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Abstract

Microfluidics is a field of research that experienced a strong increase in popularity over
the past two decades. In addition to applications in biotechnology and the chemical
industry, a main focus of microfluidic developments is the miniaturization of medical de-
vices, with the aim to carry out examinations and diagnoses faster, more cost-effectively,
and directly on the patient in order to make quick decisions for further treatment. The
miniaturization of laboratory diagnostics to the size of microchips has been summa-
rized in recent years with the term “lab-on-a-chip”. However, the development of
miniaturized laboratory components also involves numerous new challenges. For in-
stance, the systematic manipulation of particles and cells on microscopic scales and the
efficient mixing of small amounts of liquid on small scales are difficult to implement.
The desired goals can be achieved by using special actuators in microchannels. In the
present work, this is done by resonant ultrasonic actuation of bubbles. This induces
a secondary streaming flow which is to be used for the applications mentioned above.
The bubbles are introduced into a transparent microchannel and the generated flow
is investigated three-dimensionally by Particle Tracking Velocimetry (PTV). In order
to ensure precise measurements, it is crucial that the density of the tracer particles is
adapted to the density of the liquid in which they are dissolved. A chapter of this work
is, therefore, concerned with the preparation of suitable particle solutions. Another
challenge in measurement technology is the large velocity dynamics of the generated
flow. In order to achieve meaningful measurements, existing PTV measurement meth-
ods have been improved so that they can also be used at frame rates of over 100,000
frames per second. It is particularly important to ensure the reproducibility of the bub-
ble flow for use in lab-on-a-chip applications. Here, the time-dependent change of the
bubble size, which has been observed by many research groups and not yet explained,
is particularly problematic. This question is answered in this work. On this basis,
a system is presented that enables automated stabilization of bubbles in microchan-
nels. With the aid of improved measurement methods and bubble stabilization, the
generated bubble streaming flow is investigated three-dimensionally. The behavior of
particles of different sizes is then analyzed. The aim of these investigations is to explain
the frequent observation that large particles are trapped and retained by the bubble.
With such “acoustic tweezers”, particles can not only be trapped but also exposed to
a shear flow. Several physical mechanisms can be responsible for these effects, ranging
from acoustic radiation to particle inertia. In this work, it is shown that particles in
the bubble streaming flow are already trapped by taking into account only the steric
interaction with the bubble and the channel walls. In the last chapter of this thesis, a
concept is presented which allows an efficient mixing of liquids on microscopic scales.
Due to the typical laminar flows in microfluidics, this is a special challenge. For this
purpose, several bubbles of the same size are introduced into a microchannel in or-
der to evoke the folding and stretching of two liquids by the bubble streaming flow.
This enlarges their mutual interface in order to speed up the natural diffusion process.
With the help of three-dimensional PTV measurement methods, an insight into three-
dimensional mixing processes of such an arrangement can be obtained. The present
work thus contributes to making acoustically excited bubble flows reproducible. They
can be used as actuators for microfluidic applications in order to enable and further
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develop applications in biotechnology and medical technology.



Kurzfassung

Mikrofluidik ist ein Forschungsbereich mit stark steigendem Interesse über die let-
zten zwei Jahrzehnte. Neben Anwendungen in der Biotechnologie und der chemischen
Industrie liegt ein Hauptaugenmerk der Entwicklungen in der Mikrofluidik auf der
Miniaturisierung medizintechnischer Gerätschaften. Untersuchungen und Diagnosen
sollen so schneller, kostengünstiger und möglichst direkt am Patienten durchgeführt
werden, um schnelle Entscheidungen für eine weitere Behandlung zu treffen. Die
Miniaturisierung von Labordiagnostiken auf die Größe von Mikrochips wurde dabei
in den letzten Jahren mit dem Begriff “Lab-on-a-Chip” zusammengefasst. Die En-
twicklung miniaturisierter Laborkomponenten bringt jedoch auch zahlreiche neue Her-
ausforderungen mit sich. So ist beispielsweise die gezielte Sortierung von Partikeln und
Zellen auf mikroskopischen Skalen sowie die effiziente Vermischung von Flüssigkeiten
auf kleinen Skalen schwer umsetzbar. Die gewünschten Ziele können durch die Ver-
wendung geeigneter Aktuatoren in Mikrokanälen erreicht werden. In der vorliegenden
Arbeit werden zu diesem Zweck Mikrobläschen in einen Kanal eingebracht die durch
Ultraschall zu resonanten Schwingungen angeregt werden. Ziel der Arbeit ist es, die
dabei entstehende Sekundärströmung zu untersuchen, um diese für die genannten An-
wendungen nutzbar zu machen. Die Blasen werden dazu in einen optisch transparenten
Mikrokanal eingebracht und die erzeugte Strömung durch die dreidimensionale Messung
von Teilchentrajektorien mittels Particle Tracking Velocimetry(PTV) untersucht. Um
hierbei präzise Messungen gewährleisten zu können, ist es entscheidend, dass die Dichte
der verwendeten Tracer-Partikel an die Dichte der Flüssigkeit in der sie gelöst sind
angepasst wird. Ein Kapitel dieser Arbeit beschäftigt sich daher mit der Herstellung
von geeigneten Partikellösungen. Eine weitere messtechnische Herausforderung sind
hohe Geschwindigkeitsunterschiede in der erzeugten Strömung. Um aussagekräftige
Messungen zu erzielen, wurden deshalb bestehende PTV-Messmethoden modifiziert,
sodass diese auch bei Bildraten von über 100000 Bildern pro Sekunde verwendet wer-
den können. Besonders wichtig für die Anwendung in “Lab-on-a-Chip”-Applikationen
ist es, die Reproduzierbarkeit der Blasenströmung sicherzustellen. Problematisch ist
hierbei die zeitliche Veränderung der Blasengröße, die von vielen Forschungsgruppen
beobachtet, aber bisher nicht erklärt werden konnte. Diese Frage wird in der vor-
liegenden Arbeit beantwortet. Darauf aufbauend wird ein System vorgestellt, das
eine automatisierte Stabilisierung der Blasen in Mikrokanälen ermöglicht. Mithilfe
der verbesserten Messmethoden und der Blasenstabilisierung wird die erzeugte Blasen-
strömung zunächst dreidimensional untersucht. Anschließend wird darin das Verhalten
von unterschiedlich großen Partikeln analysiert. Ziel dieser Untersuchungen ist es, eine
allgemeine Beobachtung zu erklären, dass große Partikel von der Blase eingefangen
und festgehalten werden. Mit dieser “akustische Pinzette” können Partikel aber nicht
nur eingefangen, sondern auch gezielt einer Scherströmung ausgesetzt werden. Mehrere
physikalische Mechanismen können für einen solchen Effekt verantwortlich sein, die
von akustischer Strahlung bis hin zur Trägheit von Partikel reichen. In dieser Ar-
beit wird gezeigt, dass der Einfang von Partikeln in der Blasenströmung durch die
direkte Wechselwirkung mit der Blase und den Kanalwänden erklärt werden kann.
Im letzten Kapitel dieser Arbeit wird ein Konzept vorgestellt, das eine effiziente Ver-
mischung von Flüssigkeiten auf mikroskopischen Skalen erlaubt. Aufgrund der in der
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Mikrofluidik typischerweise vorliegenden schleichenden Strömungen ist dies eine beson-
dere Herausforderung. In dieser Arbeit werden dazu mehrere gleich große Blasen in
einem Mikrokanal eingebracht, mit dem Ziel durch Faltung und Verzerrung zweier
Flüssigkeiten deren Grenzfläche zu vergrößern, um so den Diffusionsprozess zu beschle-
unigen. Mithilfe der dreidimensionalen PTV Messmethoden kann hier ein Einblick
in dreidimensionale Mischprozesse einer solchen Anordnung gewonnen werden. Die
vorliegende Arbeit trägt somit dazu bei, akustisch angeregte Blasenströmungen repro-
duzierbar als Aktuator für mikrofluidische Applikationen nutzbar zu machen um An-
wendungen in der Biotechnologie und Medizintechnik zu ermöglichen und weiterzuen-
twickeln.



Contents

Danksagung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii

Abstract . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . v

Kurzfassung . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . vii

Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xv

1 Introduction 1

1.1 Thesis outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Fundamentals of microfluidics and microbubble streaming 7

2.1 Challenges in microfluidic applications . . . . . . . . . . . . . . . . . . . 8

2.2 Flow control with microbubble streaming . . . . . . . . . . . . . . . . . 9

2.3 Governing equations and flow solutions of bubble streaming . . . . . . . 10

3 Experimental techniques 19

3.1 Three-dimensional flow measurements in microscopic devices . . . . . . 19

3.1.1 Particle Image Velocimetry . . . . . . . . . . . . . . . . . . . . . 19

3.1.2 Astigmatism Particle Tracking Velocimetry . . . . . . . . . . . . 23

3.1.3 General Defocusing Particle Tracking . . . . . . . . . . . . . . . 26

3.2 Improvements of experimental methods . . . . . . . . . . . . . . . . . . 27

3.2.1 Setup and automatization of the experiment . . . . . . . . . . . 28

3.2.2 Fabrication of microfluidic devices . . . . . . . . . . . . . . . . . 29

3.2.3 Light sources for fluorescent particle tracking . . . . . . . . . . . 31

3.2.4 Post-processing of data . . . . . . . . . . . . . . . . . . . . . . . 35

3.2.5 High-speed imaging techniques for investigations on ultrasoni-
cally actuated microbubbles . . . . . . . . . . . . . . . . . . . . . 37

4 Buoyant particle solution for flow measurements in water-based fluids 41

4.1 Glycerol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.1.1 Density relation for aqueous glycerol solutions . . . . . . . . . . . 43

4.1.2 Model for the density of aqueous glycerol solutions . . . . . . . . 43

4.2 Sodium Chloride . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.3 Heavy Water . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

5 Size control of sessile bubbles in porous microchannels 53

5.1 Gas transport through porous microchannel walls into a sessile bubble . 54

5.1.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54



x CONTENTS

5.1.2 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . 54
5.1.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
5.1.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

5.2 Size control of sessile microbubbles for reproducibly-driven acoustic
streaming . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
5.2.2 Bubble Size Control System . . . . . . . . . . . . . . . . . . . . . 63
5.2.3 Bubble Pressure . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.2.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68
5.2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

6 Size sensitive sorting of finite sized particles in a bubble-driven
streaming flow 71
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
6.2 Experimental Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72
6.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

6.3.1 High-speed investigations on the shape oscillations of the bubble
and the surrounding flow . . . . . . . . . . . . . . . . . . . . . . 74

6.3.2 Two-dimensional acoustic streaming patterns of different sized
bubbles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

6.3.3 Determination of the three-dimensional flow structure with tracer
particles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.3.4 Trajectories of different sized particles in experimental investiga-
tions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82

6.3.5 Trajectories of differently sized particles - numerical mode . . . . 84
6.4 Conclusions and future work . . . . . . . . . . . . . . . . . . . . . . . . 88

7 Microfluidic mixing with arrays of acoustically actuated bubbles 89
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89
7.2 Experimental Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

7.2.1 Microfluidic Setup . . . . . . . . . . . . . . . . . . . . . . . . . . 90
7.2.2 Channel design . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91
7.2.3 Analysis method for three-dimensional mixing effects . . . . . . . 93

7.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
7.3.1 Comparison of one-sided and two-sided bubble arrays with con-

tinuous actuation . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
7.3.2 Mixing with temporarily actuated bubbles . . . . . . . . . . . . . 96

7.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

8 Summary and Outlook 103

A Density tables of aqueous glycerol solutions 107



List of Figures

1.1 Sketch of the experimental setup and the physics phenomena. . . . . . . 2

2.1 Sketch of acoustic boundary layer for a hemi cylindrical bubble in a
microchannel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

2.2 Bubble-driven two-dimensional flow fields based on an analytical model. 15

2.3 Three-dimensional sketch of bubble in microchannel. . . . . . . . . . . . 16

2.4 Three-dimensional sketch of bubble induced streaming components in
microchannel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

2.5 Three-dimensional streaming flow structure induced by an oscillating
hemi-cylindrical bubble in a microchannel. . . . . . . . . . . . . . . . . . 18

3.1 Defocusing principle for astigmatic PTV. . . . . . . . . . . . . . . . . . 24

3.2 Optical setup for 3D-µPTV . . . . . . . . . . . . . . . . . . . . . . . . . 25

3.3 Diameter and intensityof particle images as a function of z. . . . . . . . 26

3.4 Principle of GDPT . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

3.5 Devices of the experimental setup. . . . . . . . . . . . . . . . . . . . . . 28

3.6 Fabrication steps of microfluidic PDMS devices. . . . . . . . . . . . . . . 30

3.7 Optical beam expander. . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

3.8 Comparison of epifluorescent illumination intensity and homogeneity for
different light sources. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34

3.9 Comparison of seeding concentrations for different µPTV measurements. 36

3.10 Principle of stroboscopic imaging . . . . . . . . . . . . . . . . . . . . . . 37

3.11 Optical setup for high-speed 3D-PTV . . . . . . . . . . . . . . . . . . . 38

3.12 Comparison of 3D-µPTV techniques . . . . . . . . . . . . . . . . . . . . 39

4.1 Contraction coefficient of aqueous glycerol solutions. . . . . . . . . . . . 44

4.2 Comparison between density measurements and density models of aque-
ous glycerol solutions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

4.3 Density and viscosity of aqueous glycerol solutions as a function of tem-
perature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

4.4 Density and viscosity of aqueous sodium chloride solutions as a function
of temperature. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

4.5 Density and viscosity of D2O-H2O mixtures as a function of temperature. 50

5.1 Experimental setup for investigations on the growth of a bubble in a
PDMS channel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5.2 Detection of bubble volume and radius. . . . . . . . . . . . . . . . . . . 56



xii LIST OF FIGURES

5.3 Normalized bubble volume in glycerol as a function of time for different
liquid pressures. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57

5.4 Bubble growth rate in glycerol as a function of the hydrostatic liquid
pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

5.5 Comparison of bubble growth rates in glycerol, water and degassed water. 59

5.6 Gas flow resistance through PDMS walls as a function of PDMS-bubble
interface. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60

5.7 Illustration of bubble stabilization by control of liquid pressure. . . . . . 62

5.8 Experimental setup for automatized size control of a bubble in a PDMS
microchannel. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64

5.9 Measured and target protrusion of an automatically controlled bubble
in a test case. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65

5.10 Young–Laplace pressure as a function of the protrusion depth of a cylin-
drical bubble in a water-filled PDMS channel. . . . . . . . . . . . . . . . 68

6.1 Experimental setup for measurements on the size sensitive sorting of
finite sized particles in a bubble-driven streaming flow. . . . . . . . . . . 73

6.2 Oscillations of different sized bubbles recorded by stroboscopic imaging 75

6.3 Oscillation modes of bubbles for different protrusion depths. . . . . . . . 76

6.4 Measured streaming flows of cylindrical microbubbles at an actuation
frequency f = 21.8 kHz . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78

6.5 Average velocity vavg of particles in the field of view as a function of the
protrusion depth of the bubble d. . . . . . . . . . . . . . . . . . . . . . . 79

6.6 Flow velocity in the vicinity of an oscillating bubble as a function of
distance from the vortex center. . . . . . . . . . . . . . . . . . . . . . . . 80

6.7 Three-dimensional streaming flow close to the oscillating hemi-
cylindrical microbubble. . . . . . . . . . . . . . . . . . . . . . . . . . . . 81

6.8 Experimentally determined z-position of 2, 5, 10, and 15-µm-diameter
particles particles in microbubble streaming flow as a function of time. . 83

6.9 Scheme of the steric interaction model for the simulation of trajectories
of differently sized particles. . . . . . . . . . . . . . . . . . . . . . . . . . 84

6.10 Simulated z-position of 2, 5, 10, and 15-µm-diameter particles in mi-
crobubble streaming flow as a function of time. . . . . . . . . . . . . . . 85

6.11 Final particle positions zend as a function of particle diameter dp. . . . . 86

6.12 Typical particle trajectories in the three regimes introduced in Fig. 6.11 87

7.1 Experimental setup for measurements on mixing with an array of oscil-
lating bubbles in a microchannel. . . . . . . . . . . . . . . . . . . . . . . 91

7.2 Development steps of multiple bubble devices for microfluidic mixing . . 92

7.3 Experimental analysis of three-dimensional mixing. . . . . . . . . . . . . 94

7.4 Comparison of mixing with one-sided and two-sided bubble array. . . . . 96

7.5 Overview on mixing with a microbubbles array at channel flow rate of
1 µl/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97

7.6 Overview on mixing with a microbubbles array at channel flow rate of
3 µl/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 98

7.7 Overview on mixing with a microbubbles array at channel flow rate of
6 µl/min . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99



LIST OF FIGURES xiii

7.8 Intersection distribution of particle trajectories with sectional planes
specified in Fig. 7.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

7.9 Intersection distribution of particle trajectories with sectional planes
specified in Fig. 7.6 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

7.10 Intersection distribution of particle trajectories with sectional planes
specified in Fig. 7.7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 102



xiv LIST OF FIGURES



List of Tables

3.1 Comparison of recipes for soft lithography . . . . . . . . . . . . . . . . . 32
3.2 Comparison of light sources . . . . . . . . . . . . . . . . . . . . . . . . . 34

4.1 Comparison of aqueous solutions . . . . . . . . . . . . . . . . . . . . . . 50

A.1 Measured densities of aqueous glycerol solutions [1]. . . . . . . . . . . . 108
A.2 Calculated densities of aqueous glycerol solutions. . . . . . . . . . . . . . 109
A.3 Calculated densities of aqueous glycerol solutions 15◦C− 19◦C. . . . . . 110
A.4 Calculated densities of aqueous glycerol solutions 20◦C− 24◦C. . . . . . 111
A.5 Calculated densities of aqueous glycerol solutions 25◦C− 29◦C. . . . . . 112



xvi LIST OF SYMBOLS

List of Symbols

Symbol Description Unit

a = w
2 Half width of blind side pit m

ax,y Semi axes of particle image pixels
ap Particle acceleration vector m s−2

A Area m2

d Bubble protrusion depth m
dp Particle diameter m
e(t) Error function (PID-controller)
f freuquency s−1

f1,2 Focal lengths m
f External force density vector kg m s−2

g Gravitational acceleration m s−2

hl Height of liquid column m
H,L,W Height, length and width of microchannel m
K Curvature of bubble m−1

Kp, Ti, Td Proportional gain, integral time, derivative time -, s, s
(coefficients of PID controller)

l, w Length and width of blind side channel m
p Pressure Pa
Q Flow rate/bubble growth rate m3 s−1

rs Radial scale m
R Bubble radius m
Rtot,l,s Hydraulic resistance of gas flow Pa s m−3

(total, through liquid, through solid)
t Time s
T Temperature ◦C
u Velocity difference vector of particle from fluid element m s−1

u 2D Lagrangian field velocity vector m s−1

U0 Characteristic velocity of oscillatory flow m s−1

Us Lagrangin slip velocity m s−1

U 3D Lagrangian field velocity vector m s−1

Upp Peak to peak voltage V
v Velocity magnitude m s−1

v Fluid velocity vector m s−1

V Volume m3

wx Mass fraction of substance x
x, y, z Carthesian coordinates m,m,m
r, θ Polar coordinates m,-
γ Surface tension kg s−2

δ Boundary layer thickness m
ε Bubble oscillation amplitude m
ζ Function of bubble shape oscilations m



LIST OF SYMBOLS xvii

Symbol Description Unit

η Dynamic viscosity Pa s
η′ Volume viscosity Pa s
κ Volume contraction of solutions
ν Kinematic viscosity m2 s−1

φx Volume fraction of substance x
ρ Mass density kg m−3

ψ Stream function m2 s−1

ω Angular velocity s−1



xviii LIST OF ACRONYMS

List of Acronyms

Acronym Description

2D/3D Two Dimensional/Three Dimensional
APTV Astigmatism Particle Tracking Velocimetry
GDPT General Defocusing Particle Tracking
PDMS PolyDiMethylSiloxane
PIV Particle Image Velocimetry
PTV Particle Tracking Velocimetry
SATP Standard Ambient Temperature and Pressure
SNR Signal to Noise Ratio



Chapter 1

Introduction

The aim of this dissertation is the investigation of flows in the environment of acousti-
cally actuated microbubbles for the purpose of manipulating the flow field and particle
trajectories on microscopic scales. A detailed study of such bubbles is needed in order
to use them as a tool in microfluidic applications.

A key idea in microfluidic research is to develop devices that are able to mimic
typical laboratory components on much smaller length scales. In the scientific com-
munity, these technologies are summarized by the term “lab-on-a-chip”. Analogous to
the process of miniaturization in computer technology, this has led to a new industrial
field of fast and affordable tools in the areas of medicine and biotechnology. In this
context, the use of acoustic forces is a promising approach to manipulate flow fields
and particle trajectories on a microscopic scale, and the effect of these forces on liquids
and particles has long been experimentally investigated. However, the application of
this principle in microscopic scales has only become more and more important in re-
cent decades by using ultrasonic technology. Due to the microscopic length scales, the
precise manipulation of particles is a particular challenge. For medicine and biotechnol-
ogy, which are currently the main fields of application of the technology, it is moreover
essential that the processes used can also be applied to cells and microorganisms. In
contrast to mechanical manipulation, acoustic forces are particularly suitable for this
purpose, since they are contactless and easy to control. The scientific field that focuses
on the interaction of acoustic forces with fluids and particles is called acoustofluidics.
A common technique for coupling acoustic forces into microfluidic devices is based on
bulk acoustic waves, where the whole device is resonantly actuated and standing waves
are created in the bulk fluid (see e.g. [2]). A second technique which has been used in
recent years is based on surface acoustic waves, where so-called interdigital transduc-
ers create surface waves on a substrate that propagate towards each other and form a
standing wave that couples into the fluid (see e.g. [3]). An introduction to the field of
acoustofluidics is given in a tutorial series [4], and a recently published book by Laurell
et al. summarizes the different techniques in the field [5].

The investigations in this dissertation focus on an approach that uses bubbles as
an amplifier for sound waves. As bubbles are resonantly insonified, their interface
oscillates at much higher amplitudes than the incoming sound wave, due to the high
compressibility of the gas inside. Bubble size and actuation frequency determine the
dominantly actuated oscillation modes [6,7] (see Fig. 6.3). To first order, this creates an
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Figure 1.1: Sketch of the experimental setup and the physics phenomena. Center: Experi-
ments in this work have been performed with hemi-cylindrical bubbles in PDMS microchannels
acoustically actuated with a piezo transducer. A pressure regulator was connected to the device
in different ways depending on the specific need of the experiment. This allowed to control flow
rates and the static liquid pressure. Upper left: porous gas transport through PDMS, as well
as evaporation and condensation at the bubble interface, can change the size of the bubble.
Lower right: As the bubble is acoustically actuated, the surface oscillations of the bubble are
transmitted into the fluid, generating a primary oscillatory flow. In the presence of walls, this
leads to a secondary streaming flow in the form of counter-rotating vortices.

oscillatory flow around the bubble at the same frequency as the actuation. However, it
is long known that in the presence of walls, a secondary steady streaming flow is created
in the proximity of the oscillating bubble [8], which is termed microbubble streaming in
this work. A theory for steady streaming is shown in the book ”Boundary layer theory”
by Schlichting [9] as well as in an an early work of Riley [10] and later, also by Riley,
with a reference to bubbles [11].

Recent investigations revealed the potential of the bubble-induced streaming flow as
a versatile tool for applications in the fields of medical diagnostics and biotechnology.
Marmottant et al. used it to generate a shear flow in a controlled way for the defor-
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mation and lysis of vesicles [12,13] and as a transport element in microfluidics [14,15].
Several other research groups have investigated bubble induced streaming for the fast
mixing of fluids on microscales [7, 16–19] and for the size sensitive sorting [20], up-
concentration and trapping [21,22] of particles. The streaming flow has even been used
for the controlled manipulation of microorganisms in a microchannel [23]. Whereas
some studies were conducted using hemi-spherical bubbles, most of the more recent
investigations used hemi-cylindrical bubbles in microchannels, as shown in Fig. 1.1.
This method is advantageous as it allows to perform experiments in a very controlled
and reproducible manner. Blind side pits at the walls of a microchannel guarantee the
formation of a microbubble [24] and, by using transparent channel materials, the flow
can be investigated with a microscope from a side view. The most common material
for the manufacturing of such microchannels is Polydimethylsiloxane (PDMS), as it is
transparent, cheap, non-toxic, and allows a high manufacturing resolution of the mi-
crochannels [25]. Although numerous potential applications of bubble-driven streaming
flows have been presented, and a basic theoretical understanding of acoustic stream-
ing is known, recent work by Marin et al. [26] and Rallabandi et al. [27, 28] revealed
that the essentially two-dimensional flow field in the proximity of hemi-cylindrical mi-
crobubbles is more complex than expected. In particular, it shows a significant three-
dimensional component. These investigations indicate that a deeper understanding of
the generation of the flow close to an acoustically driven hemi-cylindrical bubble in
a microchannel is necessary for explaining the occurring phenomena. This helps to
optimize existing applications and may potentially lead to new devices for medical di-
agnostics and biotechnology. The main goal of this work is the detailed determination
of the three-dimensional flow field with particle tracking velocimetry (PTV) for differ-
ent parameter settings such as geometry, actuation frequency and particle properties.
The aim is to gain a deep understanding in the physics of the bubble driven flow field
generation in order to achieve particle sorting and fluid mixing at higher flow rates
and with more precision than in previous lab-on-a-chip applications that are based on
this phenomenon. For this purpose, the bubble is stabilized in an highly controlled
experimental setup that allows high reproducibility. Besides measuring the streaming
flows, the behavior of different sized particles in the flow is investigated. The work is
concluded by investigations of three-dimensional mixing in a microchannel.

1.1 Thesis outline

This dissertation is structured into eight chapters. Chapters 1 – 3 provide an introduc-
tion to the topic. The most important results of the doctoral thesis that have mostly
been published in peer reviewed scientific journals are discussed in Chapters 4 – 7.
Chapter 8 provides a summary of the results and gives an overview of possible future
developments that can further advance the topic.

Chapter 2 – Fundamentals of microfluidics and microbubble streaming

This chapter provides an overview of the field of microfluidics and serves as a further
introduction to the topic. Current concepts, new developments, and challenges in the
field of microfluidics will be outlined. By summarizing different microfluidic phenomena
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that are considered as important candidates for the implementation in industrial ap-
plications, the role of microbubble streaming will be highlighted. Particular emphasis
is placed on the industrial feasibility of these microfluidic concepts. The chapter also
summarizes fundamental theoretical considerations that are essential for a description
of the occurring phenomena in microbubble streaming.

