. Finally, a flight path optimization problem is considered, where the optimal
solution is found via the relaxation technique.

The second part of the thesis is dedicated to bilevel optimal control problems.
It is shown that under special structure of the problem, the generalized gradient
of the value function of the lower level problem can be computed explicitly, which
leads to the formulation of first order necessary optimality conditions. Additionally,
the application of bilevel optimal control problems to scheduling tasks is consid-
ered. The proposed framework consists of upper level problem, responsible for the
scheduling of the different tasks, and lower level problem, responsible for the opti-
mal execution of each task. It is shown that the exploitation of the local minimum
principle leads to a mixed-integer optimal control problem, for which a branch-and-
bound type algorithm is proposed. Furthermore, both lower level problems with
mixed control-state and pure state constraints are considered, and it is shown that
in the second case, a virtual control approach can be exploited, in order to maintain
the regularity of the Lagrange multipliers.

Finally, applications in the fields of flight path optimization, robots interactions
and aircraft scheduling are considered.
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(1997)
[21] Barron, E.N.: Viscosity solutions and analysis in L∞, Proceedings of the NATO advanced

Study Institute, 1-60 (1990)

[22] Barron, E.N., Jensen, R.: Semicontinuous viscosity solutions for Hamilton-Jacobi equations
with convex Hamiltonians, Communications in Partial Differential Equations, 15, 293-309 (1990)
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