Chapter 3 – Experimental techniques

The investigations required new developments and optimizations of experimental tech-
niques. This chapter summarizes the most important experimental techniques, and
highlights main advancements that have been achieved within the scope of this work.
First, an introduction to the methods for microscopic flow measurements is given. The
experimental setup that allows an automated execution of the experiments is presented.
Subsequently, the fabrication of the microchannels by soft lithography is described, and
different light sources for PTV experiments are compared. After giving an overview
on the used techniques for post-processing, the chapter finishes with a new method for
PTV experiments at very high speeds.

Chapter 4 – Buoyant particle solution for flow measurements in water-based
fluids

For the quality of particle-based flow investigations, it is essential that particles follow
the streamlines of the flow faithfully without disturbing the fluid or flow properties. In
this chapter, it is shown how this can be solved by preparing a solution of neutrally-
buoyant particles. This is done by matching particle and fluid density. The advantages
and drawbacks of aqueous solutions of glycerol, sodium chloride, and heavy water for
matching the density are investigated. In order to achieve the best possible density
match, an empirical model was developed that is based on the best available density
measurements. Based on the results of this chapter, improved solutions for particle-
based flow measurements could be produced.

Chapter 5 – Size control of sessile bubbles in porous microchannels

Bubbles in microchannels made of PDMS are subject to growth and shrinkage. The
reason for this behavior is described in this chapter. Due to the porosity of PDMS with
respect to gaseous flows, air constituents can be exchanged between the bubble and the
ambient environment. The process is explained in detail in this chapter. Based on the
results, a method is developed that allows a precise control of the bubble in order to
perform reproducible bubble streaming experiments. At the end of the chapter, it is
shown how the size control of the bubble can be performed in an automatized way.

Chapter 6 – Size sensitive sorting of finite sized particles in a bubble-driven
streaming field

The streaming flow close to a hemi-cylindrical oscillating bubble in a microchannel is
measured in the beginning of this chapter. Compared to previous scientific work, long
term investigations of the flow have been performed, revealing a more detailed picture
of the flow. Moreover, the structure of high-speed flows close to the bubble interface
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that correlate to its complex shape oscillations is investigated. Based on these findings,
the behavior of differently sized particles is investigated. As particles of different sizes
show a distinct behavior, it is shown that the flow can be used for the size sensitive
sorting of particles. The method should also be transferable to biological objects such
as vesicles and cells.

Chapter 7 – Mixing of fluids with bubble induced streaming

Flows at microscopic scales are typically laminar. Therefore, the efficient mixing of
fluids on these scales is a major challenge. In this chapter, the principles of bubble sta-
bilization developed in Chapter 5 are applied to generate arrays of oscillating bubbles.
By modulating the acoustic actuation, a field of multiple chaotic streaming flows is gen-
erated, allowing a high degree of mixing on small scales. For the investigation of the
mixing efficiency, a new particle-based measurement method is developed that provides
an insight into the occurring three-dimensional phenomena of the mixing process.

Chapter 8 – Conclusions and Outlook

The main results of this work are summarized in this final chapter. Ideas for further
investigations and developments of the experimental techniques are outlined to make
acoustically actuated bubbles available as a tool in medical diagnostics and biotechnol-
ogy.
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Chapter 2

Fundamentals of microfluidics
and microbubble streaming

Acoustically actuated bubbles have been extensively studied in the beginning and mid-
dle of the last century. Motivated by the destructive behavior of cavitation, Kornfeld
and Suvorov presented a surface mode study of small oscillating bubbles [29]. Further
investigations by Kolb, Nyborg, Elder, and Riley described streaming flows around
bubbles and other interfaces [8, 30–32]. However it was not until recent years that the
findings of these early studies were applied within the field of biomedical engineering.
Sound waves allow to manipulate particle and cell trajectories on scales that are other-
wise very difficult to access. An overview of the topics in this field was recently presented
in a tutorial series [4]. Various experiments showed that the streaming around acousti-
cally actuated bubbles can be used for the sorting of cells and particles on microscales.
To achieve this, bubbles in acoustofluidics are used to amplify incoming sound fields
to generate streaming flows that are strong enough to be used in applications. This
technique also allows an interactive manipulation of fluid flows, as oscillation frequency
and driving voltage can be easily adapted. By placing lateral cavities in microchannels,
air can be trapped to form bubbles exactly at the position where the flow needs to be
manipulated.

For the fabrication of such devices, Polydimethylsiloxane (PDMS) is a commonly
used unexpensive material that allows to resolve structures with a sub-micrometer pre-
cision. A big challenge in using PDMS is the control of the bubble size. In preliminary
experiments, it was found that they are subject to growth or shrinkage depending on
outer parameters, as e.g. humidity and temperature outside the microchannel. The
resulting change in shape and size of the bubble affects the physics of the bubble os-
cillations. As a consequence, the streaming fields change significantly, which makes a
reliable prediction of the resulting flow impossible. As the bubble growth/shrinkage
typically takes place in the order of minutes, short-time experiments in the order of
seconds can still be performed with sufficient accuracy. In contrast, a long-time ex-
periment where a fluid is continuously mixed or particles are sorted is not feasible.
However, this form of implementation is necessary to allow the use of the devices in
industrial applications. This chapter will outline, how the streaming fields are affected
by bubble size variation and present a method that allows a continuous control of the
bubble size with a PID controlled and automatized setup.
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2.1 Challenges in microfluidic applications

As mentioned in Chapter 1, this work focuses on microfluidic methods that are able
to mimic laboratory procedures summarized by the term “Lab-on-a-chip”. The first
method to be addressed by the investigations in this work is the manipulation of par-
ticle trajectories in microscopic flows based on their physical properties. An important
method to do so with conventional lab equipment is flow cytometry, where cells are an-
alyzed sequentially one by one and, depending on the specific application, manipulated
with an actuator such as with a laser pulse. Although this method can be performed
with high precision, the one-by-one analysis is slow and not applicable for large amounts
of cells. In contrast, other methods, such as centrifugation, can be applied to a larger
number of particles, but are much less accurate. This shows that the equipment used
is often only applicable to one of the specific cases, which makes a large number of
devices necessary and their operation costly and time-consuming. The other lab pro-
cedure to be addressed in this work is the mixing of fluids. This task is easy for low
viscous fluids at large scales by turbulent stirring. Particularly in the field of diagnos-
tics, however, large quantities of liquid are not always available and the mixing must
be carried out on smaller scales in an efficient manner. This can be a challenging task,
because flows in this regime are typically laminar making turbulent mixing impossible
to achieve. Research in the field of microfluidic mixing is concerned with this issue.
In general, miniaturizing laboratory procedures makes them faster and less expensive,
but also leads to numerous new challenges. For example, the small scales make it more
difficult to supervise running processes. In order to guarantee the necessary reliability
of the devices, a high degree of automation is required in order to detect possible errors
quickly and reliably.

For particle sorting, the challenge is to find a method that allows to differentiate
particles based on their physical properties and allows to manipulate their trajectory ac-
cordingly. Several approaches have been proposed to solve this issue. Whereas particles
and cells can also be manipulated based on their dielectric or ferromagnetic properties
with electric and magnetic fields [33,34], they are often to be sorted by other properties
such as compressibility, size, or density. It will be shown in this work that acoustic fields
are particularly suitable for this type of sorting processes. This led to the research field
of micro-scale acoustofluidics, which has received a growing interest in recent years.

The main challenge in microfluidic mixing is the small length scales that cause a
dominance of viscosity and typical microfluidic flows to be laminar. Effective mixing
of fluids, as in turbulent stirring, is thus made considerably more difficult. A typical
example of this is the formation of a colaminar flow in a microchannel, as sketched later
in this work in Fig. 7.1. Several attempts have been made in microfluidic setups to en-
hance mixing by chaotic advection [35]. The idea of this principle is to fold and stretch
the fluid layers multiple times. By doing this, the natural diffusion process is con-
siderably enhanced by increasing the contact surfaces and an efficient and irreversible
mixing of the fluids can be achieved. Methods for the mixing of fluids in microchan-
nels were presented by Stroock et al. [36], who showed that geometrical patterns at
the walls of a microchannel can induce stirring in the fluids, as well as Rothstein &
Gollub [37], who induced a high degree of mixing in the fluid by using random arrays
of magnets. Most of the methods for achieving mixing on microscales are either not
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very versatile as the one proposed by Stroock, or require a very complex design. In
this thesis, another approach for the mixing of fluids has been chosen. When applying
ultrasound on a fluid, acoustic streaming is induced – a phenomenon that is promising
to allow the efficient mixing of fluids on small scales [38, 39]. In the following this will
be discussed in more detail using bubble induced acoustic streaming.

2.2 Flow control with microbubble streaming

A promising concept in acoustofluidics for manipulating flows and particles was pro-
posed by Marmottant et al. [12, 14]. By resonantly actuating bubbles in microfluidic
devices, the sound wave amplitudes are considerably amplified and induce a fast steady
streaming flow. Based on these findings, further investigations showed that a more
controlled manipulation of particles and a thorough mixing of fluids on small scales can
be achieved by cylindrical bubbles in microchannels [20,22,40]. Therefore, lateral blind
side channels are positioned at the walls of a microchannel. As the device is filled with
liquid, a gas bubble is entrapped. This technique helps to precisely specify the size of
the bubble, in order to achieve a well-defined streaming flow that allows performing
reproducible experiments. The technique has been used for a variety of microfluidic
applications, such as vesicle deformation and lysis [12, 13], particle manipulation and
sorting based on size [20,22,40–43], mixing [17,19,40,44], and even the controlled ma-
nipulation of microorganisms in microchannels [20]. Moreover, bubble streaming flows
have been proposed for the propulsion of artificial microswimmers [45]. Despite the
large number of application-oriented publications, the structure of the bubble-induced
streaming flow has not yet been understood in detail. Recent experimental work by
Marin et al. [26] and theoretical considerations by Rallabandi et al. [27,28] have given
an insight into the complexity of the flow field and revealed its three-dimensional struc-
ture. However, prior to this work, several questions concerning streaming flows induced
by acoustically actuated cylindrical bubbles in a microchannel could still not be an-
swered.

A first challenge when working with such devices was the experimental reproducibil-
ity. Bubble driven streaming is usually investigated in PDMS microchannels, which are
porous to gaseous flows. This typically causes the bubbles to grow or shrink depending
on external parameters such as lab temperature and humidity. In Chapter 5 of this
work, the growth of the bubble is investigated. Based on the findings, a control proce-
dure was established that allows the automatic size control of the used microbubbles.
By doing this, the reproducibility of the experiments could be enhanced. This is par-
ticularly important if bubble-driven streaming is to be used in laboratory applications,
where a long-term stability of the bubbles is necessary to guarantee a high accuracy of
the devices.

Another challenge was the wide velocity range of the bubble streaming flow.
Whereas streaming velocities of ∼ 10 mm/s were observed at an oscillating bubble
of width 80 µm, they were reduced by more than a factor of 100 at a distance of 200 µm
from the bubble. These strong velocity gradients, as well as reflections at channel walls
and the bubble interface, made it very difficult to measure the full three-dimensional
streaming flow within the region of observation. However, new experimental approaches
developed in this work (see Section 3.2.5) allowed to get a deeper insight in the flow
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phenomena, as shown in Chapter 6.

Another common observation that is not yet understood in its detail is the trapping
of particles. While complex explanatory attempts have been proposed in the scientific
community, this observation can be more easily explained by a detailed investigation
of the three-dimensional streaming flow. It will be shown in this work that the main
cause of trapping is the three-dimensional topology of the streaming flow together with
the interaction of particles with the bubble interface and the walls of the microchannel.

Three-dimensional flows are also problematic for mixing investigations. Common
methods for the investigation of mixing use two-dimensional measurements techniques
to quantify the mixing efficiency of a microfluidic device. When using the streaming flow
of an acoustically actuated microbubble for the purpose of mixing in a microchannel, the
measured mixing ratio is typically determined by integration of all measurement values
throughout the depth of the channel. With the resulting two-dimensional projection,
it is not possible to differentiate efficient mixing from a layering of seperated fluids.
In Chapter 7 of this work, a new method is proposed that allows to get insight in
three-dimensional phenomena of mixing devices based on bubble-driven streaming.

2.3 Governing equations and flow solutions of bubble
streaming

The Navier-Stokes Equation

The calculations in this section are inspired by the work of Rallabandi et al. [7,27,28].
The results of these investigations are summarized in the following, as being crucial
for the understanding of the streaming fields driven by oscillating hemi-cylindrical
microbubbles that are the main topic of this work. Basic theory on the considerations
can be found in publications of Rayleigh [46], Schlichting [47], Nyborg [32], and
Riley [10,11,30].

The dynamics of an electrically and chemically neutral single-component Newto-
nian fluid of constant temperature can be described by the Navier-Stokes equation

ρ

(
∂v

∂t
+ (v·∇) v

)
= −∇p+ η∇2v +

(
η′ +

η

3

)
∇ (∇·v) + f , (2.1)

where ρ is the fluid density, v the velocity, t the time, p the pressure, η the dynamic
viscosity, η′ the volume viscosity and f other external force densities. For the solution
of the upper equation, proper boundary conditions have to be given, which will be
shown later in this chapter for the flows that are investigated in this work. In good
approximation, microscopic flows of liquids can be considered to be incompressible,
which means that the velocity field is solenoidal and ∇·v = 0. Within the scope of this
work, microfluidic flows of uniform fluids are investigated such that gravitational forces
are negligible. It is also noted that no other external forces, such as electromagnetic
fields are applied to the fluid. With the above assumptions, Eq. (2.1) reduces to

ρ

(
∂v

∂t
+ (v·∇) v

)
= −∇p+ η∇2v. (2.2)
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The pressure term is removed for further calculations by taking the curl of Eq. (2.2).
Dividing the result by ρ and using the kinematic viscosity ν = µ/ρ gives

∂(∇× v)

∂t
+ ∇× ((v·∇) v) = ν∇×

(
∇2v

)
. (2.3)

In this work, the flow in the proximity of a hemi-cylindrical bubble is to be inves-
tigated. In a first approximation, the flow is considered as two-dimensional in the
plane perpendicular to the axis of the bubble. Due to the symmetry of the problem,
a stream function ψ can be defined with the polar coordinates r and θ by vr = ∂θψ/r
and vθ = −∂rψ, with vr being the radial velocity and vθ the tangential velocity at the
bubble interface. Applying this definition to Eq. (2.3) leads to
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+ ∂ 2

r ψ +
∂ 2
θ ψ

r2

)
− ∂θψ ∂

3
r ψ

r
+
∂rψ ∂

2
r ∂θψ

r
− ∂θψ ∂

2
r ψ

r2
+

+
∂θψ ∂rψ

r3
+

2 ∂θψ ∂
2
θ ψ

r4
−
∂θψ ∂r∂

2
θ ψ

r3
+
∂rψ ∂

3
θ ψ

r3
+
∂rψ ∂r∂θψ

r2
(2.4)

= −∂4
rψ −

∂rψ

r3
+
∂ 2
r ψ

r2
− 2 ∂ 3

r ψ

r
−

4 ∂ 2
θ ψ

r4
+

2 ∂r∂
2
θ ψ

r3
−

2∂ 2
r ∂

2
θ ψ

r2
−
∂4
θψ

r4
.

In this step, the identity ∇ × (∇2v) = ∇2(∇ × v) was used, which is true for v
being solenoidal ∇ · v = 0. Summarizing the above equation gives the Navier-Stokes
equation for planar flow in polar coordinates

∂∇2ψ

∂t
− 1

r

∂
(
ψ,∇2ψ

)
∂ (r, θ)

= ν∇4ψ, (2.5)

where ∂(f, g)/∂(x, y) denotes the Jacobian determinant. In the following, the inverse
angular frequency ω−1 of the bubble oscillations is used as a characteristic time scale,
the radius a of the bubble as a characteristic length scale, and U0 = εaω as a character-
istic velocity of the oscillatory flow in the proximity of the bubble. Here, the oscillation
amplitude ε normalized by the radius of the bubble was introduced. By inserting these
characteristic scales in Eq. (2.5) the planar dimensionless Navier-Stokes equation in
polar coordinates is achieved:

∂∇2ψ̃

∂t̃
− ε

r̃

∂
(
ψ̃,∇2ψ̃

)
∂
(
r̃, θ̃
) =

δ2

2
∇4ψ̃, (2.6)

where δ =
√

2ν/ωa2 is the width of the oscillatory boundary layer normalized by the
bubble radius a. For the sake of simplicity, the tild is omitted in the further discussion.

Two-dimensional flow solutions

As has been shown in previous investigations, the 2D-Navier-Stokes equation (Eq. (2.6))
can be solved by means of a perturbation expansion in the form ψ = ψ0 + εψ1 +O(ε2),
given in powers of the dimensionless oscillation amplitude ε � 1 [10, 11, 27]. Inserting
the solution into Eq. (2.6) gives the governing equation for the leading order O(ε0)
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(
2

δ2

∂

∂t
−∇2

)
∇2ψ0 = 0. (2.7)

It is assumed that the bubble oscillation is periodic in time (experimentally proven in
Section 6.3.1) and the shape of oscillation given by the function ζ(θ), which gives the
oscillation amplitude as a function of θ. The correlated boundary condition is then

vr,0 =
1

r

∂ψ0

∂θ
= ζ(θ)eit (2.8)

Compared to solid walls, a big difference at a bubble interface is that the gas within
the bubble can also flow. However, due to the low density and viscosity of the bubble
gas with respect to the liquid, its inertia and viscosity is neglected in the following.
Thus, zero tangential stress is assumed at the bubble interface [48]. The corresponding
boundary condition is [49]

r
∂

∂r

(vθ,0
r

)
+

1

r

∂vr,0
∂θ

=
∂2ψ0

∂r2
− 1

r

∂ψ0

∂r
− 1

r2

∂2ψ0

∂θ2
= 0 for r = 1. (2.9)

It should be pointed out here that the boundary condition of zero tangential stress
on a bubble interface is an approximation to allow a simple analytical analysis of the
problem. It allows to avoid solving the gaseous flow within the bubble. For a complete
solution, continuous shear boundary condition would have to be taken into account [50].
The other walls of the channel are made of cured PDMS. Here, the no-slip boundary
conditions

vr,0 =
1

r

∂ψ0

∂θ
= 0 for θ = 0 and θ = π, (2.10)

and

vθ,0 = −∂ψ0

∂r
= 0 for θ = 0 and θ = π (2.11)

are chosen. For rigid walls and the typical scales of the microfluidic experiments, this
no-slip boundary condition is a fair assumption, as slip lengths typically have much
smaller scales in the order of ∼ 1 nm [51].

In the above discussion, the governing equations for the leading-order stream func-
tion ψ0 were defined. It will be shown later that ψ0 describes the dominating oscillatory
motion of the fluid in the proximity of the oscillating bubble. In contrast, terms of the
order O(ε1) contain both oscillatory and steady terms. Hence, they allow to describe
not only the steady streaming flow that is observed at oscillating microbubbles, but
also every other oscillating bodies in a fluid. As the oscillatory terms are negligible
compared to the primary oscillatory field, only the time-averaged terms 〈ψ1〉 will be
considered in the following. Given that ε2/δ2 � 1, follows the equation for the steady
mean flow in the Eulerian representation

∇4 〈ψ1〉 = − 2

δ2

〈
1

r

∂
(
ψ0,∇2ψ0

)
∂ (r, θ)

〉
. (2.12)
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Rallabandi et al. [27] showed that particular simple expressions for the first order time-
averaged terms can be derived when using the Lagrangian representation. Therefore,
they introduced a Lagrangian stream function Ψ = 〈ψ1〉 + ψd, where ψd is the Stokes
drift term

ψd =

〈
1

r

∂ψ0

∂θ

∫
−∂ψ0

∂r
dt

〉
. (2.13)

With these definitions, the radial velocity and tangential are zero at the mean position
of the bubble interface

1

r

∂Ψ

∂θ
= 0 for r = 1, (2.14)

∂2Ψ

∂r2
− 1

r

∂Ψ

∂r
− 1

r2

∂2Ψ

∂θ2
= 0 for r = 1, (2.15)

whereas at the channel walls the no-slip boundaries are valid equivalent to Eqs. (2.10)
and (2.11)

1

r

∂Ψ

∂θ
= 0 for θ = 0 and θ = π, (2.16)

and

− ∂Ψ

∂r
= 0 for θ = 0 and θ = π. (2.17)

These are the governing equations for the 2D-streaming in the proximity of an oscillat-
ing microbubble. The primary oscillatory motion of the fluid is determined by Eq. (2.7)
together with the boundary conditions Eqs. (2.8) – (2.11). In contrast, the mean flow
is to be calculated by using Eq. (2.12) together with the boundary conditions in the
Lagrangian specification Eqs. (2.14) – (2.17). This chapter only aims to highlight the
concepts of a theoretical solution for the bubble-induced streaming in a microchannel.
Therefore, the derivation of the solution of the above equations that has been carried
out by Rallabandi et al. [7, 27, 28] is beyond the scope of this work. The rest of this
section summarizes the main concepts and gives an overview of the results.

The interface of the periodically actuated bubble generally has the form

R(θ, t) = 1− iεζ(θ)eit. (2.18)

Due to the symmetry of the problem, the amplitude of the primary oscillation field
is radially decaying. In a purely symmetric system, this has no secondary effect. In
the investigations of this work, the symmetry is broken due to the presence of walls at
θ = 0 and θ = π. The oscillation amplitude of the primary field has to vanish at these
walls, where a no-slip boundary condition is assumed. The transition from the radial
decay of the oscillation amplitude to a vanishing oscillation amplitude at the channel
walls takes place in the acoustic boundary layer [32]. It is shown in the work of Lord
Rayleigh [46] that this decay results in a secondary streaming (see Fig. 2.1 (a)), with
a radial outward flow at the edge of the boundary layer and an inward flow close to
the wall of the microchannel, resulting from continuity. For better understanding, an
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Figure 2.1: Sketch of acoustic boundary layer for a hemi cylindrical bubble in a microchannel.

equivalent illustrative example for recirculation caused by wall friction and continuity
is shown by Einstein by the secondary flow of a rotating liquid in a beaker [52].

The above considerations show that for a description of the flow outside the bound-
ary layer, it is sufficient to calculate outward directed, steady Lagrangian slip velocity
Us at the edge of the acoustic boundary layer [53] (see Fig. 2.1 (b)). Eq. (2.16) can
thus be rewritten as

1

r

∂Ψ

∂θ
= Us for θ = 0 and θ = π. (2.19)

The two-dimensional flow field of an oscillating hemicylindrical bubble calculated by
using the above considerations are shown in Fig. 2.2 [27]. In agreement with experi-
ments, it was found that the shape of the flow field can be manipulated depending on
the actuation frequency. While for lower frequencies the main shape of the flow field is
an outward fountain along the sagittal plane at x = 0, it was found both experimentally
and by simulations that an inversion of the flow is attained at high frequencies.

The above considerations where assuming a two-dimensional system with a single
symmetry plane at x = 0 which are already able to describe many features of the
flow. However, by using 3D-PTV, it was found that the structure of the flow field in a
microchannel is much more complicated due to the presence of top and bottom walls.
Therefore, a three-dimensional view of the problem is discussed in the following section.

Three-dimensional flow solutions

Due to the symmetry of semi-cylindrical bubbles in microchannels, first models at-
tempting to describe the flow assumed a two-dimensional flow field. This was sup-
ported by the fact that most experimental flow investigations were conducted using
standard microscopes that are limited to a single optical access with the depth of field



2.3 Governing equations and flow solutions of bubble streaming 15

Figure 2.2: Bubble-driven two-dimensional flow fields based on an analytical model. Whereas
a fountain shaped flow is found for low actuation frequencies, the flow direction is inversed at
higher frequencies. Plots are adapted from Rallabandi et al. [27].

being aligned with the midplane of the channel (see Fig. 2.3). As this makes the three-
dimensional measurement of fluid flows a challenging task, a three-dimensional compo-
nent of the streaming could not be determined at first. For large measurement volumes
where the volume depth exceeds the focal depth of the microscope objective, a change
of the z-position of a flow-tracing particle can be observed when out of focus particle
images are considered. In contrast, microchannels typically have heights of less than
200 µm, such that this effect is weak especially when working with background illumi-
nation. Thanks to the developments of three-dimensional particle tracking techniques
based on the effect of astigmatism and fluorescent microscope, imaging a much more
precise tracking of particles in a flow is now possible [54–57]. By using this measurement
technique, Marin et al. [26] found that the flow induced by an acoustically actuated
hemi-cylindrical bubble in a microchannel has a three-dimensional shape. Although it
was found that the planar velocity is dominating if the aspect tatio is properly chosen,
it was shown that the axial component of the flow creates a set of four flow structures
symmetric to the sagittal plane at x = 0 and the midplane at z = 0 (see Fig. 2.3).
These findings inspired Rallabandi et al. [28] to generalize the model described in the
previous section. As these considerations are crucial for the understanding of the ex-
perimental results of this work (see Chapter 6 and Chapter 7), they will be sketched in
the following.

The two-dimensional flow solution for the streaming flow induced by an oscillating
hemi-cylindrical bubble is based on the assumption of cylindrical flow symmetry. This
assumption would only be valid for a bubble that is infinitely extended in the z-direction
(see Fig. 2.3). In actual microchannels, the presence of top and bottom walls enforces
no-slip boundary conditions at z = ±H/2, which breaks the cylindrical symmetry
as the flow velocities depend on the z-coordinate. Moreover, in contrast to the two-
dimensional approach for a solution of the streaming flow, the oscillations of the bubble
interface in three dimensions are in general more complex and can be described by the
equation

R (θ, z, t) = 1− iεeitζ (θ, z) . (2.20)

In the work of Rallabandi et al. [28], it is shown that a model of the flow field that was
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Figure 2.3: Sketch of bubble in microchannel. For the three-dimensional solution of the
streaming flow, a hemi-cylindrical bubble is assumed, whose protrusion into the main channel
equals its radius a. A contact angle of 90◦ with the channel walls is assumed. The domain is
symmetric to the midplane at z = 0 (dashed line) and the sagittal plane at x = 0 (dotted line).
The channel height is denoted by H and the channel width by W . Drawing is adapted from
Rallabandi et al. [27].

measured by Marin et al. needs to take into account non-zero axial velocity components.
This can already be achieved with good qualitative agreement by taking into account
the lowest axisymmetric and mixed axial-azimuthal modes. The three-dimensional
streaming mode may thus be written as

U = u + c01v01 + c11v11, (2.21)

where U is the three-dimensional Lagrangian steady streaming velocity field, u the
respective field in two dimensions, c01v01 the axisymmetric, and c11v11 the mixed axial-
azimuthal component of the flow (see Fig. 2.4). The origin of latter two flow components
is not completely clarified as this would involve measuring the three-dimensional shape
of bubble oscillation from which the full flow field could be deduced. A way to explain
the presence of the axisymmetric flow component c01v01 is to assume axial bubble
oscillations. In analogy to the explanation in Fig. 2.1, the presence of walls at z = ±H/2
would then result in a fountain type recirculating flow component. The mixed axial-
azimuthal flow component c11v11 compensates the two-dimensional flow velocity where
z = H/2 and

√
x2 + y2 = 1. It guarantees no-slip boundaries at the top and bottom

channel walls close to the bubble. The wall opposed to the bubble at y = W leads to
a compression of the flow structures in the y-direction.

The mathematical model above describes quite well the three-dimensional flow
structure close to an oscillating hemi-cylindrical bubble in a microchannel. In the
xy-projection, particles typically approach the bubble along the channel walls at θ = 0
and θ = π (except a small layer as shown in Fig. 2.1), whereas they are repelled from
the bubble along the sagittal plane at x = 0 forming a fountain-shaped flow structure
of two vortices that are symmetric to x = 0. The additional axisymmetric and mixed
axial-azimuthal modes lead to a widening of the orbits at the channel walls and to a
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Figure 2.4: Three-dimensional sketch of bubble induced streaming components in microchan-
nel. Drawing is adapted from Rallabandi et al. [27].

tightening of the orbits close to the midplane at z = 0. The flow field is thus set up by
four vortical flow structures that are symmetric to the sagittal plane and the midplane.
One of these flow structures is shown in Fig. 2.5. The trajectories of passively advected
fluid particles lie on nested toroidal flow surfaces (see blue line in Fig. 2.5) with a ring-
shaped coreline (see red line in Fig. 2.5). As a fluid particle is advected along one of
the toroidal flow surfaces, it approaches the channel walls at z = ±H/2 on small loops
in the inner part of the torus. Close to the walls, the orbits widen and the particle
reaches a turning point in the z-movement. While going towards the midplane, the
orbits widen up further, reach a maximum and start to tighten while approaching the
midplane. There, the second turning point in the z-movement is reached and the parti-
cle is again in the inner part of the toroidal flow structure moving towards the channel
wall. The particle trajectories are, hence, quasi periodic with a shift per revolution
that depends on the specific strength of the streaming components that are shown in
Fig. 2.4. As these specific strengths could not be deduced analytically or numerically
from the geometry and actuation, the three components always have to be determined
in experiments [26,28,58].

These trajectories do not ever intersect. A fluid particle stays on a specific toroidal
flow surface that is given by its initial location, and on which it follows quasi periodic
trajectories. However, the strength of the flow contributions c01v01 and c11v11 is not
determined.

To keep the model simple, only the dominating modes close to the bubble were
considered in the modeled flow fields of this work (see Chapter 6). Following the above
argumentation, this should reproduce well the flow field close to the bubble interface.
A full description of the flow field with guaranteeing no-slip boundary conditions at
all walls is very complicated and computationally expensive, as it would include higher
order velocity terms. Such a model is beyond the scope of this thesis. Instead, an
experimental approach will be pursued in this work to reveal details of the flow field
and bubble oscillation. Based on these findings, future investigations are able to have
a deeper insight in the physics on which new numerical models can be established.



18 Fundamentals of microfluidics and microbubble streaming

Figure 2.5: Three-dimensional streaming flow structure induced by an oscillating hemi-
cylindrical bubble in a microchannel.



Chapter 3

Experimental techniques

3.1 Three-dimensional flow measurements in microscopic
devices

Several scientific groups have shown that particles, cells, and even small animals can be
manipulated in microchannels using streaming flows induced by acoustically actuated
microbubbles [20, 23]. In addition, due to chaotic advection, these flows allow efficient
mixing of liquids on small scales, although the Reynolds numbers involved are typically
very small and the flows laminar [17,18,35,44]. Despite this variety of applications, there
are only a few publications that investigate the flow field itself, which is necessary to
gain a deeper understanding of the underlying physics. To obtain flow field information
without disturbing the flow motion, optical techniques have to be employed, such as
PIV or PTV.

3.1.1 Particle Image Velocimetry

This chapter gives an overview of particle based techniques for the measurement of fluid
flows and summarizes important considerations and challenges that are essential to find
and improve the best suited measurement technique. For further information on this
topic, please refer to the books of Adrian et al. [59] as well as Raffel et al. [60]. The
investigation of microscopic flows in this work is based on the tracking of small particles.
It is assumed that these particles behave as liquid elements and follow the streamlines
of the flow. Therefore they are called tracer particles. To ensure this behavior, some
arrangements must be made, which are explained in the following.

Investigating flows by using dissolved particles in a fluid is an intuitive approach that
dates back to times before modern science. At the beginning of the 19th century, aero-
dynamic scientists began to use this technique more systematically by quantitatively
evaluating camera images of particles in the flow to improve aeronautical technology.
Methods for determining velocity fields of fluid flows are nowadays summarized with
the term Particle Image Velocimetry (PIV) [59,60]. The technique is non-invasive (com-
pared to e.g. flow sensors) and can be used for the simultaneous velocity determination
at many spatial positions (compared to e.g. Laser Doppler Velocimetry [61]). From the
early measurements by Prandtl, the development of cameras and light sources for illu-
mination helped to continuously improve PIV, a development which is still in progress.



20 Experimental techniques

One common principle for PIV measurements is to divide the observed area or rather
the camera sensor into several hundreds or even thousands of small areas, so-called
interrogation windows. By capturing two consecutive images, the displacement of the
particle distribution on the two frames is determined for each interrogation window
by cross-correlation. The velocity in each individual interrogation window can then
be determined by the time difference between the two frames and the magnification
factor. By illuminating the particles with a thin laser light sheet this method allows a
detailed flow investigation in a given plane as high particle concentrations allow small
interrogation windows.

However, this method is not directly applicable to microscopic flows, which are
to be investigated in this work. Typical scales of microchannels are in the order of
∼ 100 µm, which makes the illumination of particles with a laser light sheet very difficult
or even impossible if multimode lasers or LED’s are employed. Even if this issue would
be solved, such PIV measurements only allow a two-dimensional measurement of the
flow. As the microscopic flows that are investigated in this work are three-dimensional,
such measurements would not be suitable. Another particle-based approach for flow
measurement that will be used in this work is Particle Tracking Velocimetry (PTV).
By using much lower particle concentrations, the individual particles are identified and
tracked throughout the measurement. The technique therefore represents a Lagrangian
approach that follows particle through time, in contrast to classical PIV which is an
Eulerian approach, as the velocity at specific spatial positions is determined at a certain
instance of time. PTV is operated by full illumination of the measurement volume which
is easier to implement on microscopic scales. This can either be done using bright-field
microscopy, where the particles are illuminated from the back such that the shadow of
the particle is imaged on the camera sensor, or in dark-field mode, where fluorescent
particles are illuminated from the objective of the microscope and the light emitted by
the particle is imaged on the camera sensor. It is shown in Sections 3.1.2 and 3.1.3
that PTV allows a full three-dimensional flow measurement on microscopic scales with
a simple optical setup.

Due to these reasons, all flow measurements in this work are conducted using
PTV instead of classical PIV with interrogation windows. In the experiments small
polystyrene particles are used to determine the flow field. Based on these findings, the
behavior of differently sized particles and the capability of the flow to mix fluids will be
investigated. For this purpose, PTV is the ideal technique as it allows the tracking of
particles over long times. The full particle trajectories allow to gain deeper understand-
ing in the processes that lead to particle trapping and sorting in such flows. For the
purpose of mixing, three-dimensional PTV is a promising technique to determine the
folding and stretching of fluids, which helps to calculate the three-dimensional mixing
efficiency. Despite the advantages of PTV for the investigation of microscopic flows,
there were still a couple of challenges that had to be solved in order to quantitatively
investigate the flows throughout this work. Some of these difficulties are generally an
issue in microscopic PTV measurements, other problems are specific to the stream-
ing flows induced by oscillating bubbles in microchannels. Major challenges that were
solved throughout the project are summarized in the following.
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Limited Optical Access

The limited optical access is a common challenge when investigating flows on small
scales with a microscope. A common method of three-dimensional PTV (3D-PTV) uses
several cameras to record the volume of interest. Based on the positions of the particle
images on the different camera sensors, a triangulation would allow the reconstruction of
a particle position in three-dimensional space. When working with microscopes a multi-
camera approach to view the region of interest from multiple angles is only possible by
using stereoscopic microscopes. These types of microscopes are typically limited to a
small viewing angle (also called stereo angle) of < 20◦ between two cameras. As a result,
the determination of the depth position is inaccurate [62]. As these difficulties make a
proper three-dimensional PTV difficult, a novel measurement technique developed prior
to this work was used (see Sections 3.1.2 and 3.1.3). It allows a full three-dimensional
particle tracking with using only a single camera . The method takes advantage of the
fact that out-of-focus particles show a blurred particle image on the camera sensor.
The degree of this blur can be used to determine the depth position of the particle.

Seeding density

The seeding density is defined by the number of particles per volume. The higher the
seeding density is, the more data points per recorded frame can in principle be achieved
by PTV techniques. However, this typically leads to an increased overlapping of the
particle images on the camera sensor, which is disadvantageous for further processing.
Furthermore overlapping particle images lead to larger uncertainties in the velocity
measurement. In PTV experiments, particles are typically detected by thresholding the
recorded images. As particles are either brighter (dark-field mode) or darker (bright
field mode) than the background, they are detected by an algorithm. A problem occurs
when particle images on the camera sensor are overlapping and the two individual
particle images cannot be distinguished by the detection algorithm. This complicates
the tracking of particles, particularly in this work where particles tend to accumulate
close to the acoustically driven microbubble, as described later in Chapter 6. This issue
naturally limits the seeding density of the particles to a certain value that depends on
the information to be obtained from the experiment. For determining flow velocities,
it is not necessary to track particles over long times (see Section 6.3.2) and the seeding
density can be set to a high level. In flows where particles accumulate this also applies
as long as the measurement time is kept low. In this way a high information density
about the flow is also achieved in areas of the experimental domain, where the particle
density decreases rapidly over time. If the long term behavior of particles in the bubble
streaming flow is to be investigated (see Chapters 6 and 7), the density has to be
low in order to avoid the overlapping of particle images. In these flows, particles
follow quasi-periodic trajectories in a toroidal structure which naturally leads to an
overlapping of particle images over longer time such that it is very difficult to distinguish
the particles after an overlapping of particle images. Therefore, most experiments in
this work were conducted using very low seeding concentrations to be able to identify
particles throughout the measurements. In order to obtain a sufficient information
density, special focus in Chapter 5 was put on stabilizing the bubble. This ensures
reproducibility so that several experiments can be carried out under the same conditions
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to enhance information density.

Mass Density of Tracer Particles

For any type of PIV and PTV techniques, it is crucial that the tracer particles follow
the streamlines of the flow. A parameter that influences this property is the relative
density between the fluid and the particle. When particles that are denser than the
fluid experience any type of acceleration ap, e.g. centrifugal or gravitational, their ve-
locity differs from the fluid velocity. This velocity difference ud can be calculated from
equating the Stokes drag force with the force that induces the particle acceleration,
and can be written as

up = d2
p

(ρp − ρf)

18η
ap, (3.1)

where dp is the particle diameter, ρp the mass density of the particle, ρf the mass
density of the fluid, and η the dynamic viscosity of the fluid. The experiments in this
work include high centrifugal accelerations in the proximity of the bubble interface.
Moreover, the resolution of the microscope and the illumination intensity limit the
minimal size of the particles. For the precision of the experiments in this work, it is
therefore essential to adapt the mass density of the tracer particles to the density of
the fluid in order to minimize ud. It is shown in Chapter 4 that this can be achieved
by adding additives to the fluid.

Finite Size of Tracer Particles

Whereas limited optical access, seeding density, and mass density of tracer particles are
general challenges in µPTV, the fact that the particles cannot be arbitrarily small is a
more specific challenge in the experiments in this work. This is particularly important
close to the bubble interface where the velocities are high. This causes a densification
of streamlines and high velocity gradients in the proximity of the bubble interface. The
behavior of particles in the oscillatory flow in the proximity of the bubble where the
strongest velocity gradients appear is particularly important in this context. Several
force terms contribute to the behavior of particles in that area. The most important are:
(1) the drag force acting on particles with a velocity differing from the surrounding fluid
according to the Stokes law; (2) the lubrication force that is directed radially outwards
for particles approaching the bubble and inwards for distancing particles due to the
fluid displacement between particle and bubble; (3) a force that leads to an attraction
or repulsion of particles from the bubble based on the contrast of mass density of
fluid and particle; and (4) a force that is directed radially outwards due to inertial
rectification terms resulting from the radial decrease of the fluid oscillation amplitude.
A detailed description of these and higher order force terms on the particles close to the
oscillating bubble interface is given in the work of Thameem et al. [42] and Agarwal
et al. [43]. The role of Saffman lift forces [63] is assumed to be small but not yet
investigated as being highly difficult to calculate. This is due to the complex shape
oscillations of the bubble that induce strong time dependent and non-trivial shear flows
(see Section 3.2.5).
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Velocity Range

The acoustic flows to be measured in this work cover a wide range of velocities that
differ by a factor of 105 from fast fluid oscillations at the bubble interface with velocities
of ∼ 105µm/s to streaming velocities far from the bubble at the opposing channel wall
in the order of ∼ 1µm/s. This high velocity range is a challenge as both streaming
flow field and oscillatory flows cannot be measured in a single experiment with high
resolution. The amount of acquired data would exceed the internal memory of current
high-speed cameras which are needed for such measurements. The experiments in this
work are therefore focusing on one of the two effects. For future investigations, high-
speed imaging with low resolution is a promising method to cover all velocity ranges in
one take. Due to the short experimental time, this would guarantee fixed experimental
conditions without the need of an external control (see Chapter 5). The low resolu-
tions of such PTV experiments can be compensated by time-resolved measurements.
This allows to smooth particle trajectories in order to account for imprecise particle
localization.

3.1.2 Astigmatism Particle Tracking Velocimetry

This section gives a brief introduction to Astigmatism Particle Tracking Velocimetry
(APTV), and summarizes preceding flow measurement concepts. An extensive overview
on different microscopic flow measurement techniques is given by Cierpka et al. [64].
Several particle-based flow measurement techniques for microscopic flows have been
presented in the last decades. Whereas two-dimensional measurements are typically
implemented by shadowgraphy of in-focus particles in the bright field mode of a mi-
croscope, the limited access and the high resolution that is to be achieved complicates
three-dimensional measurements. A standard approach is using multiple cameras for
imaging, which leads to major challenges in the alignment of the cameras and requires
an expensive experimental setup. To overcome that issue, Willert et al. [65] presented
a single camera approach that allowed time resolved 3D-PTV measurements. The
method uses a mask on which three pinholes are arranged in an equilateral triangle.
By placing the mask between the objective and the camera, the light signals of fluores-
cent particles in the fluid are also displayed on the sensor as a triangle. The distance
between the light points is then used to determine the depth position of the parti-
cles. A disadvantage of this technique is the weak signal to noise ratio (SNR) and the
tripling of particle images that causes difficulties in the post-processing of the recorded
data. Nevertheless, this method showed the feasibility of 3D flow measurements on
microscopic scales with a simple single camera approach.

Measurement principle

A single camera approach for particle tracking was developed by Kao et al. [67]. The
technique determines the depth position of a particle by the defocusing of its image on
the camera sensor. It was further improved by Cierpka et al. [54], who expanded it a to a
fully 3C3D PTV-technique. Fig. 3.1 shows the principle of the technique. Normally the
lens system of a microscope has a single focal plane F as shown in Fig. 3.1(a). A particle
that is located in the focal plane is sharply imaged on the camera sensor (red particle).
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Figure 3.1: Defocusing Principle for astigmatic PTV. Adapted from [66].

In contrast, out-of-focus particles (blue and green particle) are defocused, which causes
a blurry larger particle image on the sensor together with a lower SNR. Determining the
particle position by knowing the particle image on the camera sensor is ambiguous, since
the defocusing around the focal plane is symmetrical. This ambiguity can be solved
by placing a cylindrical lens in the light path as depicted in Fig. 3.1 (b). Whereas the
cylindrical lens does not effectively change the light path in one direction (in the figure:
x-direction), it acts as an additional lens perpendicular to that direction (in the figure:
y-direction). This leads to a direction-dependent separation of the focal planes Fx and
Fy. Fx is equal to the previous focal plane F . Fy is shifted towards the camera sensor
when using a convergent cylindrical lens. As it is shown on the right of Fig. 3.1(b) this
leads to elliptical particle images with the semi-axes ax and ay. Hence, the cylindrical
lens breaks the symmetry of the optical system and the determination of the z-position
of the particle is no longer ambiguous. Based on this principle, an algorithm was
developed by Cierpka et al. [68] and Rossi et al. [56] that calculates the depth position
based on the shape of the defocused particle image. As the effect that is produced
by the cylindrical lens is an optical aberration called astigmatism, the algorithm is
named Astigmatism Particle Tracking Velocimetry (APTV). Compared to the Pinhole
Technique of Willert et al. [65], the SNR of APTV is approximately one order of
magnitude higher. With APTV, the detection accuracy of the particles z-position is
closely related to the size of the particle image. As particle tracking in the bright field
mode typically leads to small particle images with an extension over few pixels, APTV
is performed with epifluorescent microscopy, as shown in Fig. 3.2. Fluorescent particles
are illuminated with an intense light source through the microscope objective, and the
fluorescent light emitted by the particles is imaged on the camera sensor through the
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Figure 3.2: Optical setup for 3D-µPTV.

optical path mentioned above. The resulting particle images are significantly larger,
covering more pixels on the camera sensor. This allows a more accurate determination
of the semi-axes ax and ay, and leads to a higher precision in the detection of the
particles z-position.

Calibration

Before running measurements, it is important to calibrate the system. This is done
by determining the shape of particle images for known z-positions of the particles.
For this purpose, sedimented particles are moved through the focal planes by using
an electronically movable microscope stage. Ideally, this is done using the same fluid
and device as in the experiments in order to guarantee equal optical conditions. With
modern microscopes, the relative z-position can be read out with a high accuracy
of ∼ 1nm. The semi-axes of the elliptical particle images are then determined as a
function of the z-position of the particle. Fig. 3.3 shows typical curves of the semi-
axes ax and ay as a function of z [56]. In a stigmatic system without a cylindrical
lens, the particle images are circular and thus the semi-axes are equal. At the focal
plane, the size of the particle image reaches a minimum with a maximum in light
intensity. The observable depth in z (indicated in grey) is limited by the SNR, which
ideally has to exceed a value of ∼ 1.5. However, as mentioned before, there is an
ambiguity due to the symmetry around z = 0, which is why the z-position can only be
unambiguously assigned in one half space. An astigmatic system allows to overcome
this ambiguity. The insertion of a cylindrical lens into the optical path leads to a
displacement of the ay-curve in z. The ax and ay-curve are thus separated by the
distance of the focal planes ∆zfp. Although the maximum light intensity is reduced, the
angle dependent focusing increases the observable space as a sufficient SNR is achieved
in a wider range. Moreover, the unambiguous particle images allow measurements in
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Figure 3.3: Diameter a and intensity Ip of particle images as a function of z. (a) Stigmatic
system (b) Astigmatic system. Adapted from [56].

the full range of sufficient SNR (indicated in grey). In the measurement, the semi-
axes of the particle images are compared to this calibration curve from which the
z-position of the respective particle is deduced. Together with the x and y-position of
the particles, which can be directly deduced from the position of the particle image on
the sensor, APTV allows to determine the three-dimensional position of particles. As
the seeding density in these measurements has to be low to avoid an overlapping of
particles, a sufficiently large frame rate allows to identify particles over several frames
of the recording. Therefore, the method is also suitable for time resolved 3D-PTV
experiments.

3.1.3 General Defocusing Particle Tracking

APTV is a method that allows a three-dimensional tracking of particles with a single
camera. However, in some devices, the optical conditions in the experiments complicate
the measurement. For the investigations of this work, every wall of the microfluidic
channel had to be manufactured of PDMS in order to achieve equal symmetric physical
conditions. Most explicitly, equal contact angles where important such that the hemi-
cylindrical bubble is symmetric with respect to the midplane (see Fig. 2.3). This led to a
layered microfluidic device where particles are viewed not only through a glass slide but
also though an additional PDMS layer. The multiple materials in the light path with
various refraction indices causes particle images that are not elliptical, but rather have
an irregular star-like shape. To realize a 3D-µPTV method for the measurement of flows
in such devices, Barnkob et al. [57] developed an algorithm that also allows to allocate
a specific z-position to the specific but irregular particle images. As the algorithm
is not reliant on using of a cylindrical lens, but also works with other methods that
break the symmetry of the particle image around the focal plane (e.g. aperture), it is
denominated General Defocusing Particle Tracking (GDPT). In the investigations of
this work, the measurement principle is equal to APTV as a cylindrical lens was used
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Figure 3.4: Principle of GDPT. Adapted from [57].

for this purpose in the experiments.

Calibration

In GDPT, a calibration stack is recorded in the same manner as in APTV. However,
as can be seen in the calibration stack in Fig. 3.4, the devices used in this work do not
allow to achieve elliptical particle images. This is due to the fact that several materials
(fluid, PDMS, microscope glass slide, air, lenses) with varying optical properties are
in the optical path between particle and camera. GDPT addresses this fact by cre-
ating a calibration stack of full particle images. Starting from these particle images,
the algorithm calculates an interpolated calibration stack. The particle images in the
experiment are then cross correlated with the particle images in the calibration stack.
The resulting correlation function fcorr is then used to deduce the z-position of the
particle (see Fig. 3.4). Therefore, the correlation of the target particle image with the
particle images in the calibration stack is determined, which gives the correlation func-
tion as a function of z by interpolating the correlation data points. The z-position of
the particle is then allocated to the z-value where the correlation function reaches its
maximum. A more detailed description of the algorithm is given in Barnkob et al. [57].

3.2 Improvements of experimental methods

This section focuses on the improvements and enhancements of the experimental setup.
Wheras the basic system was already developed at the beginning of the project, fur-
ther refinements had to be made in order to overcome the challenges depicted in Sec-



28 Experimental techniques

tion 3.1.1. The main achievements are the automatization of the laboratory compo-
nents, the establishment of a microfabrication system, the improvement of the particle
illumination, and the establishment of high speed imaging techniques for fast processes
in flows driven by ultrasonically actuated bubbles. The results of the work on these
topics are presented in the following section.

3.2.1 Setup and automatization of the experiment

Figure 3.5: Devices of the experimental setup. The experimental setup is structured in three
parts. The optical setup consist of a upright microscope (I), a camera (II), a cylindrical lens
in a bellow system that avoids external light disturbances (III), and a setup for the shaping
and homogenization of the light beam (IV). The microfluidic setup includes the microfluidic
device that is to be investigated (V), a pressure controller (VI) that applies pressure on the fluid
reservoir (VI) to fill up the microfluidic device, and a fluid switch (VIII) that is used to short
circuit the system to stop the pressure driven flow through the microfluidic device. Finally the
setup for the acoustic actuation of the device consists of a function generator (IX), an amplifier
(X), and an oscilloscope (XI) to read out the electrical signal which is transmitted to a piezo
transducer attached to the microfluidic device.

An overview of the experimental setup that is used in the investigations of this work
is shown in Fig. 3.5. It is structured in three parts: an optical setup, a microfluidic
setup, and a setup for the acoustic actuation of the microfluidic devices. The main
component of the optical setup in all investigation was a Zeiss Axio Imager.Z2 upright
microscope to which a camera was attached. The camera type was selected according to
the requirements of the respective investigations, and is specified in the corresponding
chapters. For the investigations of 3D particle trajectories, a cylindrical lens was placed
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in front of the camera sensor (see Sections 3.1.2 and 3.1.3). The particles are illuminated
in the epifluorescent microscope mode either with a 2 W continuous laser light source of
the supplier mylaserpage together with a beam shaping and homogenizing setup, or a
Prizmatix UHP-T-520-EP LED that is directly attached to the light port of the micro-
scope (see Section 3.2.3). The microfluidic setup includes the microfluidic device with
the microchannel structure in microscopic flows are to be investigated. The device is
filled up from a fluid reservoir using a Fluigent MFCSTM-EZ pressure controller (range
0− 1000 mbar), which applies pressure on the fluid reservoir to fill up the microfluidic
device. A Rheodyne MX Series IITM 2 position/6 port switching valve is used to start
and stop the pressure driven flow through the microfluidic device. Therefore, the valve
is typically used in the experiments as a 2 position/4 port valve by connecting two ad-
jacent ports with a tube (see e.g. Fig. 5.1). The setup for the acoustic actuation of the
microfluidic device consists of a GWInstek AFG2125 function generator that creates a
sinusoidal signal, which is amplified by a Krohn Hite 7500 broadband amplifier. The
signal is transmitted to the PI ceramics piezo transducer with a height of 1 mm and
a diameter of 15 mm attached to the microfluidic device. A TektronixTM TDS-2001C
oscilloscope is used to read out the AC voltage signal from the amplifier.

For the reproducibility of the experiments, it was essential to automatize the ex-
perimental setup. For this purpose, microscope, camera, lightsource, pressure con-
troller, fluid switch, function generator, and oscilloscope were controlled with the com-
puter by using appropriate drivers and programs. Labview was used as the basic
program to control all compontents. Labview drivers for the camera, the pressure
controller, the function generator, and the oscilloscope were provided by the respec-
tive suppliers. The microscope was controlled with the Zeiss ZENpro using AutoIt
for the programming of an interface with LabView. The light sources were triggered
by a National Instruments USB-6002 DAQmx data acquisition device. As no Labview
drivers were provided for the switching valve, they were programmed within the scope
of this work. For real-time processing of camera images for the stabilization of bubbles,
additional Matlab drivers for the cameras were used which allow a direct interface to
the LabView program (see Section 5.2).

3.2.2 Fabrication of microfluidic devices

The investigations of the stability of bubbles in microchannels (see Chapter 5) were
carried out with microfluidic channels manufactured by cooperation partners at the
University of Illinois at Urbana-Champaign. By measuring these devices, it was found
that the side walls of the microchannel were inclined by an angle of approximately 10◦.
Whereas this does not have an influence on the results of bubble stability, it strongly
influences the shape of the streaming flow, leading to an asymmetry with respect to the
midplane shown in Fig. 2.3. As a consequence, a new channel fabrication laboratory
was established as a part of this work. The setup provided a greater flexibility in chan-
nel fabrication and had the advantage that channels could be adapted more quickly
to the requirements of the respective investigation. In this work, all microfluidic de-
vices were made of cured PDMS with standard soft lithography techniques [25] by
using the system SoftLithoBox® - FULL station of the company BlackHoleLab. The
system consists of five main components, depicted in (Fig. 3.6 (b)). The spin coater
WS-650MZ-23NPPB by Laurell (I), a hotplate (II), the UV light source UV-Kub 2 by
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Kloé (III), the plasma chamber Plasma Cleaner PDC-002 CE by Harrick Plasma (IV)
and a vacuum chamber(V). Additional components such as petri dishes, pipettes and
tweezers needed for the fabrication are also shipped with the system. As the fabrication
of microscopic devices is sensitive to external influences, the equipment was set up in
a laminar flow box (Spetec FMS93 SuSi) that reduces the dust particle concentration.
For particles with a diameter of > 3µm a particle concentration of ∼ 5 · 107m−3 was
measured outside the flow box. This number is reduced by the laminar flow box to a
value of < 5 · 102m−3
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Figure 3.6: Fabrication steps of microfluidic PDMS devices. 1. Preparation of silicon wafer.
2. Deposition of photoresist with spin coater (I) and softbake with hot plate (II). 3. Exposure
of photoresist with UV light source (III). 4. Development of exposed photoresist to get master
mold. 5. Mixture of PDMS and curing agent is degassed in vacuum chamber (IV) and poured
on master poured. 6. PDMS microstructure stripped from master mold. 7. Piercing of channel
inlets and outlets. 8. Bonding of Microstructure on additional PDMS layer and both on
microscope glass slide after surface activation in plasma chamber (V).

Fig. 3.6 shows the soft lithography process for the fabrication of PDMS microchan-
nels. In a first step, a silicon wafer is cleaned with acetone and isopropanol, which
is applied while spinning the waver in a spin coater (Fig. 3.6 (b) I). By fast spinning
at the end of the cleaning step, residues of the solvents are removed without risking
particle contamination. To guarantee that there is no moisture left, the wafer is then
dried on a hotplate (Fig. 3.6 (b) II). Subsequently, a layer of photoresist is deposited
on the silicon wafer with the spin coater, where the thickness of the photoresist layer
can be precisely defined by the rotational speed of the wafer and the spinning time
(Fig. 3.6 (a) 2). The photoresist is then hardened in a baking step with a hotplate.
A mask that covers all parts that are not part of the microchannel structure is placed
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on the photoresist. These covered parts of the photoresist will be dissolved later. In
the next step, the photoresist is illuminated with a UV light source (Fig. 3.6 (b) III)
to crosslink the molecules of the photoresist, and the wafer is again heated up in a
post exposure bake (Fig. 3.6 (a) 3). After that, a chemical developer (SU8-developer
by Microchem) is used to remove non exposed parts of the photoresist. The result is
a master mold for the production of multiple PDMS microchannels (Fig. 3.6 (a) 4).
Therefore, PDMS and a curing agent (Sylgard® 184 silicone elastomer kit) are mixed
together. The mixture is placed in a vacuum chamber (Fig. 3.6 (b) IV) in order to
remove bubbles in the liquid mixture and subsequently poured over the master mold
(Fig. 3.6 (a) 5). After hardening, the PDMS that contains an imprint of the microstruc-
tures is peeled off from the master mold (Fig. 3.6 (a) 6). To fill the channels in the
later experiments, inlets and outlets are pierced into the PDMS channel (Fig. 3.6 (a)
7). In the investigations of this work, it is necessary that the channel walls are all
made of one single material such that all contact angles of sessile bubbles with the
channel walls are equal. Therefore, a flat PDMS layer is bonded to the microstruc-
ture by activating the surfaces that are to be bonded in a plasma chamber (Fig. 3.6
(b) V). In the final step, the PDMS device is bonded with the same method to a
microscope slide (Fig. 3.6 (a) 8), such that it can be conveniently placed into a micro-
scope for experimental observation. For the microchannels in this work, the photoresist
SU-8 2075 of the company Microchem was used to create a master for the molding of
PDMS microchannels. Table 3.1 shows a standard recipe as described by the sup-
plier (http://microchem.com/pdf/SU-82000DataSheet2025thru2075Ver4.pdf), as
well as an optimized recipe for the microchannel fabrication developed by Anton Häußer
during a student project. The optimization is a trade off as the longer baking makes
the photoresist harder and channel walls more straight, but results in a more brittle
photoresist that can cause adhesion problems. The overexposure also allowed to achieve
straighter channel walls and to avoid rounded corners in the channel. In contrast to
the recipe that states a photoresist thickness of 110 µm, a thickness of ∼ 75 µm was
typically achieved with the process. This value, as well as the general quality of the
microchannels, is influenced by external factors such as the temperature and humidity
in the laboratory. As constant conditions could not be achieved in the local labora-
tories, master molds for the highly sensitive experiments in Chapter 7 were externally
produced by the company Camtech.

3.2.3 Light sources for fluorescent particle tracking

The proper illumination of fluorescent particles is essential for the quality of 3D-µPTV
experiments. Therefore, different illumination methods for epifluorescent microscopy
were investigated within the scope of this work. The aim of these investigations was
to achieve a homogeneous illumination with the highest achievable brightness. An in-
crease in illumination brightness results in a higher SNR. This allows to reduce the
exposure time and to increase the recording speed. As this work includes high stream-
ing velocities in certain areas of the flow field, higher frame rate permit an insight
into physical processes that could previously not be investigated with a comparable
temporal sampling. The tested LED and laser light sources in this section are com-
pared with a mercury lamp, which is shipped by the supplier as the standard light
source for epifluorescent microscopy. To quantify the brightness of the light sources,

http://microchem.com/pdf/SU-82000DataSheet2025thru2075Ver4.pdf
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Table 3.1: Comparison of recipes for soft lithography

Standard recipe Standard recipe Optimized recipe
(Microchem) (BlackHole Lab)

Wafer preparation piranha wet etch aceton/isopropanol aceton/isopropanol
+ reactive ion etching + reactive ion etching + reactive ion etching

Pre bake - 15 min @ 120 ◦C 15 min @ 120 ◦C

Spin coating - step 1 10 s @ 500 rpm 10 s @ 500 rpm 10 s @ 500 rpm
Spin coating - step 2 30 s @ 2000 rpm 30 s @ 2000 rpm 30 s @ 2000 rpm

Soft bake - step 1 5 min @ 65 ◦C 5 min @ 65 ◦C 6 min @ 65 ◦C
Soft bake - step 2 20 min @ 95 ◦C 20 min @ 95 ◦C 30 min @ 95 ◦C

Exposure dose 240 mJ/cm2 240 mJ/cm2 430 mJ/cm2

Post bake - step 1 5 min @ 65 ◦C 5 min @ 65 ◦C 30 min @ 50 ◦C
Post bake - step 2 10 min @ 95 ◦C 10 min @ 95 ◦C 10 min @ 75 ◦C

Development 10 min 10 min 10 min

a Coherent Labmaster Model LM-10 light power meter was used to measure the light
power at the light port and under the microscope objective where the microfluidic
device is located in the later experiments.

Mercury lamp

The ZEISS Illuminator HXP 120V mercury lamp is the standard equipment for re-
flective light microscopy and was shipped with the Zeiss Axio Imager.Z2 microscope
used in this work. It can be directly attached to the rear of the microscope by using
a liquid-filled light guide (ZEISS ordering code 000000-0482-760) with an illumination
adapter (ZEISS ordering code 423302-0000-000) that includes collimation optics. The
collimated white light beam at the adapter has an output power of ∼ 700 mW. Several
apertures along the optical path in the microscope, as well as the filter set that only
allows the transmission of green light (see Section 3.1.2), reduce the power of the light
beam that can be used for the illumination of the particles for µPTV experiments. The
resulting power of the light at the focus of the microscope objective is ∼ 90 mW. A
problem when working with this mercury lamp is its periodically altering light intensity
at a frequency of 300 Hz. At fast recordings with an exposure time below 10 ms, this
results in a fluctuation of the detected light intensity at the camera sensor of up to 30%
from the mean value. As a consequence, the particle images on the individual frames
of a recording show a strong variation in brightness. Although the GDPT algorithm
used in the experiments of this work uses brightness normalization to take a variable
light intensity into account, the use of a more stable light source is desirable in order
to reduce measurement uncertainties that may result from this.

Laser

In order to increase the SNR, a continuous green Nd:YAG-laser with wavelength 523 nm
and output power ∼ 2 W of the company mylaserpage was installed. To allow a wide
area illumination, the laser light beam is widened up with an optical beam expander
sketched in Fig. 3.7. A challenge of this type of illumination is the coherence of the laser
light which causes speckle by positive and negative light interference (see Fig. 3.8). To
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Figure 3.7: Optical beam expander for illumination of fluorescent particles with a continuous
laser. The incoming laser beam is widened with a divergent lens of focal length f1 = −50 mm.
At a distance of 120 mm from the divergent lens, a convergent lens of focal length f1 = 50 mm
collimates the diverging light to achieve a parallel laser light beam of larger diameter. In order
to remove interference of the coherent laser light (speckle), a rotating diffusor plate is placed
in between the two lenses at a distance of 88 mm from the divergent lens.

solve this problem, the optical beam expander includes a rotating diffuser plate that
smears bright and dark areas of the speckle pattern over the exposure time, which
mimics a homogeneous illumination. The strong intensity of this kind of illumination,
especially at the focus of the microscope objective where the power is ∼ 600 mW, allows
to achieve a much higher SNR or to perform experiments with lower exposure time.
This allows an increase of the recording frame rate, which is needed to resolve the high
streaming velocities that occur in the experiments of this work. However, as shown in
Fig. 3.8, the illumination profile of the laser is still gaussian shaped. High frame rate
experiments are therefore limited to a smaller area. With this kind of illumination, the
fluctuations of the light intensity were in the order of 2%.

High-power LED

The most homogeneous and stable illumination was achieved by using a high-power
LED (Prizmatix UHP-T-520-EP). It has a wavelength of ∼ 520 nm at an output power
of the light beam of ∼ 900 mW. Whereas the loss of light power at the filter cube is low
as it fits to its specifications, the fact that LED light can not be as properly collimated
as the laser light leads to light loss at the different apertures in the microscope. The
power of the light at the focus of the microscope objective is ∼ 190 mW and clearly
lower than with laser illumination. However, the homogeneity and low fluctuation of
the light intensity of less than 1% is advantageous for the quality of experiments of
slower flows, where the power of this light source is sufficient. As the LED light is
incoherent, no interferences occur and the practical handling is simplified. The light
source comes with an adapter that allows to directly attach it to the microscope.

Summary

A summary of the different light sources used for the fluorescent µPTV experiments
is given in Table 3.2. Due to the low light intensity and the strong fluctuations, the
mercury lamp was not used in the experiments of this work. For experiments at low
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Table 3.2: Comparison of light sources

Hg Lamp Laser High Power LED

Output power ∼ 700 mW ∼ 2000 mW ∼ 900 mW

Power (focus) ∼ 90 mW ∼ 600 mW ∼ 190 mW

Intensity fluctuations ∼ 30 % @ 300 Hz ∼ 1 % (random) < 2 % (random)

flow velocities or with large and therefore brighter particles (see Chapter 6), the LED
light source was used as it is easier to operate and allows a homogeneous and stable
illumination. This is advantageous for the post processing and the quality of the exper-
iments. The laser illumination was used for measurements of the fast streaming flows
near acoustically actuated microbubbles with small particles. It allows a reduction of
the exposure time to avoid streaks of particle images and higher recording frame rates.
As shown in Fig. 3.8, the illumination with a laser is not as homogeneous as with the
other light sources. However, as interferences (speckle) are removed with a rotating
diffusor plate (see Fig. 3.7) and the GDPT algorithm (see Section 3.1.3) normalizes
the brightness of particles, an operation of µPTV experiments still allows to detect the
three-dimensional particle location with high accuracy.

Figure 3.8: Comparison of epifluorescent illumination intensity and homogeneity for different
light sources.
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3.2.4 Post-processing of data

The GDPT algorithm described in Section 3.1.3 that has been used in the experiments
of this work, returns the x, y, and z-coordinate of every detected particle image on each
frame of a recording. By connecting particle image positions of subsequent frames by
using a nearest neighbor approach, particle images are tracked throughout the recording
as long as they lie within the region of observation. However, there are some effects
that reduce the quality of the obtained data. This section describes the most important
effects that are detrimental to the quality of the experiments and shows which methods
can be used to overcome them.

Optical aberrations

Several optical aberrations occur when recording images through high magnification
lenses as in a microscope. Whereas astigmatic defocusing is needed and used in the ex-
periments of this work, other monochromatic aberrations such as spherical aberration,
coma, field curvature, and image distortion unintentionally affect the particle image
detection [69]. Although modern microscopes are designed to overcome such effects by
using complex lens systems in the objectives, they still affect the experiments of this
work. This is particularly obvious when analyzing the images of monodisperse sedi-
mented particles that should be practically identical as they all have the same depth
position. Instead, a distortion of the particle images towards the outer area of the
camera sensor, resulting from a superposition of the aberrations mentioned above, is
observed. This leads to an error in the detection of the depth position. However, as the
error is systematically correlated to the distance from the center, it can be corrected.
Therefore, a Poiseuille flow is recorded in the used straight rectangular microchannel.
By performing a polynomial fit of the obtained data, it is possible to determine how the
optical aberrations change the detected z-position and the experimental data can be
corrected. This is done by subtracting the polynomial surface from the experimental
data. In this way, the position z = 0 is automatically the midplane of the microchannel.

Overlap of particle images

Another effect that limits the efficiency of GDPT is an overlap of particle images in a
recording. As the measurements with the microscope are limited to an optical access,
an overlap of particles automatically causes a detection error on the specific frame which
can not be corrected. In cases where the velocity field of the the flow is to be determined,
this is only a minor problem (see Fig. 6.4). Although particle image overlap causes
some loss of information, the laminar and steady flows in this work allow long time
recordings without a significant change of the flow field. The high information density
is thus achieved by measuring on large time scales. Moreover, a complete tracking of
each individual particle is not necessary in these measurements, which allows to choose
a relatively high particle seeding concentration (see Fig. 3.9 (a)). Instead of fully
tracking individual particles, the velocity field of the flow is determined by averaging
the velocities of several particles at each location. In contrast, the experiments in
Chapter 6 required the complete trajectories tracking of the individual particles. This
is particularly problematic as the bubble streaming flow tends to attract and trap
particles in a vortex. Therefore, a very low particle seeding concentration was used
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Figure 3.9: Comparison of seeding concentrations for different µPTV measurements. (a)
Seeding concentration of measurements for determining the velocity field of the flow. Particle
images do not need to be tracked completely. Overlap of particle images reduces information
density as such particle images are rejected. The precision of the measurements is not negatively
affected, as only isolated particles are taken into account. As particles are not to be tracked
for longer times, this allows a high particle seeding concentration. (b) Seeding concentration
for investigating individual particle image trajectories. As the full behavior of single particles
trapped in the bubble streaming flow is to be investigated, the seeding concentration has to be
very low.

(see Fig. 3.9 (a)). In the majority of measurements, this allowed a full tracking of the
particles without any overlap of the particle images. In some cases, where the overlap
was limited to a few frames, trajectories were manually analyzed and connected with a
selfmade Matlab GUI that allowed to simultaneously view the trajectories and recorded
frames.

Light fluctuations and camera noise

Variations of illumination power also potentially influence the accuracy of determining
the shape of the particle from which the depth position is calculated. This effect
can be reduced by choosing the maximum possible magnification. Here, a balance
must be struck between measurement precision and the size of the area of observation.
The larger the particle images, the more pixels they cover, which allows a more precise
determination of its shape, causing a more accurate determination of the depth position.
Due to the larger particle images, sharper gradients of the light intensity on the sensor
are attained. This allows the algorithm to precisely determine the shape and makes it
less susceptible to variations in light intensity. As it is shown in Fig. 3.12, the resulting
raw data points are still noisy in the z-direction with fluctuations of ∼ 1 µm. Since this
does not make physical sense, it can be assumed that the actual position of the particle
can be reconstructed more accurately by smoothing the trajectories. In this thesis,
this technique was mainly used in Chapter 6 to obtain an accurate picture of the flow
structure that can be compared with computer simulations of the particle trajectories.
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Figure 3.10: Principle of stroboscopic imaging. Periodically oscillating objects (blue line) can
be recorded at much higher apparent framerates using the principle of stroboscopic imaging.
Red circular markers indicate camera exposure. (a) Camera framerate set to a multiple of the
oscillation frequency of an object. Object is imaged at a constant phase and appears motionless.
(b) By slightly reducing the framerate of the camera, a phase shift between the individual frames
is achieved. This allows to image the periodically oscillating object at a much smaller apparent
frequency.

3.2.5 High-speed imaging techniques for investigations on ultrasoni-
cally actuated microbubbles

Stroboscopic Imaging

Stroboscopic imaging is a technique that allows to mimic high-speed recording for
periodic processes without the need of expensive equipment such as high-speed cameras
or high-power light sources. In this thesis, this method is used to record the high
frequency oscillations of an acoustically actuated bubble in a microchannel. As these
oscillations are periodic, the bubble can be imaged at a constant phase by setting the
actuation frequency to a multiple of the recording frame rate. By slightly changing the
oscillation frequency or recording frame rate, the subsequent frames of the recording
have a phase shift, which is easily adjustable (see Fig. 3.10). The resulting video is
equivalent to a high-speed recording without the need of expensive high-speed imaging
equipment. Using this technique, an equivalent of frame rates of 1 Mfps can easily be
achieved. For the shape oscillations of bubbles in this work, which have a frequency of
20 kHz, this method allows to image many phases of the oscillation cycle in order to to
conduct a detailed investigation (see Section 6.3.1).

High-speed GDPT

The GDPT algorithm described in section Section 3.1.3 is typically applied to measure-
ments based on fluorescent particles in which the depth position can be determined with
high precision due to a distinct shape of the particle image at every z-location. As the
brightness of the particle in fluorescent microscopy is limited by the light sources shown
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Figure 3.11: Optical setup for high-speed 3D-PTV. A Zeiss Axio Imager.Z2 microscope is
used for the investigations. For stroboscopic imaging, a 10× objective is used together with a
PCO Dimax camera. In this case, the cylindrical lens is not included in the stroboscopic imaging
setup. In contrast, for time resolved 3D-PTV measurements of the flow at the proximity of
the oscillating bubble interface a cylindrical lens is placed in the light path. As higher frame
rates are needed for these investigations, the camera is replaced by a Photron FASTCAM SA-Z
camera operating at 180 kHz and a 20× objective is used.

in Section 3.2.3, the exposure time has to be sufficiently long in order to get an appro-
priate SNR of at least ∼ 1.5. Stronger light sources, such as pulsed high-speed lasers
or high-power continuous lasers are either very expensive or too strong for the optics
of the microscope. This automatically limits the frame rate of the recordings. Using
fluorescent tracer particles (PS-FluoRed-2.0, Microparticles GmbH, Germany) with di-
ameter ∼ 2.24 µm and the continuous laser as described in Section 3.2.3, a maximum
frame rate of ∼ 1000 fps was achieved in this work. This is more than an order of
magnitude lower than the oscillation frequency of the bubble that is to be investigated.

To overcome this limitation, GDPT can be applied to particle-based flow measure-
ments using background illumination. In this work, this was tested using a 100 W
halogen lamp that was shipped with the microscope. The higher brightness of the
recordings with shadowgraphs of the particles allowed to significantly reduce the ex-
posure time from 1 ms to 3.8 µs, such that the frame rate was only limited by the
maximum frame rate of the camera. A comparison between fluorescent particle track-
ing and particle tracking with background illumination is shown in Fig. 3.12. The left
column shows previous experiments using GDPT with fluorescent particles of diameter
∼ 2 µm. As can be seen in the inset of the raw video frame in the first row, the particle
image which is distorted by a cylindrical lens (Fig. 3.11) leads to a distinct particle
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Figure 3.12: Results of different flow field measurements. Columns represent different record-
ing methods. First row shows recorded videos with typical particle images in upper left corner.
In order to use the same method in further post processing, recordings with background illu-
mination are inverted. Second row shows detected z-position of particles as a function of time.
Detection accuracy in z is higher for fluorescent particles. Third row shows smoothed particle
trajectories. Statistic detection errors as shown in the second row are corrected by smooth-
ing. The detection precision in the xy-plane is comparable in experiments. The trajectory in
the third column shows that details of the flow can be better resolved by using background
illumination, which allows a higher frame rate.

shape which is characteristic for a specific depth position. The resulting trajectory can
therefore be detected with the algorithm with a small standard deviation of ∼ 1 µm in
the z-direction, as shown in the t-z plot in the second row. The resulting particle track
after smoothing is shown in the third row. It reveals the general three-dimensional
structure of the streaming flow. However, as this method could not be done with high-
speed imaging and reflections of the large particle images at the bubble interface did
not allow a detection in that area, the high flow rates close to the bubble could not
be resolved. Individually measured data points are connected by a straight line in the
figure. Hence, the missing data is manifested by kinks in the trajectory. The second
column shows the results using particles of diameter ∼ 5 µm with background illumi-
nation at a frame rate of ∼ 180 kHz. The particle image, shown in the inset of a raw
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frame in the first row, shows a less pronounce astigmatic distortion. As it covers less
pixels on the camera sensor, its shape cannot be detected with the same precision. This
leads to a lower accuracy of the particle detection in the z-direction with a standard
deviation of ∼ 6 µm. However, this issue can be solved by smoothing, as shown in the
third row of the second column. It is shown that GDPT with background illumination
is capable of revealing features of the very fast flow close to the bubble interface. This
proves that GDPT can also be applied to recordings based on shadowgraphies of par-
ticles which allow to operate at higher frame rates. A disadvantage of poorer particle
image detection can be compensated by smoothing the trajectories.



Chapter 4

Buoyant particle solution for flow
measurements in water-based
fluids

As mentioned in Section 3.1, three-dimensional PTV based on defocusing will be used
in this work to determine the streaming flow velocity near an oscillating microbub-
ble. A major challenge of this technique is to achieve tracer particles that follow the
dynamics of the investigated flow. This is required to get minimal systematic measure-
ment errors. In macro-scale experiments at high Reynolds numbers, this is typically
attained by using particles that are 3 − 6 orders of magnitude smaller than the flow
structures [60,70]. In this case, the centrifugal force and sedimentation speed, which are
proportional to the particle volume, are negligible compared to the drag force, which is
proportional to the particle surface. As a consequence, the particles accurately follow
the flow dynamics. In contrast, microfluidic PTV measurements often have to deal
with particles that are only 1− 3 orders of magnitude smaller than the flow structures,
as they have to be resolved in microscopic recordings [60] and brownian motion has to
be kept small [71]. To achieve tracer particles that properly follow the flow dynamics in
such investigations, the density of the particles has to be adapted to the fluid in order to
attain neutrally buoyant particles. As both centrifugal force and sedimentation speed
are proportional to the density difference between particles and fluid, neutrally buoy-
ant particles are ideal for flow measurements. As the investigated flows in this work
are focusing on the development of microfluidic Lab-on-a-chip technologies for applica-
tions in medicine, biotechnology, and chemical industry, it is appropriate to operate the
devices with non-toxic, abundantly available fluids with properties comparable to bio-
logical material. Therefore, water is used as the base fluid in the investigations of this
work. All measurements have been performed using polystyrene particles whose den-
sity ρps ≈ 1050 kg/m3 is sufficiently similar to the density of water ρH2O ≈ 1000 kg/m3.
In this section, the advantages and disadvantages of three additives are discussed that
are suitable for matching the density of water to the density of polystyrene particles:
glycerol, sodium chloride, and heavy water. A special focus will be given on how tem-
perature influences the needed amount of the additives and how they change other
properties of the solution.
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4.1 Glycerol

This section focuses on the temperature dependent density of aqueous glycerol solutions.
This work has been carried out by the author of this dissertation and has been published
in the article “Density model for aqueous glycerol solutions” [72]. Abundant discussions
and help from Christian J. Kähler as well as support from Chris Westbrook (University
of Reading, UK), especially in the approximation of the volume contraction Eq. (4.8),
are greatly acknowledged.

Glycerol is a low-cost, non-toxic,chemically stable, odorless, sweet, and transparent
liquid [73]. At standard ambient temperature and pressure (SATP, 25 ◦C, 1.0325 bar),
it has a very high viscosity ηg = 0.934 Pa s [74] and a density of ρg = 1258 kg/m3

[1]. It is miscible in water and alcohols, and has very low volatility [73]. Thanks
to these properties, glycerol is used in many products of daily life, such as cosmetics
and pharmaceutical products, to prevent moisture loss or to enhance lubrication. In
food industry, it is used to give sugar free products a sweet taste and to preserve
food for a long time [75]. Besides these major markets, it is also used in chemical
industry, tobacco industry, for paper production, and new emerging markets [76]. In
science, glycerol is used in many fields of research, such as fluid mechanics, chemistry,
medicine, and biology, to modify the physical properties of a liquid as for example
viscosity or density. In biotechnology, glycerol density gradients allow to separate
biological material by centrifugation [77]. Throughout this work, glycerol is used as an
additive to water in order to match its density with the density of polystyrene particles.
This guarantees that the particles follow the streamlines of the fluid flow faithfully,
which is necessary to determine the structure of a flow field in with particle tracking
techniques. The density of such aqueous glycerol solutions can be adopted in the range
between 1000 kg/m3 (pure water) to 1260 kg/m3 (pure glycerol). In order to achieve a
proper matching of the fluid density and the density of the polystyrene particles, it is
crucial to know the right mixing ratio of glycerol and water. Fortunately, due to the
various applications mentioned above, densities of aqueous glycerol solutions have been
investigated for more than a century. Whereas first measurements by Gerlach [78] and
Strohmer [79] were accurate to four significant digits, several detailed investigations
on the properties of aqueous glycerol solutions have been published later in the early
20th century by Washburn et al. [80], Timmermans [81], as well as by Bosart and
Snoddy [1, 82], determining the density of glycerol and its aqueous solution with a
precision up to five significant digits. A summary of tables on glycerol measurements
can be found in a publication by the Glycerine Producers’ Association [83]. On the
other hand, a precise formula to calculate the density based on temperature and glycerol
content has not yet been presented. An attempt to summarize these measurements in
a formula has been presented by Cheng [84]. However, in that work the density of the
solution is wrongly calculated by using the mass fractions instead of volume fractions
of the solutes and the effect of volume contraction is not taken into account. In the
work presented here, these aspects are corrected to develop a model for the the density
of aqueous glycerol solutions that precisely fits with the measured data of Bosart and
Snoddy [1].
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4.1.1 Density relation for aqueous glycerol solutions

Assuming an ideal solution, its density ρs is given by

ρs(T, φi) =

N∑
i=1

ρi(T )φi, (4.1)

where N is the number of components, T the temperature value in ◦C, φi the volume
fraction of the i-th component, and ρi(T ) its temperature-dependent density. However,
Eq. (4.1) does not take into account the volume contraction, an effect that is typically
small but occurs for most liquid mixtures and leads to a solution volume Vs that is
smaller than the sum of the component volumes

∑
i Vi ( [85]). In order to set up a

model with high accuracy, this effect is also taken into account in this work. Thus, the
volume contraction coefficient κ is introduced as the ratio

κ =
1

Vs

∑
i

Vi. (4.2)

By analyzing measured data of aqueous glycerol solutions, it can be found that κ
depends not only on the volume fraction of glycerol, but also on the temperature of
the solution ( [1]). With the volume contraction, the density of an aqueous glycerol
solution is given by

ρs(T, φg) = κ(T, φg) [ρg(T )φg + ρH2O(T )(1− φg)] , (4.3)

where φH2O and φg are the volume fractions of water and glycerol, and ρH2O(T ) and
ρg(T ) the respective densities. As the mass fraction wi is more commonly used than
the volume fraction φi to describe the amount of the components in a solution, the
conversion

φg =

[
1 +

ρg(T )

ρH2O(T )

(
1

wg
− 1

)]−1

(4.4)

is used in the following. The resulting expression for the density of an aqueous glycerol
solution is then

ρs(T,wg) = κ(T,wg)

ρH2O(T ) +
ρg(T )− ρH2O(T )

1 +
ρg(T )
ρH2O(T )

(
1
wg
− 1
)
 . (4.5)

4.1.2 Model for the density of aqueous glycerol solutions

The model presented in this work is based on the experimental data shown in
Table A.1 in the appedix of this work, where the density of aqueous glycerol solutions
ρs was measured by Bosart and Snoddy in a temperature range between 15 ◦C and
30 ◦C for glycerol weight fractions between 0 % and 100 % with an uncertainty of
∆ρs ≈ 0.1 kg/m3 ( [1]). Based on this data, a model will be developed in this section
to describe the density of aqueous glycerol solutions. The model uses the density of
pure water ρH2O ( [86, 87]) and pure glycerol ρg ( [1]) to calculate ρs. The density
uncertainties of the pure components are ∆ρH2O ≈ 0.01 kg/m3 and ∆ρg ≈ 0.1 kg/m3 .
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Figure 4.1: Coefficient κ of aqueous glycerol solutions as a function of glycerol mass fraction
wg and Temperature T . Data points where calculated from the data of [1] (dotted lines). The
model for the contraction is given by Eq. (4.8) (solid lines). The maximum deviation of the
model from the measured data is approximately 0.0004. A maximum of the volume contraction
can be observed for glycerol mass fractions of about 60 %. With increasing temperature, κ is
decreasing according to Eq. (4.9).

With Eq. (4.2) and the given uncertainties, the uncertainty of the volume contraction
coefficient is ∆κ ≈ 0.0002 according to linear error calculation.

The densities of the pure liquids can be approximated with the empirical expressions

ρH2O(T ) = 1000

(
1−

∣∣∣∣T − 3.98

615

∣∣∣∣1.71
)

kg

m3
(4.6)

for water and

ρg(T ) = (1273− 0.612T )
kg

m3
(4.7)

for glycerol (adapted from [84] to fit the data of [86] and [1], respectively). Equation
(4.6) describes the temperature dependent density of water, where the maximum devi-
ation from the measured data is less than 0.3 kg/m3 (0.03 %) in the temperature range
between 0 ◦C and 100 ◦C. For glycerol, the temperature dependent density is given by
Eq. (4.7) and the maximum deviation from the measured data is less than 0.4 kg/m3

(0.03 %) in the temperature range between 15 ◦C and 30 ◦C. For pure liquids, κ has to
be exactly one. To guarantee this it can be approximated by the function

κ(T,wg) = 1 +A(T ) sin(w1.31
g π)0.81, (4.8)

where A is the temperature dependent coefficient



4.1 Glycerol 45

in
in

in

in in

Figure 4.2: Comparison between density measurements and density models of aqueous glyc-
erol solutions with various glycerol contents by weight (w/w). Solid lines represent the model
given in Eq. (4.5), dashed lines the model of [84], dotted lines the model of [88], and the
cross-markers the measured data by [1]. Comparing the models with experimental data in the
temperature range between 15 ◦C and 30 ◦C, the models of Cheng and Cristantcho et al. show
a clear deviation of up to 2%. In contrast the model presented in this work that takes into
account the volume contraction has a maximum deviation from the measured data of less than
0.07 % and is much closer to the measurement error of 0.07 %

A(T ) = 1.78× 10−6 T 2 − 1.82× 10−4 T + 1.41× 10−2. (4.9)

Eq. (4.8) and Eq. (4.9) where determined based on the measurements of [1]. Fig. 4.1
shows a comparison between κ calculated by the model given in Eq. (4.8) and the same
coefficient determined based on the measured data as a function of glycerol content and
temperature. The maximum deviation of κ from the measured data is 0.0004 which is
only by a factor of 2 higher than the calculated uncertainty based on the measurements.
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The density of aqueous glycerol solutions is calculated by substituting Eqs. (4.6) – (4.8)
into Eq. (4.5). When comparing the results with the measurements given in [1] in the
temperature range between 15 ◦C and 30 ◦C, the maximum deviation between model
and measured data is less than 0.7 kg/m3 (0.07 %). In comparison, the commonly used
model of [84], which does not take into account volume contraction, shows a maximum
deviation from measured data of about 2%. A more recent but less known work by [88]
used the Jouyban-Acree model [89] to estimate the density of aqueous glycerol solutions
and achieved results with a maximum deviation from measured data of about 0.4%. The
model presented in this work is therefore strongly improving other density models of
aqueous glycerol solutions and is much closer to the measurement uncertainty of 0.01 %.
Fig. 4.2 shows a comparison of the model presented in this work with the models of [84]
and [88]. The measured data of [1] is also shown in the figure. An online calculator for
the density and viscosity of aqueous glycerol solutions is provided by Chris Westbrook
(http://www.met.reading.ac.uk/~sws04cdw/viscosity_calc.html). The tables in
the appendix of this work show a comparison between the measured data (Table A.1)
and the model (Table A.2) as well as calculated densities of aqueous glycerol solutions
at typical lab temperatures between 15 ◦C and 29 ◦C (Tables A.3 – A.5).
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Figure 4.3: Thermophysical properties of glycerol solutions. (a) Density of glycerol solutions
as a function of temperature with different w/w proportions of glycerol. Crosses show experi-
mental values from [1]. Lines are calculated by Eq. (4.5). (b) Change of glycerol proportion as
a function of temperature to achieve solution with density ρps = 1050 kg/m3 (blue). Change
of viscosity as a function of temperature to achieve solution with density ρps (solid red line),
compared to change of water viscosity as a function of temperature (dotted red line).

4.2 Sodium Chloride

Another commonly used additive to modify the density of water is sodium chloride. Just
like glycerol, it is abundantly available, low-cost, non-toxic, chemically stable and easy
to handle. In contrast to glycerol, it is solid at SATP. With regard to the modification of
the density of aqueous solutions, the addition of salt allows the preparation of solutions
with densities between 1000 kg/m3 (pure water) and 1200 kg/m3 [90]. The density of
∼ 1200 kg/m3 corresponds to a saturated sodium chloride solution containing a weight

http://www.met.reading.ac.uk/~sws04cdw/viscosity_calc.html
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fraction of ∼ 26.5% sodium chloride [91]. An empirical equation for describing the
density of aqueous sodium chloride solutions is [92,93]

ρs(T,wNaCl) = ρH2O(T ) +A(T )wNaCl +B(T )w
3/2
NaCl + C(T )w2

NaCl (4.10)

where ρs is the density of the solution as a function of temperature T and mass frac-
tion wNaCl of sodium chloride in the solution. The density of pure water is given by
Eq. (4.6). In the publication of Millero and Poisson [93], the temperature dependent
coefficients A, B, and C were determined to describe the density of sea water based on
the general mass fraction of salts in the water. In order to determine the coefficients
for solutions of pure sodium chloride, the coefficients were recalculated in order to fit
with the experimental data in International Critical Tables of Numerical Data, Physics,
Chemistry and Technology [94]. The resulting coefficients are

A(T ) = 7.741× 102 − 2.148× 100 T + 1.205× 10−2 T 2,

B(T ) = −1.773× 102 + 6.878× 10−1 T, (4.11)

C(T ) = 4.378× 102.

Figure 4.4 (a) shows that Eq. (4.10) can be used to accurately determine tempera-
ture dependent densities of sodium chloride solutions. The maximum deviation of the
calculated densities from the measured data was approximately 0.8 kg/m3, correspond-
ing to a percentage deviation of less than 0.08%. The equation is therefore suitable to
calculate the densities of the solutions for temperatures and mass contents that are not
given in tables of experimental measurements. Fig. 4.4 (b) shows the mass fraction of
NaCl that has to be used in order to create a neutrally buoyant solution of polystyrene
particles assuming a polystyrene density ρps = 1050 kg/m3. The mass fraction is given
as a function of temperature (solid blue line). The plot also shows solution viscosity
as a function of temperature (solid red line) and how this compares to the viscosity
of pure water (dotted red line). Working with aqueous sodium chloride solutions for
measuring fluid flows by PTV techniques causes practical advantages and disadvan-
tages compared to aqueous glycerol solutions. It is especially useful in cases where
density is to be increased without a significant change in viscosity (see Fig. 4.4 (b)).
Since NaCl is a solid, the practical handling is also much easier compared to the highly
viscous glycerine, which is very difficult to dose. A drawback of sodium chloride is the
limited miscibility in solvents like isopropanol and acetone. Therefore, the usage of salt
solutions complicates the cleaning of channels in microfluidic experiments. The devices
have first to be flushed with pure water and subsequently with the solvents. Direct
solvent application can lead to the formation of salt crystals, which could mechanically
wear out the channel walls and clog the device. The precipitation of salt crystals can
also potentially harm other technical devices of the setup. To avoid that risk sodium
chloride was not used for creating buoyant particle solutions in the experiments of
this work. However, when handled carefully, it offers a cheap alternative to glycerol
solutions in cases where viscosity is not to be significantly altered.
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Figure 4.4: Thermophysical properties of NaCl-solutions. (a) Density of NaCl-solutions as
a function of temperature with different w/w proportions of NaCl. Crosses show experimental
values from [94]. Lines are calculated by Eq. (4.10). (b) Change of NaCl-proportion as a
function of temperature to achieve solution with density ρps = 1050 kg/m3 (blue). Change
of viscosity as a function of temperature to achieve solution with density ρps (solid red line),
compared to change of water viscosity as a function of temperature (dotted red line).

4.3 Heavy Water

Deuteriumoxide (D2O), commonly known as heavy water, is a water molecule where
the two hydrogen atoms are replaced by the hydrogen isotope deuterium which has
an additional neutron in its core. Besides the fact that it has a higher density, it is
chemically close to normal water (H2O), which is why it is completely miscible in normal
water and a lot of other properties are similar. In nature deuterium has an abundance of
∼ 1/6300 in standard mean ocean water [95] and is typically enriched with electrolysis,
distillation, or the dual-temperature hydrogen-sulfide-exchange process [96]. These
processes allow to up-concentrate heavy water with purities up to more than 99%.
Heavy water is known for its usage in nuclear industry as a moderator for fast neutrons,
but also found applications in chemistry, biology, and medical research [97,98]. In this
work, it is compared to other potential additives to normal water in order to create
solutions of buoyant polystyrene particles. Therefore it is convenient to also develop a
formula that allows to determine the density of mixtures of normal and heavy water
depending on temperature and mass fraction of heavy water, as has been done in the
previous sections with glycerol and sodium chloride. The mixing behavior is similar
to that of aqueous glycerol solutions apart from the fact that heavy water and normal
water almost exactly form a perfect solution with a contraction κ ≈ 1× 10−5 [99, 100]
(glycerol: κ ≈ 1× 10−2 [1,72]. The contraction is therefore neglected and analogous to
Eqs. (4.3) and (4.5),

ρs(T, φD2O) = ρD2O(T )φD2O + ρH2O(T )(1− φD2O) (4.12)

gives the solution density as a function of temperature T and volume fraction φD2O of
heavy water, and
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ρs(T,wg) = ρH2O(T ) +
ρD2O(T )− ρH2O(T )

1 + ρD2O(T )
ρH2O(T )

(
1

wD2O
− 1
) (4.13)

the solution density as a function of temperature T and mass fraction wD2O. The
densities of the pure liquid components are given by Eq. (4.6) for normal water and

ρD2O(T ) = 1106

(
1−

∣∣∣∣T − 11.6

596

∣∣∣∣1.70
)

kg

m3
(4.14)

for heavy water. The latter empirical equation was obtained by adapting Eq. (4.6) to
fit the measured data for heavy water [101]. In the following, the computed results
by Eq. (4.12) are compared with the measurements by [86], [99], and [101]. While the
density measurements for glycerol and sodium chloride solutions shown in the previous
sections were given as a function of both temperature and weight content of the solute,
measured densities for mixtures of normal and heavy water are only available for a fixed
temperature of 25 ◦C with only few given data points [99]. The polynomial equation

ρD2O(25 ◦C, wD2O) = 1000 (0.01105w2
D2O + 0.09651wD2O + 0.9971) (4.15)

was fitted to these data points in order to be able to determine the densities of the
mixtures for all mass fractions wD2O. Moreover, the densities of the pure components
D2O and H2O are given for a variety of temperatures by [86] and [101]. Fig. 4.5
(a) shows a good agreement of the available measured data (cross markers) with the
calculated results using Eq. (4.12). The maximum deviation of the calculated densities
from the measured data was approximately 0.4 kg/m3, corresponding to a percentage
deviation of less than 0.04%. Fig. 4.5 (b) shows the mass fraction of heavy water that
has to be used in order to create a neutrally buoyant solution of polystyrene particles
assuming a polystyrene density ρps = 1050 kg/m3. The mass fraction is given as a
function of temperature (solid blue line). The plot also shows the viscosity of such a
solution as a function of temperature (solid red line) and how this compares to the
viscosity of pure water (dotted red line).

When working with heavy water-normal water solutions for measuring fluid flows
by PTV techniques, a couple of practical advantages and disadvantages occur compared
to glycerol and sodium chloride solutions. A first advantage is the complete miscibility
of heavy water in normal water, isopropanol, and acetone. Compared to the additive
sodium chloride, this allows a direct cleaning of channels with solvents after the mea-
surements without risking to get residues in the channels that may potentially lead to
clogging. Moreover, adding heavy water only slightly changes the physical and chemical
properties of the normal water. The viscosity, for example, is only changed by 15 to 30
percent [102]. This is much different from the additive glycerol that especially changes
the viscosity by a factor of more than two when an aqueous solution with the same
density as polystyrene is to be produced. In many experiments, such a viscosity change
has a high impact on the physics of the fluid mechanics. However, as the investigations
in this work are typically focusing on streaming phenomena which do not depend on
the viscosity, this is not essential in the conducted experiments.
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Figure 4.5: Thermophysical properties of D2O-solutions. (a) Density of D2O-solutions as
a function of temperature with different w/w proportions of D2O. Cross markers show ex-
perimental values from [99], [101], and [86]. Lines are calculated by Eq. (4.14). (b) Change of
D2O-proportion as a function of temperature to achieve solution with density ρps = 1050 kg/m3

(blue). Change of viscosity as a function of temperature to achieve solution with density ρps
(solid red line), compared to change of water viscosity as a function of temperature (dotted red
line).

A disadvantage of deuterium is its rare occurrence in natural water and the asso-
ciated high energy consumption for the enrichment process. Therefore, heavy water is
much more expensive than glycerol or sodium chloride. As the experiments in this work
focus on phenomena of steady streaming flows in the vicinity of oscillating microbub-
bles that are independent of the viscosity of the fluid, there is no urgent need in using
heavy water for creating a buoyant polystyrene particle solution. Instead, glycerol is
used throughout the experiments of this work.

4.4 Conclusions

Table 4.1: Comparison of aqueous solutions

Glycerol NaCl D2O

aqueous solution density range (20 ◦C) 1000− 1260 kg/m3 1000− 1300 kg/m3 1000− 1100 kg/m3

viscosity change when added to water high low low

price (VWR) ∼ 50e/L ∼ 20e/kg ∼ 1.000e/L
solubility in water/ isopropanol/acetone +++/+++/+ ++/–/– – +++/+++/+++

Table 4.1 gives an overview of aqueous solutions of glycerol, sodium chloride, and
heavy water. Glycerol as an additive is cheap, miscible in water and isopropanol,
soluble in acetone, and can be used to form solutions in a wide density range up to
1260 kg/m3. On the other hand, when added to water it has a strong impact on the
viscosity. Sodium chloride has only little impact on the viscosity, is also cheap, soluble
in water, but only poorly soluble in isopropanol and acetone, which is why it can lead
to wearing and clogging in microfluidic channels during cleaning processes. It can be
used to prepare solutions in a wide density range up to 1300 kg/m3. Finally, D2O as an
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additive to normal water has also only a small impact on its viscosity and is miscible
with water, isopropanol, and acetone. It is, therefore, very suitable for the preparation
of solutions where viscosity is critical and where solvents are to be used in cleaning
processes. However, it only allows to prepare aqueous solutions up to a density of
1100 kg/m3 and is very expensive.

For cost reasons and due to the fact that viscosity is no crucial parameter in the
investigations of bubble streaming phenomena, aqueous glycerol solutions will be used
in the context of this work to prepare neutrally buoyant particle solutions for PTV
measurements.
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Chapter 5

Size control of sessile bubbles in
porous microchannels

This chapter focuses on controlling the size of sessile bubbles in PDMS microchannels.
The work shown in Section 5.1 has been published in the publication “Growth control
of sessile microbubbles in PDMS devices” [103]. Major contributions were provided
by the other authors of the article, especially by Alvaro Marin in Section 5.1.1 and
by Sascha Hilgenfeldt and Massimiliano Rossi in Sections 5.1.4 and 5.2.5. The work
shown in Section 5.2 has been published in the publication “Size Control of Sessile
Microbubbles for Reproducibly Driven Acoustic Streaming” [104]. Abundant discus-
sions and help from Christian Kähler, Rune Barnkob, Bhargav Rallabandi, and Rocio
Bolaños-Jiménez are greatly acknowledged.

In a microfluidic environment, the presence of bubbles is often detrimental to the
functionality of the device, leading to clogging or cavitation, but microbubbles can
also be an indispensable asset in other applications such as microstreaming. In either
case, it is crucial to understand and control the growth or shrinkage of these bodies
of air, in particular in common soft-lithography devices based on polydimethylsiloxane
(PDMS), which is highly permeable to gases. In this chapter, the gas transport into
and out of a bubble positioned in a microfluidic device is studied, taking into account
the direct gas exchange through PDMS as well as the transport of gas through the
liquid in the device. Hydrostatic pressure regulation allows for the quantitative control
of growth, shrinkage, or the attainment of a stable equilibrium bubble size. It was
found that the vapor pressure of the liquid plays an important role for the balance
of gas transport, accounting for variability in experimental conditions and suggesting
additional means of bubble size control in applications. Such strategies have not yet
been proposed explicitly in the literature for the control of bubbles in PDMS-based
microfluidic devices. For this purpose, the stability of sessile microbubbles trapped
in blind channels of PDMS devices under different conditions is investigated in this
chapter. The proposed bubble size control method is based on the regulation of the
hydrostatic pressure inside the device which is easy to implement in any system. The
conclusions of this section are particularly useful for microfluidic applications, which
require control of the gas transfer both through a gas-liquid interface as well as a
gas-solid interface.



54 Size control of sessile bubbles in porous microchannels

5.1 Gas transport through porous microchannel walls into
a sessile bubble

5.1.1 Introduction

Bubbles are ubiquitous in our everyday life [105], in arts [106], in engineering [107], and
also in microfluidics. Uncontrolled growing bubbles in small devices can fatally disrupt
many processes in microfluidics, for example, Shin et al. [108] performed Polymerase
Chain Reactions (PCR) in a microfluidic device and found that the main reason for
failure was the formation and growth of bubbles, which they managed to control by
coating the surface of their device with substances of low permeability to avoid bubble
formation [109]. However, in other systems, such as carbonated drinks or beer, growing
bubbles are desired, and understanding their formation and growth is crucial to optimize
foam formation, taste, and texture [105, 110, 111]. In other applications, the presence
of bubbles is necessary, but their growth (or dissolution) must be under control. That
is crucial in micro fuel cells, in which CO2 bubbles are usually generated and need to
be dissolved in the surrounding water solution. The presence of other gas species in the
liquid can be detrimental to this process, stabilizing the bubbles and preventing their
total dissolution [112,113].

Other applications require bubbles of specific size at known positions. This is the
case in acoustic streaming driven by oscillating microbubbles [12,14,20]: A sessile bub-
ble is stabilized in a blind channel or micro-pit and actuated through a piezo transducer
to induce bubble oscillations that generate a steady streaming flow in the liquid. Con-
trol of the bubble size and shape is important in order to retain constant flow conditions
and a constant bubble response to the chosen driving frequency. On silicon substrates,
the bubble is controlled by simply oversaturating the liquid solution [15, 114]. The
bubble then grows due to oversaturation until the pressure differences are equilibrated
by surface tension, as mandated by Young-Laplace equation. If the system is closed
and there are no changes in pressure, concentration, or temperature, the bubble should
remain stable at a constant radius. Unfortunately, that is not the case when working in
systems based on polydimethylsiloxane (PDMS). PDMS is by far the most commonly
used material for microfluidic applications due to its biocompatibility, ease of fabri-
cation and low price [25]. But it is also a porous medium permeable to gas (and to
some degree to liquid) [115]. The porosity of PDMS has been used as an advantage
for promoting fluid motion due to the evaporation through the pore network [116] or
to supply oxygen to cells in PDMS-based bioreactors [117]. However, controlling the
growth of bubbles becomes a more complex task.

5.1.2 Experimental Setup

Experiments are performed on a PDMS microchannel with a blind side channel and
a tubing system to control the filling and liquid pressure, as sketched in Fig. 5.1.
The PDMS device is fabricated using standard soft lithography, as described by Wang
et al. [22]. The main channel has a rectangular cross-section with a height H = 100 µm
and a width W = 250 µm. The blind side channel, perpendicular to the main channel
and sharing the height H, has a width w = 50 µm and a length l = 150 µm. Both
main and blind side channel are completely embedded in PDMS. A PDMS layer of
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Figure 5.1: Experiments are performed on a PDMS channel filled by a syringe pump (or
by a pressurized system). With a four-way valve the system can be opened to fill the PDMS-
microchannel with liquid (indicated in grey). As the liquid enters the channel, an air pocket
is trapped in the blind side channel forming a sessile bubble. By switching the valve, the inlet
and outlet of the microchannel are connected , forming a short circuit which is the opened to
the atmosphere through the tube at the left side of the sketch. The liquid’s pressure is adjusted
by changing the relative liquid level hl.

∼ 4 mm is separating the channel structure from the surrounding atmosphere. With
the only exception of a 2 mm thick PDMS layer which separates the channel from the
glass side to which the PDMS-device is attached to. The setup includes a four-way
valve and a manometer-style water column to adjust the relative water level hl and
thus the hydrostatic pressure in the system. With the valve in the open position, the
microchannel is filled with liquid from the pump. Once the channel is filled, an air
pocket remains trapped in the side channel forming a quasi-hemicylindrical bubble. In
order to study the bubble growth without a net flow across the channel, the valve is
then switched to the closed position, which connects the inlet and outlet to the water
column. The liquid pressure is then adjusted by the relative liquid level hl. In our
experiments, this was done by connecting a flexible tube to the filled system (tube
connected to left inlet in Fig. 5.1). The tube was filled with water up to the open end.
Using a vertical positioning system with millimetric resolution, the end of the tube was
moved up or down in order to set the relative liquid level to the desired value.

5.1.3 Results

Assuming stationary or quasi-stationary conditions, the gas pressure inside the mi-
crobubble pbub can be calculated using the Young-Laplace equation:

pbub = p0 + ρlghl +Kγl (5.1)
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Figure 5.2: Bubble volume is calculated by fitting a circle to the gas-liquid interface (green
line) and to the gas-solid interface (red line). Each experiment starts at t = 0 with the bubble
volume roughly matching the pit volume (a). By adjusting the hydrostatic pressure of the
liquid, growing (b), shrinking (c), or steady bubbles (d) can be obtained

where p0 is the atmospheric pressure, g is the gravitational acceleration, ρl is the liquid
density, γl is the surface tension of the liquid and K is the bubble curvature. Since
the equilibrium contact angle of water and glycerol in PDMS is close to 90◦ [118], it
can be safely assumed that the bubble is practically cylindrical and therefore K = 1/a,
where a is the bubble projected radius. In the further course of this work, the last
term of Eq. (5.1) is referred to as pYL = γl/a or as Young-Laplace pressure. Con-
sidering the hydrostatic pressure phyd = ρlghl the difference between bubble pressure
and atmospherical pressure is given by ∆p = phyd + plap. Each experiment was per-
formed at constant hydrostatic pressure (constant hl) and started from a microbubble
with an almost flat liquid-gas interface (see Fig. 5.2 (a). By manipulating the control
variables, the bubble can be made to grow (Fig. 5.2(b), shrink (Fig. 5.2(c), or reach a
steady state in which the bubble interface adopts an intermediate shape between flat
and hemicylindrical (Fig. 5.2d).

A microscope (Zeiss Axio Imager.Z2) and a camera (Zeiss AxioCam HRm) were
used to visualize the sessile bubble during the experiments. Each experiment ran for a
maximum of 400 seconds, acquiring images at 0.2 fps. For each image, the boundaries
of the bubble were extracted with an image processing software and used to determine
the bubble volume Vbub, the bubble radius a, the liquid-gas area Al, and the PDMS-
gas area As as a function of time. The depth dimension was always assumed to be the
nominal depth D of the channel. The bubble radius a was measured performing a circle
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Figure 5.3: Normalized bubble volume as a function of time for different liquid pressures
in the experiments with glycerol. The liquid in the microchannel is connected to a movable
liquid column at different heights to obtain different hydrostatic pressures. The black dashed
line corresponds to the volume of a semi-cylindrical bubble with a = W/2. The black circles
correspond to those points where the slope is taken to define the growth rate Qtot. In the insert,
a log-log graph shows the V ∼ t3/2 scaling that growing bubbles follow at large time scales.

fit [119] to the liquid-gas interface (green lines in Fig. 5.2). Three different liquids have
been used: glycerol, air-saturated water, and degassed water. The liquids are chosen to
analyze the effects of air solubility and vapor pressure. Triply deionized water (Milli-Q
millipore) was used for the experiments. Air-saturated water was typically stored in
a fridge overnight at circa 10 ◦C. Water was degassed at 0.07 bar for 30 min with a
magnetic stirrer; the sample was then immediately inserted in the PDMS device.

Experiments using Glycerol

The first set of experiments was performed using glycerol as working fluid. Figure 5.3
shows the bubble volume Vbub as a function of time, for different hydrostatic pressures
(or relative liquid levels hl). The values of Vbub are normalized to the volume of the
blind side channel (or pit) Vpit = H w l, so that Vbub/Vpit = 1 at the beginning of each
experiment. Bubbles grow for liquid pressures much lower than atmospheric (negative
values of hl). As the hydrostatic pressure is increased, the growth decreases until
stable bubbles are achieved. In the experiments a range of hydrostatic pressures was
found, at which the bubble remains stable within the observed time-scale, spanning
from −3710 Pa to −1240 Pa (corresponding to hl = −30 cm to hl = −10 cm using the
glycerol density of ρl = 1261 kg/m3).

From the curves shown in Fig. 5.4, representative bubble growth rates Qtot were
quantified for different hydrostatic pressures. For growing bubbles, the growth rate of
each data set is computed at Vbub/Vpit = 3, averaging over the growth in a time interval
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Figure 5.4: Bubble growth rate Qtot as a function of the hydrostatic pressure phyd in the
liquid. The bubble is growing in the upper part (Qtot > 0) and shrinking in the lower half
of the plot (Qtot < 0). Bubble stability is achieved for the data points within the green area,
where −∆pY L < phyd < 0; ∆pY L = pY L(a = W/2)− pY L(a =∞) and the growth or shrinkage
is negligible within the experimental time scale.

of 20 s; this is a convenient definition, and the results do not vary significantly when
the time interval of the average ensemble is changed. For stable bubbles, the growth
rate is zero by definition. For shrinking bubbles, it is quantified at the point where
their volume shrinks to 70% of Vpit. The respective locations for evaluating Qtot are
indicated as black circles in Fig. 5.3; the values are plotted against phyd in Fig. 5.4.

Bubble stability manifests in Fig. 5.4 as a plateau where Qtot ≈ 0. In this region,
the bubble curvature decreases as the hydrostatic pressure is increased, so that the
air pressure in the bubble remains constant and ∆pair ≈ 0. Stable bubbles have an
hemicylindrical cross section at the smallest phyd and an almost flat shape at phyd = 0.
Therefore, the plateau width is well approximated by the value of the Young-Laplace
pressure of a a = W/2 semi-cylindrical bubble, 2γl/W = 2520 Pa. Note that at
phyd = 0 (hl = 0) the bubble shrinks slowly since the bubble is not completely flat
and the air partial pressure difference ∆pair is positive and equal to the Young-Laplace
pressure. Beyond this point, both hydrostatic and Young-Laplace pressure have the
same sign and they contribute to increase the air pressure in the bubble. Air is then
forced through the system and the bubble shrinks into the pit (Qtot < 0), eventually
vanishing completely after sufficient time.

Experiments using Water

Since most applications use aqueous solutions, two more sets of experiments were per-
formed using air-saturated and degassed water as working liquids. In this case, nei-
ther gas diffusion nor evaporation can be neglected. Since the diffusivity of vapor
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in air is three decades larger than that of air in water (Dw
air = 2 · 10−9 m2/s and

Dair
vapor = 0.282 · 10−4 m2/s), it can be safely assumed that evaporation is much faster

than air diffusion and the bubble is always saturated with vapor. This is indeed the
most important difference from the case of glycerol, given that the vapor pressure of
glycerol under atmospheric conditions is negligible for our experiments. Therefore,
in experiments with volatile liquids, the bubble pressure depends also on the vapor
pressure of the liquid.

in mbar
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s

Figure 5.5: Bubble growth rate Qtot for glycerol, air-saturated water, and degassed water as
a function ∆p.

The results are plotted in Fig. 5.5 as a function of ∆p = phyd + plap for Qtot > 0
only. Note that ∆p is constant for stable bubbles (see Eq. (5.1)) so that the plateau
present in Fig. 5.4 is now absent in this representation. In Fig. 5.5 it can be seen
that all experiments have a similar linear dependence with the hydrostatic pressure,
differing only in their horizontal position in the plot – the experiments with water show
growth rates that are displaced to higher pressures, independent of the gas content of
the liquid. The following section reveals that such a displacement can be explained by
taking into account the liquid vapor pressure.

5.1.4 Discussion

The most relevant difference between experiments with water and glycerol is the signif-
icantly higher and temperature dependent vapor pressure of the former in comparison
to the latter. Consequently, the gas inside the bubble (as well as the air surrounding
the set-up) contains a certain amount of vapor, and the air partial pressure difference
can be rewritten as

∆pair = pair
bub − pair

0 = phyd + plap − (pv
bub − pv

0), (5.2)
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Figure 5.6: Resistance to gas flow Rtot = ∆pair/Qtot as a function of the bubble area in
the experiments with glycerol, air-saturated water, and degassed water (symbols). The solid
lines are theoretical results from the model developed in the main text. The dashed line is a
power-law fit to the data corresponding to the equation: Rtot = K/Aγtot, with γ = 0.66 and
K = 1.17 ·1013 Pa · s/m3−2γ . The data points correspond to all measured stages in the growing
process for all given hydrostatic pressures (see Fig. 5.3).

with pv
bub and pv

0 the vapor pressures in the bubble and surrounding atmosphere, re-
spectively. Thus, the growth curve for water in Fig. 5.5 should be shifted with respect
to that for glycerol by the difference in vapor pressures ∆pv. At small Qtot, the pressure
difference is approximately 4600 Pa, which is indeed in agreement with ∆pv. Exper-
iments were performed at 20 ◦C room temperature and 20 % humidity, while in the
bubble, a 100 % humidity is expected, as well as an elevated temperature due to the
focused halogen lighting. Assuming a temperature of 33 ◦C inside the bubble, the vapor
pressure difference ∆pv takes the value observed in Fig. 5.5.

These considerations allow for a prediction of the required hydrodynamic pressure
for stabilization of a bubble, given the environmental conditions. Note that degassing
of the water makes hardly any difference, because the relatively small volume of water
in the microchannel is surrounded by gas-permeable PDMS, so that it quickly re-
equilibrates (saturates with air). This can be estimated by the time it takes for gas to
diffuse through the liquid layer of depth dl (and thus establish quasi-static equilibrium)
as τdiff ∼ d2

l /D
w
air ≈ 5 s. Therefore, it is assumed that water within the PDMS device

gets quickly saturated with air, regardless of its initial state; the detailed time scale
depends on the size of the PDMS layer and on the room humidity. These arguments lead
us to the conclusion that the rate-limiting step in the growth process is the transport
of air from the bubble through the PDMS layer.

The air exchange at the rate Qtot is driven by ∆pair, the difference between the air
partial pressure inside the bubble pair

bub and the atmospheric air partial pressure pair
0 ;

this exchange is slow and should follow a Darcy-like law [120], such that:

Qtot = ∆pair/Rtot, (5.3)
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where Rtot represents the resistance encountered by the air as it is transported through
the PMDS and the liquid layer. The value of Rtot depends on the geometry of the
system and on a non-trivial combination of the permeabilities of PDMS and liquid to
air. In the particular case of glycerol, given its negligible vapor pressure [121], it can
be safely assumed that pbub = pair

bub (see Eq. (5.1)).
Beyond predicting stable bubbles, it is also valuable to describe the time scales of

gas exchange for growing and shrinking bubbles, i.e., to quantify the resistance Rtot in
Eq. (5.3) as a function of the bubble size and/or shape, which is itself time-dependent.
The total gas flow rate Qtot is the sum of the flow rate of gas leaving the bubble directly
through the PDMS Qs, and that of gas transported through the channel liquid (and
from there through further PDMS layers surrounding the channel) Ql. The two contri-
butions are governed by different geometries: the contact surfaces of gas with PDMS
consists of the side channel surface and, if the bubble has grown beyond the side chan-
nel, the four contact areas with the main channel walls. By contrast, the gas/liquid
interface is either flat or semicylindrical – i.e., most of the solid angle of gas exchange
is effected through the solid. This fact, as well as the dimensions of the bubble being
at least one order of magnitude smaller than the dimensions of the surrounding PDMS
walls, and the good agreement of bubble volume change with the radial-symmetry law
V ∝ t3/2 (see log-log plot in the insert of Fig. 5.3 and supplementary data), suggests
describing a bubble surrounded by the liquid layer towards the main channel and the
PDMS substrate on all other sides, as a compact gas pocket that possesses an effec-
tive radial extent rs (the position where the boundary conditions between bubble and
PDMS are applied when the gas exchange is modeled as radially symmetric). Focusing
on the case where the bubble is semi-cylindrical of radius a, and assuming that the con-
centration profile of gas in the liquid is quasi-stationary in the cylindrical symmetry of
this problem, closed solutions are available for the diffusion equation [122]. Combined
with a boundary condition given by Henry’s law at the gas-liquid interface, it is easy
to derive the following formula for this portion of the transport:

Rs = ∆pair/Qs = (ΩsKsrs)
−1 , (5.4)

where the constant Ks = κ/µ, with µ being the viscosity of air and κ the permeability of
PDMS. Values for Ks are directly available in the literature, but vary according to the
precise composition and cross-linking of the PDMS. The values of de Jong et al. [117]
were used for the permeabilities for N2 and O2, weighted by their relative fractions, to
obtain an effective value of Ks ≈ 350 barrer = 2.6 × 10−15 m2/(Pa s). The radial scale
rs is determined by the surface area As = Ωsr

2
s of the bubble-PDMS interface, if this

transport affects a solid angle Ωs.
The transport of gas through the liquid is governed by the flux through the bubble

surface. Focusing on the case where the bubble is semi-cylindrical of radius a, and
assuming that the concentration profile of gas in the liquid is quasi-stationary in the
cylindrical symmetry of this problem (cf. [123]), it is easy to derive the following formula
for this portion of the transport:

Rl = ∆pair/Ql = − ln(a/rint) (πKlD)−1 . (5.5)

Here, rint is the typical distance from the bubble center to the liquid-PDMS interface
(rint = H), while the diffusive gas transport is governed by the constant Kl = vmD

w
airkH,
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where vm is the ideal gas molar volume, Dw
air was given above, and kH ≈ 7.9×10−4 mol

m−3 Pa−1 is the Henry’s law constant. For the system air/water, D0 ≈ 2× 10−9 m2s−1

and kH ≈ 8.5 × 10−6 mol m−3 Pa−1. For the air/glycerol system a value of Kl is esti-
mated that is at least one order of magnitude smaller than that of air/water based on
the values found in the literature [124,125] (see also the calculations in the supplemen-
tary material).

Combining Eqs. (5.4) and (5.5) yields a prediction for the dependence of the total
transport resistance Rtot = ∆pair/Qtot on the bubble radius a. Assuming that Ωs = 2π
(partitioning the transport into half-spaces of solid and liquid transport), this relation
can be rewritten in terms of Atot = Al +As, where

Al = πaH (5.6)

and
As = 2πr2

s = πa2 + 2aH + 2(H + w)l . (5.7)

Figure 5.6 shows the experimental results for this relation Rtot(Abub), using the perme-
ability data given above for water, and merely correcting the data for glycerol by the
vapor pressure difference. Also shown are the theoretical predictions from Eqs. (5.3)
– (5.7), with R−1

tot = R−1
s + R−1

l , as well as the best-fit power law. As resistance is
by definition independent of the materials involved, the agreement of values for glyc-
erol and water are a successful test of consistency for both experiment and theory.
Theory and experiment agree that this transport relation is somewhat steeper than
what would be expected for a purely radial Darcy transport (which would result in

∆pair/Qtot ∝ 1/A
1/2
tot ), which is attributable to the transport through the liquid. With-

out adjustable parameters, the theory developed above captures the magnitude of gas
flow with good accuracy, including the strong drop in resistance around Abub/Apit ≈ 6,
where (in both experiment and theory) the growing bubble radius becomes comparable
to W , so that the vanishing liquid layer offers almost no resistance to gas transfer and
the bubble grows faster.

Figure 5.7: Illustration on the bubble stabilization mechanism based on the control of hy-
drostatic pressure of the liquid pl. The air flow through the solid/liquid media surrounding the
bubble is driven by the difference between the air partial pressure inside the bubble pairbub and
the atmospheric air partial pressure pairo .
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5.2 Size control of sessile microbubbles for reproducibly-
driven acoustic streaming

5.2.1 Introduction

The investigations in Section 5.1 showed, that bubbles in PDMS-microchannels are
subject to growth or shrinkage depending on pressure, humidity, and temperature,
inside and outside the microchannel [103]. The resulting change of the bubble size
affects the bubble oscillations as it changes both the resonance frequency of the bubble
as well as its oscillation amplitude. Consequently, the generated streaming field changes
continuously, making a reliable prediction of the resulting flow impossible. As variations
of the bubble size typically take place in the order of minutes, short term experiments
in the order of seconds can still be performed with high accuracy. On the other hand,
long term applications such as the continuous mixing of fluids or separation of cells
are not feasible without a proper bubble control. In order to overcome this challenge,
an automatized system is presented in this section for the size control of a cylindrical
bubble that is formed at a blind side pit of a PDMS-microchannel. It takes advantage
of the fact that the microchannels are made of PDMS which is porous to gaseous
flows. Using a pressure control system, the protrusion depth of the bubble into the
microchannel is controlled with a precision of ∼ 0.5 µm on a timescale of seconds. By
comparing the streaming field generated by bubbles of 80 µm width, with a protrusion
depth between −12 µm and 60 µm, it will be shown that the mean velocity of the
induced streaming fields varies by more than a factor of 4. Moreover, a qualitative
change of the topology of the streaming field is observed. Both observations confirm
the importance of the bubble size control system in order to achieve reproducible and
reliable bubble-driven streaming experiments.

5.2.2 Bubble Size Control System

The system setup used to achieve the automatized bubble size control in a PDMS-
microchannel is shown in Fig. 5.8. The main channel of height H = 100 µm, width
W = 320 µm, and length L ≈ 20 mm has a side pit of width w = 80 µm and length
l = 250 µm. Using a pressure driven flow system (Fluigent MFCS�-EZ 0-1000 mbar,
France ), the channel is filled with liquid and an air bubble of cylindrical shape is
formed at the side pit, protruding into the main channel. In order to be comparable
with previous investigations, the width of the side pit has been selected accordingly
(see e.g. [7, 18, 23, 24, 27]). A bubble in this size range is particularly suitable for
experiments in microfluidic devices. Although a working device is also feasible when
having a little wider or more narrow side pits, a much wider pit would lead to a bubble
that is distorted by a superimposed crossflow. On the other hand, a much more narrow
side pit would cause a very small bubble. Depending on the filling liquid and its contact
angle at the bubble interface, this can lead to a high Laplace pressure that might cause
a dissolution of the bubble or make a protrusion of the bubble into the main channel
difficult to achieve. Throughout this work, an aqueous glycerol solution with a glycerol
content of 23.8% w/w and a static contact angle of 94◦ was used. This solution was
chosen to ensure buoyant particles for the experimental investigation of the fluid flow,
as shown in Section 6.3.2.
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Figure 5.8: (a) System for automatized bubble control. A PDMS-microchannel of width W ,
height H, and length L is filled with liquid (PDMS in green, liquid in blue). A side pit, of width
w and length l, contains air forming a cylindrical bubble. A camera observes the bubble interface
through a microscope (yellow square). The bubble protrusion depth d (see (b)) is detected
from the recorded images. A PID-algorithm compares d with the target protrusion depth dt
and adapts the bubble by adjusting the pressure in the channel with a pressure controller. (b)
Sketch of the cylindrical bubble with protrusion depth d, radius R, and half width a = w/2
of the side pit. (c) Typical streaming pattern of an acoustically actuated cylindrical bubble
(2D-projection; streamlines deduced from experimental results). Depending on the actuation
frequency, different modes of bubble oscillations can be induced (here: dominant first mode in
red).
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Figure 5.9: Measured protrusion depth d of the bubble and target protrusion depth dt as a
function of time t. dt is changed discretely to observe the response of d when being controlled
by the PID algorithm. Within a typical time of ∼ 10 s, which is limited by the response time
of the system, the bubble adapts to the target value with a standard deviation of ∼ 0.01 a,
corresponding to sub-µm-precision. The images on top of the figures represent the shape of
the bubble in the 5 time domains after stabilizing. (a) Automatized size control of bubble
in the stable regime (see Section 5.2.3). Inset shows a zoomed view of the stabilized bubble
at d = 0.5 a. Using Gaussian fitting, the bubble is detected with a resolution of 0.002 a. (b)
Automatized size control of bubble in the unstable regime.

After filling, the inlet and outlet of the channel are short-circuited and both are
connected to the pressure controller (see Fig. 5.8 (a)). As PDMS is porous to gaseous
flows, air can flow into and out of the bubble. The gas flow depends on the partial
air pressure difference between bubble and the outer environment, which is influenced
by temperature, humidity and liquid pressure in the microchannel pl and the material
thickness of the PDMS device. In a setup where the bubble pressure is equal to the room
pressure, a growth of the bubble can be observed resulting from humidity differences
that cause a lower partial air pressure inside the bubble [103]. As a precise control of
humidity and temperature within the microchannel is difficult to achieve, a pressure
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controller is used to compensate for this effect and to control the size of the microbubble
by regulating pl with a resolution of 30 Pa. In order to automatize the system, the
shape of the bubble is continuously recorded by a camera (pco.Dimax HS4 ) through a
microscope objective. Using a MATLAB routine, the protrusion depth d of the bubble,
defined in Fig. 5.8 (b), is detected (see red dots in the bubble images in Fig. 5.9 (a)
and (b)) and compared to the target protrusion depth dt that is predefined by the
user. The difference is calculated as a multiple of the half pit width a and passed to a
proportional-integral-derivative controller (PID-controller) which is implemented in a
Labview program. It compares the current measured protrusion depth with the target
value. The pressure is then adapted based on the equation [126]

p(t) = Kp

(
e(t) +

1

Ti

∫ t

0
e(τ) dτ + Td

de(t)

dt

)
, (5.8)

where p(t) is the output pressure of the controller in mbar, e(t) = (d(t) − dt)/a the
difference between measured and target protrusion depth normalized by the half pit
width, Kp the proportional gain, Ti the integral time, and Td the derivative time. The
process of bubble detection and pressure adaption is continuously repeated in our ex-
periments at a rate of 5 Hz, which is sufficiently fast with respect to the typical response
time of the system of a few seconds. The three coefficients Kp, Ti, and Td have been
determined using the Ziegler-Nichols method [127]. Therefore, a critical proportional
gain Kp,crit, which is defined as the smallest value where the control system oscillates,
is determined in a simple P-control p(t) = Kpe(t). With Tp,crit being the oscillation
period at Kp,crit, the coefficients are determined by Kp = 0.33Kp,crit, Td = 0.5Tp,crit,
and Td = 0.33Tp,crit in order to get a fast adaption with only a small overshoot [128].
In the control loop of the bubble, the critical proportional gain was determined to
Kp,crit = 240 with an oscillation period Tp,crit = 1 s, which defines the set of PID-
coefficients to Kp = 80, Ti = 0.5 s, and Td = 0.33 s. The response of d is shown in
Fig. 5.9 (a), where dt is changed stepwise at an interval of 1 min (see Fig. 5.9). In
the beginning of the experiment, the control system is stabilizing the bubble at d = 0
with a standard deviation from dt of ∼ 0.01 a. The detection of the bubble interface
was achieved by means of a Gaussian fit. Using this approach, the protrusion can be
determined with an accuracy of ∼ 0.002 a corresponding to ∼ 0.1 µm, which is below
the pixel size of ∼ 0.5 µm. As the target protrusion depth is changed to d = 0.5 a at
t = 1 min, the bubble adapts to the new value within less than 10 s. The adaption
time is limited by the response time of the system. The overshoot of the measured
d is a result of the specific PID parameters, which are chosen to optimize adaption
time and bubble stability. An adaption without overshoot is also possible but leads
to a higher adaption time or lower size stability of the bubble. After stabilizing, the
standard deviation from the target value is again ∼ 0.1 a. A similar behavior is ob-
served in the following steps, showing that the presented system is capable of achieving
a stable bubble of a user-defined size within a few seconds and with remarkable uncer-
tainty. Fig. 5.9 (b) shows that this bubble control system is also capable to stabilize a
bubble with diameters larger than the width w of the blind side pith, a regime where
an uncontrolled bubble is unstable (see Section 5.2.3). As the bubble is growing with
finite speed at the minimum applicable pressure of the pressure controller pl = 0, the
minimum adaption time is slower for large bubbles (see Fig. 5.9 at t = 2 min). The
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method has also been tested applying a flow in the main microchannel. In this case,
the inlet and outlet of the microchannel were connected to two individual ports of the
pressure controller. With this modified setup, the liquid flow in the microchannel can
be adjusted by varying the pressure difference between the ports, while the bubble size
can be simultaneously adjusted by a PID-controlled adaption of the pressure at the two
ports. It was observed that the bubble size can still be precisely controlled with this
setup, although a distortion of the bubbles was observed for high flow rates and large
bubble protrusion depths.

5.2.3 Bubble Pressure

The air pressure pbub within the bubble is closely related to its growth rate. pbub is the
sum of the atmospheric pressure p0, the external pressure pext applied by the pressure
controller, and the Young–Laplace pressure for a cylindrical bubble psurf = γ/R, with
γ being the surface tension and R the radius of the bubble (see Fig. 5.8 (b)).

pbub =
γ

R
+ p0 + pext (5.9)

For the experimental investigation, an aqueous glycerol solution of 23.8% glycerol w/w
was used in order to get neutrally buoyant particles for particle tracking velocimetry. As
it is shown in the inset of Fig. 5.10, the contact angle of this solution in a PDMS channel
is θ ≈ 94◦ (PDMS-air-liquid, advancing contact angle θa ≈ 102◦, receding contact angle
θr ≈ 85◦). The deviation from a contact angle of 90◦ causes an additional pressure
contribution due to a curvature in the axial direction of the cylindrical bubble which is
constant and, in our experiments, small compared to the other pressure contributions.
It is therefore neglected in the following discussion. To see how psurf changes for a
growing bubble, a flat interface at d = 0 is considered (see Fig. 5.10). Assuming sharp
edges at the entrance of the blind side pit, the liquid-air interface is pinned to the edges
for d < d1, where d1 = a tan(π−θ). In experiments, blunt edges cause a slight variation
of a depending on the bubble radius R. This can be seen in the experimental images
shown in Fig. 5.9. This variation is, however, also small in the experiments and can be
neglected. Thus, the bubble radius R for d < d1 can be expressed by R = (d2 +a2)/2d.
As the bubble is growing further (d > d1), the liquid-gas interface is no longer pinned
to the leading edges of the side pit and the bubble is radially growing. The bubble
radius is then given by R = d/(1− cos(π − θ)). By inserting these expressions in psurf ,
the following expressions for the pressure inside the bubble are obtained:

pbub =
2dγ

d2 + a2
+ p0 + pext (5.10)

for 0 ≤ d ≤ d1, and

pbub =
γ(1− cos(π − θ))

d
+ p0 + pext (5.11)

for d ≥ d1. Note that the pressure inside the bubble is increasing with d for 0 ≤ d ≤ d1,
which makes this regime particularly interesting for bubble size stabilization in porous
microchannels. An increase in bubble size would cause an increase in bubble pressure
and lead to a higher gas-outflux through the PDMS, whereas a decrease of the bubble
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Figure 5.10: Young–Laplace pressure psurf as a function of the protrusion depth d of a
cylindrical bubble in a PDMS channel filled with water. For d ≤ d1, the liquid-gas interface
is pinned to the leading edges of the side pit and the bubble pressure follows Eq. (5.10). For
d ≥ d1, the bubble is growing while keeping its shape and the bubble pressure can be expressed
with Eq. (5.11). Inset shows the measured receding contact angle θr ≈ 85◦ and advancing
contact angle θa ≈ 102◦ at a straight wall of the used PDMS-channel using an aqueous glycerol
solution (23.8% w/w glycerol).

size would have the opposite effect. The bubble is therefore self-stabilizing for 0 ≤ d ≤
d1 and the applied hydrostatic pressure is directly correlated to a certain bubble size.
In contrast, for d ≥ d1, the bubble size becomes unstable and small disturbances of the
bubble size are amplified and bubble growth or shrinkage is accelerated. As the bubble
shows higher stability for 0 ≤ d ≤ d1, this regime is particularly suitable if only a fixed
pext can be applied. The system presented in the previous section continuously adapts
pext, such that bubbles in both regimes can be reliably and precisely controlled (see
Fig. 5.9).

5.2.4 Conclusions

5.2.5 Conclusions

This chapter demonstrated how crucial is the choice of materials and liquids when
working with microbubbles in microfluidic applications. It also showed that, if the
gas transfer problem is well understood, the permeability of commonly-used materials
such as PDMS can actually become an advantage when working with multiphase flows
in microsystems, membraneless exchangers, transport over bubble mattresses [129] or
bioreactors [130].

In cases where the substrate is totally impermeable to gas transfer (e.g. in silicon
devices), the control of the bubble shape can be performed by either controlling the
temperature or the amount of gas dissolved in the liquid, which is exchanged with the
bubble by diffusion. In the experiments, it is demonstrated that bubble growth and
shrinkage in permeable materials is dominated by the diffusive transport of gas through
its surrounding media, which actually allows for a higher degree of control and more
accurate predictions when all transport processes are properly taken into account. By
simply controlling the hydrostatic pressure in the liquid, one can control the partial air
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pressure in the bubble and its growth/shrinkage (see Fig. 5.7). The critical value of
the hydrostatic pressure for stability depends only on the Young-Laplace pressure of
the bubble and on the vapor pressure of the liquid employed. The latter is a crucial,
and unappreciated, element in this situation – changing vapor pressure by moderate
changes in temperature can have decisive effects on bubble stability (far surpassing
the effect of temperature on gas solubility or other transport parameters). Likewise,
relative humidity in the laboratory can be an important factor, so that reproducible
experiments using microbubbles in PDMS devices with aqueous solutions should be
performed at controlled humidity.

Note that in cases in which a net flow is driven inside the channel, a pressure gradient
will develop along the channel and the pressure in the liquid will not be constant.
Alternatively, the liquid pressure can then be controlled by connecting the outlet to a
pressurized reservoir and adjusting the pressure inside the reservoir. Another option
when using volatile liquids is to control the temperature of the system, and therefore
to adapt the gas pressure inside the bubble mainly by altering the equilibrium vapor
pressure. In the commonly used geometries in microfluidic channel devices, it was found
that the resistance to gas flow through the system can be accurately modeled if the
bubble geometry is properly taken into account. Additionally, the presence of a net
flow might increase the relative importance of convective transport of air in comparison
to the diffusive transport through the water liquid phase. However, since the key of
the bubble stability relies on the transport through the PDMS rather than through
the liquid phase, the influence of convective transport terms is minor (see calculations
included in the supplementary material).

Small changes of the bubble size have a strong influence on the topology and velocity
of the induced streaming flow. To solve this issue, it was shown that the protrusion
depth of a 80 µm-wide bubble into a microchannel can be effectively stabilized with a
precision of ∼ 0.5 µm by using an automatized bubble control system. This technique
can be used to investigate streaming flows of acoustically actuated microbubbles of
different sizes which is shown in the following chapter.
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Chapter 6

Size sensitive sorting of finite
sized particles in a bubble-driven
streaming flow

6.1 Introduction

This chapter focuses on the manipulation of particles in PDMS microchannels. The
content of this chapter was published during the assessment period of this thesis [131].
Abundant discussions and help from Alvaro Marin, Massimiliano Rossi, Christian J.
Kähler, Sascha Hilgenfeldt and Bhargav Rallabandi is greatly acknowledged.

When a microbubble interface is forced to oscillate at certain frequencies, the sur-
rounding liquid experiences displacements in comparable time scales as the interface.
By observing the liquid at longer time scales, a net flow can be distinguished which has
been known generically as steady streaming [11], or, in this particular case, microbubble
streaming. To investigate this flow, solid particles serving as flow tracers are typically
seeded in the liquid. However, particles in the system might not always orbit in the
vortices generated by the bubble oscillations, but they might get entrapped in certain
areas in the vicinity of the bubble.

Probably one of the first observations of such an entrapment was done by Miller,
Nyborg & Whitcomb [132]. They observed how human platelets formed aggregates
around gas-filled micropores when the liquid was exposed to ultrasound. In a following
work, Miller [133] concluded that attractive acoustic radiation forces generated from
the bubble oscillation could not explain the experimental observations. Nonetheless,
their discovery opened the door for new methods to trap, suspend, manipulate, and
even shear particles or cells of any kind, including motile cells. In recent years, with
the development of microfabrication and microfluidics, Lutz et al. [134] and Lieu et
al. [135] generated microvortices – or microeddies, in their own words – around solid
microcylinders by perturbing the liquid with low-frequency oscillations, and showed
that particles above a certain size could be more easily trapped. Marmottant and
Hilgenfeldt [12,136] showed that microvortices generated by the oscillation of sessile mi-
crobubbles – stabilized in micropores – can generate shear stresses capable of breaking
up vesicles and cell membranes. That feature gives hydrodynamic manipulation with
microbubble oscillations an advantage against competing micro-trapping techniques as
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optical trapping [137] or dielectrophoretic trapping [138].

Despite this technical progress, the physical mechanism behind the particle trap-
ping phenomenon observed by Miller et al. [132, 133] remains unclear. Although the
low-frequency trapping results of Lutz et al. [134] and Lieu et al. [135] showed trap-
ping was possible even when that acoustic radiation was negligible, recent results by
Rogers & Neild [21] proposed a radiation force to model the trapping around larger
oscillating bubbles. Other authors [139] also suggested that inertial effects should be
considered in certain situations due to the finite size and density of the particles in the
streaming flow. In a recent work employing an oscillatory flow absent of streaming and
microvortices (only radially-oriented bubble oscillations), Agarwal et al. [43] proved
that inertial effects can indeed generate particle attraction/repulsion depending on the
driving conditions, particle and fluid properties.

Marin et al. [26] recently showed that the acoustically driven streaming flow around
semi-cylindrical bubbles develop a very strong three-dimensional character due to the
confinement normal to the bubble axis. This was confirmed by Rallabandi et al. [28]
using an asymptotic model with which the same particle trajectories were reproduced.
Although the experiments of Marin et al. were performed using finite-sized particles
(2-µm-diameter particles), considering the good comparison with the computed stream-
lines, it can be concluded that such particles followed the vortices streamlines faithfully
and could be considered as flow tracers. Given the strong three-dimensional character
of the vortical streamlines generated in microbubble streaming, the aim of the current
chapter is to study the size-sensitive migration and trapping of particles under a new
light, paying special attention to the migration along the bubble axis, which cannot be
studied in classical optical arrangements. To overcome this technical limitation, the
GDPT technique described in Section 3.1.3 was used to obtain the three-dimensional
position of the particles and their trajectories.

Using experiments and numerical simulations, it is shown that a simple steric effect
can well explain the migration and trapping observed in buoyancy-neutral particles of
different sizes.

6.2 Experimental Setup

A sketch of the experimental setup is shown in Fig. 6.1. The experiments were carried
out in a Polydimethylsiloxane (PDMS) microchannel with a rectangular cross-section of
500 µm× 72 µm and a blind side channel with width w = 90 µm and depth l = 350 µm.
The microchannel was fabricated using soft lithography [25] and bonded to a glass
slide previously covered with a 1-mm-thick PDMS film in order to have all channel walls
made of PDMS. The bonding was realized by functionalizing the surfaces with a corona
plasma treater (Elveflow, France). Once the microchannel is filled with liquid, a bubble
remains at the blind side channel forming a gas-liquid interface that protrudes into the
main channel. The system can be short-circuited to stop the flow by connecting the inlet
to the outlet with a 4-way valve (see Fig. 6.1) and the bubble size can be adjusted by
controlling the static pressure of the liquid as described in Chapter 5. The experiments
in this work were performed with a bubble of width 110 µm protruding 50 µm into the
main channel. Note that, as a consequence of the manufacturing process, the edges of
the blind side pit are blunt, resulting in a slightly wider bubble than the width of the
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Figure 6.1: Experimental Setup. A PDMS-microchannel with height H = 72 µm, width
W = 500µm, and total length of about 30 mm is filled with liquid and a sessile cylindrical
bubble is formed in the blind side channel of width w = 90 µm and depth l = 350 µm. By
switching the valve (indicated in grey), inlet and outlet of the microchannel are connected,
leading to a uniform pressure in the system that stops the flow. As PDMS is porous to gaseous
flows, the size of the bubble can then be regulated by adjusting the static pressure of the liquid
with a pressure controller. By actuating the device with a piezo transducer that is attached
to the glass slide, surface oscillations are induced at the bubble interface generating a vortical
acoustic streaming flow in the microchannel.

blind side channel (see inset in Fig. 6.1).

The bubble oscillations were driven by a piezoelectric transducer of 1 mm thick-
ness and a diameter of 10 mm (Physik Instrumente, Germany), attached to the glass
slide with epoxy two-component glue. The structure and magnitude of the stream-
ing flow generated by the bubble surface oscillation depends on the driving frequency
and amplitude, and the bubble size [7, 104]. For the investigation, an actuation fre-
quency f = 21.8 kHz was used, corresponding to one of the bubble resonant modes,
with a peak-to-peak voltage Upp = 20 V. The streaming flow generated with these
settings was used to investigate the behavior of particles of different sizes dispersed in
the fluid. In particular, polystyrene spheres of diameter 2, 5, 10, and 15 µm (Micropar-
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ticles GmbH) were suspended in an aqueous glycerol solution with a glycerol content
of 22.6% w-w to match the particle density (see Chapter 4).

The three-dimensional particle trajectories were determined with GDPT (see Chap-
ter 3 and [57]), a single-camera particle tracking method that uses pattern recognition to
identify the depth position of spherical particles from the shape of their corresponding
out-of-focus images. Astigmatic optics, consisting of a cylindrical lens placed in front of
the camera sensor, was used to enhance the particle image deformation and extend the
measurement volume [54, 56]. For this setup, a microscope objective of magnification
10× was used in combination with a cylindrical lens of focal length 500 mm, yielding
a total measurement volume of approximately 2000 µm × 2000 µm × 100 µm, and an
estimated uncertainty of ∼ 0.5 µm in the xy-direction and ∼ 1 µm in the z-direction.

6.3 Results

6.3.1 High-speed investigations on the shape oscillations of the bubble
and the surrounding flow

Major parts of this section were published in the article “Experimental investigation of
oscillation modes and streaming of an acoustically actuated bubble in a microchannel”
[140].

Two different modes of operation were used to study the bubble and its surrounding
flow field with high-speed imaging methods. First, the surface oscillations of the bubble
were observed using with the stroboscopic imaging technique described in Section 3.2.5.
In this case, the bubble was observed with a Zeiss AxioImager.Z2 microscope and a
10× Objective (EC Plan Neofluar 10×/0.3 M27) using a PCO Dimax camera at 100 fps.
The exposure time was set to 3.8 µs, which is low enough to avoid blurring of the bubble
image.

Subsequently, the correlation between the oscillation modes of the bubble interface
and the streaming flow was investigated. To do that, the flow field was determined with
GDPT (see Section 3.1.3) with time-resolved measurements of 300 fps. In this case, the
stroboscopic method could not be used to investigate the flow field in the proximity of
the bubble at high framerates, since the flow field is not periodic. The periodicity of
the flow is broken by the induced acoustic streaming flow, which is a non-zero net flow
that arises in such oscillatory fields. To properly resolve the periodic fluid oscillations
at 20 kHz close to the bubble interface, which are superposed by the acoustic streaming,
an additional set of experiments was performed with the high-speed particle tracking
technique described in Section 3.2.5. A Zeiss AxioImager.Z2 microscope was used
in these investigations with a 20× Objective (LD Plan Neofluar 20×/0.4 M27) and
a Photron FASTCAM SA-Z camera at 180 kfps. This allows to achieve nine frames
per oscillation cycle. To make the fluid flow visible, a suspension of 5-µm-diameter
particles was used for the PTV measurements. A cylindrical lens was placed in front
of the camera to allow three-dimensional particle tracking (see Fig. 3.11).
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Figure 6.2: Oscillations of different sized bubbles recorded by stroboscopic imaging. Columns
represent bubble sizes and rows represent phases of one oscillation cycle. Recordings demon-
strate the complex shape of the oscillations and that the number of antinodes is linearly in-
creasing with the length of the bubble interface.

Oscillation modes of differently sized bubbles obtained by stroboscopic
imaging

Before investigating the flow field of the oscillating microbubble, surface oscillations of
the bubble were studied with a stroboscopic technique. The results are summarized
in Fig. 6.2. It was found that the actuated hemicylindrical bubble shows periodic but
complex oscillation patterns. The oscillation was found to be asymmetric in time for
all bubble sizes. Rather than a standing wave, the shape oscillation of the bubble is
reminiscent of a superposition of traveling waves that originate from the contact lines
with the PDMS walls. This feature of the bubble oscillation is hardly recognized in
the scientific community. A revision of previous models for bubble shape oscillations in
similar geometries could help to explain how acoustic waves couple into the bubble [7].
Despite the complex bubble oscillation, a clear correlation between the length of the
bubble interface and the number of anti-nodes was found. The fact that such bubble
oscillations generate a secondary streaming field in the surrounding fluid is commonly
known. However, to get a deep understanding of how the shape of the induced streaming
field depends on the shape of the bubble oscillations, it is essential to investigate the
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flow field in the proximity of the bubble interface. This will be presented in the following
section.

High-speed three-dimensional measurements of the flow in the proximity of
an ultrasonically actuated microbubble

The 3D flow in the proximity of the oscillating bubble interface is investigated by using
GDPT (see Section 3.1.3). As discussed in Section 3.2.5, the investigations try to
overcome some issues of fluorescent particle tracking that limit the time resolution and
quality of the measurements, especially very close to the bubble. By using background
illuminated tracer particles, reflections at the bubble interface were avoided and the
frame rate could be increased to a multiple of the bubble actuation frequency. With
those settings, a frame rate of 180 kfps was achieved that allows to record 9 frames per
oscillation cycle of the bubble. The trajectory in the third row shows that the larger
particles are forced on smaller loops in xy-direction particles after passing the bubble for
several times, which is in agreement with previous investigation [20]. The superposition
of the primary oscillation with the induced streaming can easily be identified, as it
causes tracer particles to move on cycloids around the streamlines of the mean streaming
flow. The shapes of these trajectories are in close correlation with the complex shape
oscillations of the bubble that were shown in Fig. 6.2, as they induce an azimuthal
component on the fast oscillations of the fluid. As these phenomena are correlated
to the streaming flow and behavior of particles in the proximity of the bubble, the
present work could help to get a better understanding of the underlying physics. This
may support further development of microfluidic devices that use bubbles as a tool for
active flow and particle manipulation.

6.3.2 Two-dimensional acoustic streaming patterns of different sized
bubbles

Major parts of this section were published in the article “Size Control of Sessile Mi-
crobubbles for Reproducibly Driven Acoustic Streaming” [104].

Figure 6.3: Oscillation modes of bubbles with protrusion depths 0.21 a, 0.67 a, and 1.36 a
(stroboscopic imaging - equivalent to 1.2 million frames per second).

In this section, the effect of a varying bubble protrusion depth d on the stream-
ing flow of an acoustically actuated bubble is shown. The bubble is actuated by a
piezo transducer (PI Ceramic, Germany; diameter: 15 mm; thickness: 1 mm) attached
to the glass slide with the PDMS microchannel as shown in Fig. 6.1. The actua-
tion frequency is set to f = 21.8 kHz, as a good actuation of the bubble was found
at this value for all investigated bubble sizes. The actuation peak-to-peak voltage is
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set to U = 40Vpp. To measure the streaming field, an astigmatic three-dimensional
PTV technique [54, 56] and the evaluation of the measurements were performed with
the software GDPTlab [57]. This allows to determine three-dimensional trajectories
of fluorescent 2 µm-diameter-polystyrene-particles that are suspended in the fluid. In
order to avoid particle sedimentation a glycerol-water solution (23.8 % w/w) is used,
whose density matches the density of the polystyrene particles ρps = 1050 kg/m3. To
enhance the signal-to-noise ratio, the background illumination is turned off during the
three-dimensional PTV measurement. Consequently, a continuous bubble control, as
described in Section 5.2.2, is not used during the measurements. Instead, the automa-
tized control system is used beforehand to determine the pressure for the desired bubble
size in this specific experiment.

Three sets of measurements were performed. Two in the self-stabilizing regime
(d = 0.21 a, d = 0.67 a) and one for a larger protrusion (d = 1.36 a). In the self-
stabilizing regime, three-dimensional PTV measurements could be performed for longer
times without a noticeable change in the streaming pattern, and more data points
were recorded in a single experiment. After a set of experiments, one for each bubble
size, the measurements were repeated two more times. As the observed flow fields
and streaming velocities were very reproducible for a specific bubble size, the data
points of the three-dimensional PTV measurements were combined to get a detailed
velocity field for each individual bubble-driven streaming flow. Figure 6.4 shows the
two-dimensional projection of this field, with the streaming velocities averaged over
the depth of observation. The resulting mean streaming velocities are shown by a
logarithmic scaled color code. The strong influence of the bubble protrusion depth d
on the shape and velocity of the streaming flow is evident.

First, the influence of the protrusion depth of the bubble d on the topology of the
streaming flow is discussed. This effect can be seen most explicitly by the appearance
of two additional vortices rotating oppositely to the main vortices in Fig. 6.4 (c). This
observation coincides with the appearance of an additional antinode of the bubble sur-
face oscillations (see Fig. 6.3). A single oscillation antinode dominates for d = 0.21 a,
whereas two antinodes are present for d = 1.36 a. For d = 0.67 a, an intermediate
oscillation pattern was observed where the number of antinodes cannot be clearly de-
fined. These observations indicate that each antinode of the bubble surface oscillations
creates a pair of flow vortices in the surrounding fluid. A further increase in bubble
size supports this assumption, as an additional pair of vortices could be observed for
each additional antinode.

Besides the topology of the streaming flow, the flow velocity is also affected by the
bubble size. This can be seen by the color code in Fig. 6.4 that shows the velocity field of
the streaming flow in the observed field of view. It can be clearly seen that the highest
velocities are achieved for bubbles with two counter-rotating vortices in the proximity
of the bubble interface. The plots in Fig. 6.4 also indicate that the streaming velocity is
non-monotonous with the bubble size. This can be seen by the fact that medium-sized
bubbles, shown in Fig. 6.4 (b), induce the highest flow velocities. This is particularly
evident in the outer regions of the flow field that have a larger distance to the bubble.
In order to point out the non-monotonous behavior of the streaming velocity more
clearly, another experiment was performed to measure the average velocity vavg of the
particles in the field of view (−200 µm < x < 200 µm, 0 µm < y < 200 µm) as a function
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Figure 6.4: Measured streaming flows of cylindrical microbubbles at an actuation frequency
f = 21.8 kHz. Pink lines indicate the bubble interfaces. Measurements were performed using
GDPT [57]. (a) Small protrusion depth d = 0.21 a of bubble into main channel. Streaming
pattern shows two counter-rotating vortices. Maximum streaming velocity is ≈ 3 mm/s. (b)
Intermediate protrusion depth d = 0.67 a of bubble into main channel. Streaming pattern shows
two counter-rotating vortices. Streaming velocity is slightly higher than for small protrusion
depth. (c) Large protrusion depth d = 1.36 a of bubble into main channel. Streaming velocity
lower than for other investigated flows. Besides the two main vortices, two additional vortices
appear at x = 0.

of the protrusion depth of the bubble d. In particular, the bubble protrusion depth
d was continuously reduced from 1.5 a to −0.3 a by applying an enhanced hydrostatic
pressure in the liquid. Simultaneously, the flow velocity was continuously measured
with the described three-dimensional PTV technique and the bubble protrusion was
determined as described in Section 5.2.2. The average velocity was then determined
by taking the mean of all particle velocities. The results of this investigation are given
in Fig. 6.5, where three different characteristic regimes can be distinguished. In the
first regime with d < 0, the bubble is within the side pit and the measured streaming
velocity is small. This might be due to several causes. First, the bubble interface in
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Figure 6.5: Average velocity vavg of particles in the field of view as a function of the protrusion
depth of the bubble d. The non-monotonous behavior of vavg can be divided into three different
regimes. In regime I (d < 0 a), the bubble is within the side pit. The average particle velocity is
low and several small vortical structures are observed. In regime II (0 a < d < 0.9 a), two strong
and large counter-rotating vortices are observed and the average particle velocity increases up
to its highest value at dp ≈ 0.4 a. Regime III (d > 0.9 a) can be characterized by two main
flow vortices at high absolute x-values. Additionally, two small vortices appear in the center at
small absolute values of x (see also Fig. 6.4).

the side pit is shorter than for a bubble protruding into the main channel and might
be actuated out of resonance. Moreover, sound waves that are emitted by a bubble in
the side pit and typically induce acoustic streaming in the liquid are not free to radiate
into the main channel as they are blocked and might be absorbed by the soft walls of
the side pit. This is presumably caused by the fact that the walls of the blind side pit
absorb acoustic energy and shield a major part of the sound waves from coupling into
the fluid. In the second regime, the flow topology shows two larger-scaled vortical flow
structures. This was found for protrusion depths in the range 0 a < d < 0.9 a. Here, the
streaming velocity increases with bubble size up to d ≈ 0.4, where the largest average
velocity was observed. In order to reveal the reason for this maximum, stroboscopic
imaging was used to investigate the nature of the bubble oscillations (see Fig. 6.3). The
recordings show that not only the streaming velocity but also the oscillation amplitudes
of the bubbles are largest for d ≈ 0.4 a. A plausible explanation for this finding is the
resonant excitation of the bubble at its first mode. The third regime for d > 0.9 a is
characterized by additional vortices appearing at the bubble center where x ≈ 0. In
this regime, the streaming velocity decreases further, coinciding with smaller oscillation
amplitudes of the bubble interface.

Besides the streaming velocity, the flow velocity profile was investigated. It was
determined along the yellow lines in Fig. 6.6 that have their zero point at the vortex
center of the streaming flow, and that point radially outwards orthogonally to the
streamlines (see Fig. 6.6 (a)) The results are shown in Fig. 6.6 (b). The flow velocity
was difficult to specify at the center of the vortices, where the flow has a strong three-
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Figure 6.6: Flow velocity measured with tracer particles of diameter 2.24 µm as a function
of distance from the vortex center rv. (a) Sketch of lines along which the velocity profile is
measured. Starting from the vortex center (rv = 0), the flow velocity is measured radially
outwards along lines orthogonal to streamlines. Profiles are determined by taking the mean of
the two symmetric measurements. (b) Flow velocity profiles for different protrusion depths d
of the bubble. A similar exponential decay was observed for all investigated bubble sizes with
a power law exponent of −0.016. In agreement with Fig. 6.5, the highest flow velocities were
found for protrusion depths in the range 0.2− 0.6 a.

dimensional component [26] and where high flow velocities (at bubble interface) are
spatially close to low flow velocities (in center of vortex). Nevertheless, the flow profile
shows a common trend outside the vortex center. Comparing the profiles for a variety of
bubble protrusion depths d, an exponential velocity decay with an exponent of −0.016
is a good approximation for the velocity profile of the investigated streaming flows.
The highest flow velocity in these outer areas of the flow were also found at the same
range of protrusion depths 0.2 < d < 0.6, as in Fig. 6.5.

The above investigations show that both flow velocity and flow topology are closely
related to the protrusion depth of the bubble d. In order to deduce reproducible results
from such experiments, it is therefore essential to precisely control the shape of the
bubble interface. This is also important if a controlled manipulation of fluids and
particles on microscales is to be implemented. The technique presented in Section 5.2.2
can be used for this purpose to ensure a reliable and reproducible streaming flow. More
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complex investigations that need a simultaneous operation of bubble control and PTV
can be implemented by using a beam splitter and two separate cameras. Having a
background illumination, the first camera can be used to detect the bubble interface.
For this purpose, only a small amount of light is needed such that the larger amount of
light can still be used for particle detection. An additional filter in front of the second
camera allows to decouple the background illumination from the fluorescent light signal
of the particles, which is needed for PTV.

in µm

in µm

in µm

Figure 6.7: Three-dimensional streaming flow close to the oscillating hemi-cylindrical mi-
crobubble. a) Trajectories of 2-µm-diameter particles. Plot shows one trajectory in each of
the equivalent quadrants. b) Sketch of the flow structures and symmetry planes as observed
in experimental investigations. The flow field is set up by four toroidal flow structures. These
structures are symmetric to the midplane which is spanned in xy-direction at z = 0, and the
sagittal plane which is spanned in yz-direction at x = 0. c) Trajectories of buoyant 2 µm-
diameter particles. While looping in the vortex, the particles move along streamlines revealing
the three-dimensional shape of the flow that forms a structure of nested torii. d) Reconstruction
of three toroidal flow surfaces from particle trajectories.

6.3.3 Determination of the three-dimensional flow structure with
tracer particles

The flow structure around the bubble was investigated using tracer particles with a
diameter of 2 µm, which are small enough to behave as passive tracers. Fig. 6.7 a) shows
the measured trajectories of four selected particles which approximate the streamlines
of the fluid flow. In general, the trajectories are confined in one of the four sectors
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separated by the two symmetry planes of the system: the mid-plane z = 0 and the
sagittal plane x = 0. The particles move in quasi-horizontal loops, approaching the
bubble from the side and moving away along the sagittal plane (also denoted as fountain
loops [22]). When getting in proximity of the bubble surface, the particles strongly
accelerate and jump on a different z position, with direction and magnitude of the
jumps depending on the loop size and position. Large loops pass closer to the bubble
surface and move toward the mid-plane. As the loops approach the mid-plane, they
become tighter and more distant from the bubble surface. At a certain distance from
the mid-plane, the loops invert the vertical motion moving toward the floor (or ceiling).
As the loops approach the floor (or ceiling), they start to increase their orbit and at
a certain distance invert the vertical motion again. This pattern repeats itself over
and over following a complex but periodical three-dimensional path, which lies on the
surface of a distorted torus as shown in Fig. 6.7 b). These structures are consistent
with previous experiments and simulations [26,28].

Each particle trajectory lies on the surface of a unique torus defined by the initial
position. Torii of different sizes have a nested structure like Russian dolls, with a small
torus contained inside a larger torus as shown in Fig. 6.7 c) and d). This assumption
however holds only for small particles that approximate an infinitesimal fluid element.
Larger particles can jump across different torii as shown in the next section.

6.3.4 Trajectories of different sized particles in experimental investi-
gations

After studying the structure of the streaming flow, the long-time trajectories of 2-
µm, 5-µm, 10-µm, and 15-µm-diameter particles were investigated. In all experiments,
particles were initially distributed over the whole channel. When the ultrasound is
turned on and the streaming flow is generated, particles are set into motion. Fig. 6.8
shows the z-position of differently sized particles as a function of time. As can be seen
Fig. 6.8 a), 2-µm-diameter particles show a large distribution within the z-range of
the channel throughout the whole experiment. As mentioned in Section 6.3.3, these
particles essentially behave as passive tracers following the streamlines along toroidal
flow surfaces. Depending on the initial position, the flow surface is given already in
the beginning of the experiment. The length and amplitude of the continuous up and
down movement in z therefore depends on the initial toroidal flow surface where the
particle is located. However, a weak effect of focusing in z was observed and particles
slowly migrate towards inner flow surfaces. Therefore, the particle distribution in z at
the end of the experiment is higher around the z-position of the corelines at z ≈ 18 µm
and z ≈ −18 µm (see Fig. 6.8 a)). Compared to 2-µm-diameter particles, the focusing
of 5-µm-diameter particles in z is faster and more pronounced (Fig. 6.8 b)). When
these particles pass the perigee, they typically get displaced to the eye of a toroidal
flow surface. Subsequently they are advected along the streamlines, which can be
seen in the z − t plot as a movement towards one of the PDMS channel walls. This
advection process takes approximately 0.3 s with the given settings. While looping
back towards the mid-plane, the loop size of the streamlines increases. The particles
get closer to the bubble, where they are displaced to a new streamline towards the
core of the toroidal flow structure. Within a time of ≈ 1 s beginning from the start
of the passive advection in the eye of the torus, this leads to a particle focusing at
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Figure 6.8: Experimentally determined z-position of 2, 5, 10, and 15-µm-diameter particles
in microbubble streaming flow as a function of time. After the particles pass the perigee for
the first time (closest position to the bubble interface, set to t =0), larger particles start to
migrate to a certain z-position. A red circle illustrates the size of the particle. a) z-position
for 2-µm-diameter particles: Particles slowly migrate towards inner torii of the flow structure.
Focusing at a defined z-position cannot be observed. b) z-position for 5-µm-diameter particles:
migration occurs within ∼1 seconds towards z = 18µm and z = −18 µm. c) z-position for
10-µm-diameter particles: migration occurs within ∼0.3 seconds. Particles focus at different
z-positions. d) z-position for 15-µm-diameter particles: migration occurs within ∼0.3 seconds.
Particles primarily focus at the walls of the microchannel.

a center coreline. The described passive advection towards the channel walls after
the initial displacement of the particles also applies to larger 10-µm-diameter particles
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(Fig. 6.8 c)). However, the subsequent behavior of the particles differs from the 5-µm-
diameter particles and is non uniform. Whereas some particles end up touching the
upper channel wall, others end up in between the channel wall and the flow coreline.
The plot also shows a different behavior between the upper half of the channel, where
most of the particles end up at the wall at z ≈ 36 µm − dp = 31 µm, and the lower
half, where the final location is reproducibly around z ≈ −25 µm. A more clear trend
is observed for 15-µm-diameter particles, which are typically in contact with the upper
and lower channel walls after being advected in the eye of the toroidal flow surface.
The observed trajectories of 10-µm-diameter particles therefore represent a transition
between a regime where particles are focused within the toroidal flow structure (5-µm-
diameter particles, Fig. 6.8 b)) and a regime where particles are trapped at the channel
wall (15-µm-diameter particles, Fig. 6.8 d)). In order to get a deeper understanding on
the processes that lead to the observed particle trajectories, a simulation of the problem
has been implemented that will be discussed in the following.

6.3.5 Trajectories of differently sized particles - numerical mode

Figure 6.9: Scheme of the steric interaction model for the simulation of trajectories of
differently sized particles. While being advected in the streaming flow of the oscillating bubble,
particles approach the bubble (black solid line) along streamlines (grey solid lines). A particle
that would penetrate the bubble in a certain timestep of the simulation is radially displaced
and forced to another streamline.

As shown by Rallabandi et al. [28], the complex flow structure described above
can be reproduced by a superposition of three streaming flow functions. Each function
or mode satisfies the appropriate conditions in each of the three main planes: the
bubble plane, the ceiling, and the side wall. Taking this solution of the flow field,
the trajectories of finite-sized particles are modelled as point particles until they come
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Figure 6.10: Simulated z-position of 2, 5, 10, and 15-µm-diameter particles in microbubble
streaming flow as a function of time. After the particles pass the perigee for the first time
(closest position to the bubble interface, set to t =0), larger particles start to migrate to a cer-
tain z-position. A red circle illustrates the size of the particle. a) z-position for 2-µm-diameter
particles: Some particles slowly migrate towards inner torii of the flow structure, other parti-
cles span the whole volume of the microchannel. Focusing at a defined z-position cannot be
observed. b) z-position for 5-µm-diameter particles: migration occurs within ∼ 400 (ε2ω)−1

towards z = 18µm and z = −18 µm. c) z-position for 10-µm-diameter particles: migration oc-
curs within ∼ 20 (ε2ω)−1. Particles focus at different z-positions in the proximity of the channel
walls. d) z-position for 15-µm-diameter particles: migration occurs within ∼ 20 (ε2ω)−1. Par-
ticles focus at the walls of the microchannel.

close to the bubble vicinity. When the particle trajectory comes as close as the particle
radius, its position is displaced in a direction normal to the bubble surface. The same
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Figure 6.11: Final particle positions zend as a function of particle diameter dp. Red dots
show zend for experimental particle trajectories and the red squares the respective mean value.
Blue dots show zend of simulated particle trajectories and the blue line the respective mean
values. PDMS channel is indicated in grey with a zone that particles can not enter due to their
finite size (dotted black line). Due to the channel symmetry, experimental results are mirrored
to positive values at the midplane (black dashed line). Simulations trajectories for this figure
were conducted only using initial particle positions with z > 0.

type of displacement is applied whenever the particle passes close to the side wall or
the ceiling/floor wall. In this way, the particle migration is modeled as a fairly simple
steric process (see Fig. 6.9).

The numerical model has been tested by introducing particles of different sizes at
different initial positions in a systematic way. The position of each finite-sized particle
is tracked numerically until a dimensionless time of t̃ = tnum/ε

2ω = 100, which typically
accounts for a significant amount of ‘loops’. The results are shown in Fig. 6.10, where
one can observe a clear migration of finite-sized particles when the particle diameter
is larger than 2 µm. For the numerical time range explored, small 2-µm-diameter
particles seem to keep traveling in the same toroidal flow surfaces where they started,
whereas larger 5-µm-diameter particles get displaced to stream-surfaces close to
the coreline of the toroidal flow structure. When the particle diameter is increased
to 10 and 15 µm, particles typically get trapped in the vicinity of the ceiling/floor walls.

The timescale is normalized making use of the circular frequency of the oscillation
ω and the bubble oscillation amplitude ε. Although the computed particle trajectories
tend to migrate in different time scales than in the experiments, Fig. 6.11 shows a
very good agreement of the computed final particle location with those found in the
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Figure 6.12: Typical particle trajectories in the three regimes introduced in Fig. 6.11. Tra-
jectories are calculated using the steric model described in Section 6.3.5. Spheres indicate final
particle position and the particle size used for the simulation. (a) Typical trajectory of 3-µm-
diameter particles (Regime I).(b) Typical trajectory of 8-µm-diameter particles (Regime II).(c)
Typical trajectory of 15-µm-diameter particles (Regime III).

experiments. Figure 6.11 shows three different regimes for different particle sizes. In
the first regime, particles do not migrate to a specific plane but remain on toroidal flow
surfaces. As the particle diameter is increased, they are forced into inner flow surfaces.
Therefore the most likely final particle position in z decreases for increasing particle size
until the particles tend to focus in the coreline of the toroidal flow structure. According
to the computations, such a sharp focusing plane is found for particle diameters of
∼ 7 µm, which agrees with the experimental data.

Such particles have migrated towards the inner part of the toroidal flow structure
by the steric interaction with the bubble. As the particle diameter is increased beyond,
particles tend to be dragged by the upwards stream at the eye of the toroidal structure
towards the top wall of the microchannel1. The precise particle size from which they

1Note that the system is symmetrical with respect to the bubble midplane, and therefore the same
discussion applies to the bottom wall.
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focus at the top wall seems to differ from the experiments, since experimentally not all
∼ 10 µm particles are fully focused at the top wall. This means that the slope of the
curve Zend vs dp seems to be somewhat less pronounced in the experiments. However,
the transition seems very clear in both cases.

Finally, above dp = 10 µm all particles in the simulations and most particles in the
experiments are trapped at the top wall. Their only way out is via the streamlines that
pass close to the bubble interface, but their large size inhibits them to pass closer to
the bubble and higher than the wall. Consequently, their position is so restricted that
barely any motion is observed in the experiments in any direction.

6.4 Conclusions and future work

The findings of chapter Chapter 5 were used to form stable bubbles in a microchannel
to investigate the behaviour of particles in three-dimensional bubble streaming flows.
It was shown that for protrusion depths between −13 µm and 60 µm, the mean velocity
of the induced streaming flow is non monotonous and varies by more than a factor of
4. These results show that it is necessary to guarantee a stable bubble size in order to
achieve reliable and reproducible experimental conditions. The presented bubble size
control system can be used for this stabilization. As the stabilization principle applies
to all systems where a bubble is in contact to a wall of a gas-porous microchannel,
it can be applied to a variety of other scientific investigations that require stabilized
sessile microbubbles.

From experimental measurements and numerical simulations it can be concluded
that the migration of particles in the bubble axial direction depends strongly on the
particle size. While 2-µm-diameter particles behave as passive tracers and follow the
streamlines, larger particles migrate consistently, not only in the xy-plane, but also in
the z-axis to a certain location in a very reproducible manner. The timescale of this
migration depends strongly on the particle size and on the flow velocity, and very low
influence has been observed for different density ratios. Although a more careful study
of the forces involved would be desirable, the results clearly show that a simple steric
mechanism is enough to explain the migration observed for finite size particles in such
semi-cylincrical bubble streaming.

As the results have shown very small sensitivity to the particle-liquid density ratio,
the application of this phenomenon to particle trapping and size-sensitive sorting is
even more attractive than it had been initially speculated. The shown simple model
could be a very useful tool to design different geometries in which particles could be
recovered and separated more efficiently. In addition, the results with denser particles
also showed that this phenomenon could also be exploited for resuspension of heavy
particles since the vortices force the particles to migrate to a plane far from the top
and bottom walls in a matter of seconds.



Chapter 7

Microfluidic mixing with arrays
of acoustically actuated bubbles

7.1 Introduction

Microfluidic devices typically deal with fluid volumes in the order of microliters. On
these small scales, viscous forces typically dominate over inertial forces and flows are
laminar and creeping. These properties are problematic when fluids are to be mixed,
as mixing processes are intended to be irreversible which cannot be ensured for lam-
inar creeping flows at low Reynolds numbers [37, 141–143]. Nevertheless, on longer
timescales, fluids in microfluidics still mix resulting from the natural diffusion process
at finite temperatures. For many applications in chemical industry and biomedical di-
agnostics where mixing of fluids is desirable, this process is, however, too slow [144–147].
As the implementation of efficient mixing is crucial for the success of microfluidic Lab-
on-a-chip applications, many reviews on this topic have been published [142,148–151].
A method to achieve mixing on small scales is to stretch and fold fluids multiple
times [141]. This enlarges the interface between the fluids, and if the folded fluid
layers are thin enough, the process of diffusion allows to achieve efficient mixing on a
molecular scale. Several methods have been proposed to induce intensive folding and
stretching in microfluidic devices, including geometrical channel modifications [36], as
well as electrokinetic [152] and magnetically induced stirring [153]. A particular effi-
cient method for the folding and stretching of fluids is chaotic advection, presented in
the work of Hassan Aref [35]. The principle of this technique is a piecewise-constant
stirrer motion that can be achieved, e.g. , by constant stirring induced by two actuators
that are alternately operated for a given time interval. In experimental investigations,
it was found that the streaming close to acoustically actuated bubbles is particular
effective for mixing in microchannels. It allows to implement the principle of chaotic
advection in microchannels by superimposing the Poiseuille flow in the channel with a
temporarily actuated microbubble streaming flow [40,44]. Other investigations showed
that arrays of bubbles also allow a good degree of mixing, even when being continuously
actuated. A problematic issue in many investigations is the measurement technique.
Mixing in microscopic flow is often investigated by recording the mixing process of
fluids with different dyes using a single camera. The mixing efficiency is then deter-
mined by the optical appearance of the fluid. This technique has the disadvantage that
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three-dimensional processes can not be investigated, and that a layering of fluids in
depth would be interpreted as mixing. An alternative approach based on a photomet-
ric technique that uses the chemical reaction of two compounds was shown in [154]. In
this chapter, a new technique is presented that allows insights in the three-dimensional
mixing processes. The subject of the investigations is a mixing device that combines the
most effective strategies of bubble-induced mixing by temporarily actuating a bubble
array with ultrasound in a microchannel with a superimposed Poiseuille flow. There-
fore, a new channel design was developed that allows to achieve arrays of bubbles with
identical shape and size that can be stabilized to get reproducible measurements.

7.2 Experimental Methods

7.2.1 Microfluidic Setup

A sketch of the experimental setup is shown in Fig. 7.1. The experiments were carried
out in a PDMS-microchannel with a rectangular cross-section of width W = 160 µm
and height H = 70 µm, and four side channels with width w = 90 µm and spacing
xspace = 320 µm. This channel design allows achieving a set of stable bubbles, as
explained in Section 7.2.2. The device was fabricated using soft lithography [25] and
bonded to a glass slide previously covered with a 1-mm-thick PDMS film in order to
have all channel walls made of PDMS. The bonding was realized by functionalizing the
surfaces with a corona plasma treater (Elveflow, France). The microchannel is filled
simultaneously from two inlets, one with a clear and one with an aqueous glycerol
solutionthe containing fluorescent polystyrene-particles of diameter 2.24µm (Fluored
Particles, Microparticles GmbH, Germany). The glycerol content of 24.6% (w-w) in
the aqueous glycerol solution was chosen to match the particle density, determined
in preliminary experiments by measuring the sedimentation velocity of the particles in
water at a lab temperature of 20 ◦C. The correlating density of the polystyrene particles
is thus 1058.5 kg/m3 [72]. After filling the channel, a set of equally shaped bubbles is
formed at the interconnected side channels (see Section 7.2.2). The experiments in
this work were performed with bubbles of width 90 µm protruding 25 µm into the main
channel. With this setting, high streaming flow rates, which are crucial for efficient
mixing, are expected, as evidenced by the investigations in Section 6.3.2. The bubble
oscillations were driven by a piezoelectric transducer of 1 mm thickness and a diameter
of 10 mm (Physik Instrumente, Germany), attached to the glass slide with Cyanoacrylat
instant glue. The structure and magnitude of the streaming flow generated by the
bubble surface oscillation depends on the driving frequency and amplitude, and the
bubble size [7,104]. For the investigation, we used an actuation frequency f = 21.8 kHz,
corresponding to one of the bubble resonant modes, with a peak-to-peak voltage Upp =
200 V. Each of the actuated bubbles creates a streaming flow that stirs the fluid in
the main channel. In order to quantify how these streaming flows can be used for
mixing fluids in a microchannel, the three-dimensional trajectories of the particles in
the solution were determined with GDPT [57] (see Section 3.1.3). By determining
their distribution at several x-positions along the main channel, the efficiency of mixing
for a specific setting was determined. For the measurements, a microscope objective
of magnification 10× was used in combination with a cylindrical lens of focal length
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Figure 7.1: Experimental setup. A PDMS-microchannel with height H = 70µm, width
W = 160µm, and total length of about 30 mm is filled with a clear aqueous glycerol solution
(blue) from the upper inlet and aqueous glycerol solution with suspended fluorescent particles
(red) from the lower inlet. Thereby, a co-laminar flow is created and sessile cylindrical bubbles
of width w = 80 µm are formed at the side channels. The flow rate is measured using a flow
meter downstream of the channel outlet. The blind side pits are interconnected leading to
balanced bubble pressures and equal shape of the bubble interfaces. By actuating the bubbles
with a piezo transducer, each bubble drives a streaming flow in the channel, which is used
for mixing of the two fluids. The mixing ratio is quantified by analyzing the distribution of
particles at several positions along the microchannel.

500 mm, yielding a total measurement volume of approximately 2000 µm × 2000 µm ×
100 µm, and an estimated uncertainty of ∼ 0.5 µm in the xy-direction and ∼ 1 µm in
the z-direction.

7.2.2 Channel design

The design of the device shown in Fig. 7.1 resulted from an iterative process of opti-
mizing PDMS-microchannel devices that use bubble induced streaming for the purpose
of mixing. After it was proven that acoustically actuated bubbles are a promising
tool for the mixing of fluids on microscales [16–19, 155], Cheng Wang et al. developed
improved devices with arrays of several bubbles [40] to further optimize this strategy
of microfluidic mixing (see Fig. 7.2 a)). Similar devices have been developed in the
group of Abraham P. Lee for the purpose of microfluidic pumping [24, 156, 157] and
DNA shearing [158]. A common problem in those devices is the typical growth of the
bubbles, as discussed in Chapter 5. In microchannels with multiple sessile bubbles,
the growth individually varies and depends on factors that are hard to predict as, for
example, fabrication imperfections in pit width or contaminations of the channel walls.
Within a timescale of less than a minute, this results in a set of bubbles with varying
shape and size that are not necessarily similar in subsequent experiments. Over larger
timescales, this effect leads to further growth until the device is clogged by bubbles
and can no longer be used for its original purpose. Even though a pressure control
system as shown in Chapter 5 can be used to avoid the clogging of the system, the
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Figure 7.2: Development steps of multiple bubble devices for microfluidic mixing. a) The
general mixing strategy is based on an acoustically actuated sessile hemi-cylindrical bubble
in a microchannel that stirs the the passing liquid. Increasing the number of bubbles allows
to optimize the mixing efficiency of the device [40]. b) By porous gas transport through the
PDMS channel walls, the bubbles grow and shrink non-uniformly. This can be compensated
by connecting the side pits to enforce the pressure to level out. c) When filling the device with
connected pits, an irreversible influx of liquid into the most upstream side pits is a problem.
Adding blind channels to the connection channel allows to overcome this issue, as the Laplace
pressure of the meniscus at the lower ends of the channel prevents the fluid from moving
further. d) After filling the main channel with liquid, the static pressure of the liquid is reduced
to generate an influx of air through the porous PDMS until all four bubble interfaces are of the
same size and shape.

problem of different shape of the individual bubbles remains. To overcome that issue, a
new channel design with arrays of interconnected bubble pits was developed within the
scope of this work (see Fig. 7.2 b)). This equalizes the pressure in the pits leading to a
set of bubbles with the same shape and size. A challenge that came up in the first set
of devices with interconnected pits was the fact that the liquid entered the pits down
to the connection channel when filling the microchannel (especially most upstream side
pit, see Fig. 7.2 c)). After the filling, it was not possible to get the liquid out of the
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pit as the small meniscus at the connection channel resulted in high Laplace pressures
that counteracted growth in the filled channel. This was solved by adding additional
dead ends to the connection channel. During the filling process, a meniscus is formed
at the lower end of the filled side pit that prevents the liquid from moving further as
long as the pressure in the liquid does not overcome the Laplace pressure arising from
the meniscus. Once all side pits are covered by the liquid, the enclosed air volume
can be increased by reducing the static pressure in the liquid such that air flows into
the bubbles from the outside environment through the porous PDMS. By doing this,
a set of bubbles with the same size and shape is formed. Note that this only applies
for bubbles with a protrusion depth d that is smaller than the half pit width a. In
this state, an increasing bubble size correlates with an increase in the Laplace pressure
(see Fig. 5.10). If one bubble would be larger than the others, it would cause a higher
pressure in its pit which is immediately equalized. If the protrusion depth of a bubble
exceeds the half pit width a, an increasing bubble size correlates with a decrease in the
Laplace pressure. In this state, the system is no longer stable and air is pressed from
the remaining smaller bubbles into the larger one. It is therefore essential to operate
the device at bubble protrusions smaller than the half pit width. In this chapter, this
is guaranteed, as a ratio d/a ≈ 0.28 was chosen for the experiments.

7.2.3 Analysis method for three-dimensional mixing effects

In the vast majority of scientific publications, microfluidic mixing is investigated using
dyes. When working with microchannels, typical setups have two inlets from which a
bright and dark dyed fluid flows into the channel and forms a separated co-laminar flow.
The mixing efficiency is then determined based on the grey-scale values of the recorded
images. A typical way to quantify mixing is to calculate the standard deviation σ of
the pixel signal intensity [40]

σ =

√√√√ 1

N − 1

N∑
i=1

Ii − 〈I〉, (7.1)

where Ii is the signal intensity of the individual pixels, 〈I〉 the mean signal intensity
and N the total number of evaluated pixels. For the bright fluid, the signal intensity
is ideally normalized to c = 1, and for the dark fluid to c = 0. For an unmixed flow of
the fluids separated in two halves, the standard deviation is thus σmax = 0.5, whereas
for the mixed case it is σmin = 0. In order to normalize the quantification of the mixing
efficiency, determining the mixing index 1−σ/σmax is an alternative approach. The dye
techniques allow to determine the mixing of fluids in two dimensions with high resolu-
tion in the x- and y-direction. A problematic is, however, that measurements only allow
to get two-dimensional mixing information representing the average over the depth of
the investigated volume. A layering in depth with separated fluids would therefore be
interpreted with a high mixing index, even though this would effectively not be true. In
general, three-dimensional phenomena can also not be investigated with this technique.
Based on the technique of Rossi et al. [159], a new method was developed for the inves-
tigations in this work, to allow insights into three-dimensional mixing phenomena. As
shown in Chapter 6, this is particularly important when working with the streaming
flow of an acoustically actuated bubble, because the flow structure is three-dimensional.
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Figure 7.3: Experimental analysis of three-dimensional mixing.

Additionally, even if the stirring would be purely two-dimensional, the pressure-driven
flow velocity in the main channel varies with z, which also affects the mixing. The new
technique developed in this work for the three-dimensional investigation of mixing is
sketched in Fig. 7.3. It is based on GDPT, described in Section 3.1.3. The particles that
are suspended in the solution entering the channel at the lower inlet (see Fig. 7.3 (a))
are tracked with GDPT. The result are three-dimensional particle trajectories. Subse-
quently, the intersection of these trajectories with sectional planes are determined at
specific x-positions, as indicated by the red lines in Fig. 7.3 (a). The result is shown in
Fig. 7.3 (b), where the y- and z-locations of the trajectory intersections are depicted.
The yz-space is then divided into overlapping interrogation windows in which the den-
sity of the intersection points is calculated. Figure 7.3 shows the center points of the
interrogation windows (yellow crosses) as well as an exemplary interrogation window
(green square). In the investigations of this chapter, the distance of the interrogation
windows in both directions was set to 5 µm with a width of 15 µm. The relatively large
size is needed to reduce stochastic fluctuations of the particle density. As the channels
in this chapter have a cross section of 70 µm × 160 µm, a set of 14 × 32 interrogation
windows was evaluated. The obtained densities are multiplied by an additional factor
ζcorr(y, z), which corrects for the flow velocity. This is due to the fact that higher flow
velocities cause more intersections with the sectional planes. Assuming a Poiseuille flow
profile, the factor is [160]
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, (7.2)

where the first fifteen elements of the sum were taken into account. The infinite dis-
continuity of this factor at the channel walls is no problem as long as the centers of the
interrogation windows where the factor is evaluated are not on the channel walls. In
this work, the outermost centers of the interrogation windows have a distance of 2.5 µm
to the channel walls. The result for a typical experiment is plotted in Fig. 7.3 (d). The
left column shows the evaluation of the particle distribution upstream of the bubbles
and the right column after the two fluids passed the induced streaming flows. Although
this technique is not able to achieve a high resolution of mixing such as when working
with a dye, it allows to get a more detailed insight in three-dimensional mixing. It also
overcomes the problem of averaging over the channel depth and is restricted to a well
defined sectional plane.

7.3 Results

This section summarizes the investigations on mixing with interconnected arrays of
hemicylindrical and acoustically actuated bubbles in a microchannel. First, tests were
performed to compare one- and two-sided bubble arrays. Since the use of a two-sided
bubble array showed no decisive improvement in mixing, further investigations were lim-
ited to the one-sided bubble array, which is easier to operate in experiments. Further
investigations used temporary actuation of the bubbles with different switching frequen-
cies as a strategy for improved mixing. This technique has been proposed and tested by
Cheng Wang with a single bubble [40] and investigated with the two-dimensional dye
technique for arrays of bubbles in the work of Rallabandi et al. [44]. In this work, the
influence of three-dimensional effects in such systems are investigated with the method
described in Section 7.2.3.

7.3.1 Comparison of one-sided and two-sided bubble arrays with con-
tinuous actuation

A first set of experiments was performed in order to compare the efficiency of mixing
with one-sided and opposing bubble arrays as shown in Fig. 7.4. Therefore, the maxi-
mum grey value of a recording was determined for each pixel in order to reveal particle
streaks. To keep these first investigations simple, the streaks where evaluated in two
dimensions and the bubbles continuously actuated. As can be seen from Fig. 7.4 (a),
the actuation of the bubble leads to a displacement of the seeded fluid and a certain
degree of mixing is achieved, as indicated by a reduced density of streaks downstream
of the bubbles. However, an undisturbed fluid layer passes the bubbles on the opposed
side of the channel. Although this is not the case when working with bubble arrays
that are alternately located on the opposite sides of the microchannel, there is still
intermediate fluid layer that passes the bubbles without any disturbance. The experi-
ments revealed no significant difference in the rate of mixing for the two arrangements
of bubbles. The streaks show that the seeded fluid experiences a net displacement away
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Figure 7.4: Comparison of mixing with one-sided and two-sided bubble array. Bubbles are
indicated in blue, channel walls in yellow. The colaminar flow of two fluids is superposed
by the streaming flow of the acoustically actuated bubbles in order to mix the fluids in the
microchannel.

from the bubble when passing the bubble-induced streaming flow, such that the seeded
solution covers a wider area downstream of the bubble. For the alternating bubbles,
this effect is partially reversed. Despite small amounts that are attracted to the other
side, the flow stays separated. In the overall distribution of particles, the two setups
seem to be comparable. Practically, the one sided bubble array is easier to operate.
This is because the alternating bubbles had to be connected with a long channel all
around the outlet of the device. It turned out that the resulting larger volume of the
connection tube makes it much harder to avoid filling of the side channel while filling
the main channel with liquid. As no significant advantage for the purpose of mixing
could be deduced from the perliminary experiments in this section, the more detailed
investigations in this chapter focus on the one-sided bubble array.

7.3.2 Mixing with temporarily actuated bubbles

In this section, the mixing of fluids with a one-sided array of acoustically actuated bub-
bles is investigated. In order to gain a deeper insight into occuring effects, the experi-
ments were carried out at three different cross-flow rates Qx = 1 µl/min, Qx = 3 µl/min,
and Qx = 6 µl/min (flow in main channel in x-direction). As proposed by Wang
et al. [40], mixing is investigated with pulsed bubble actuation of different pulse widths.
In order to allow a meaningful comparison of the results, the bubble actuation pulse
lengths were chosen inversely proportionally to the flow rate of the cross flow. For ex-
ample, if a pulse width of 100 ms was selected at a flow rate of 1 µl/min, the results of
this measurement at flow rates 3 µl/min and 6 µl/min were compared with the measure-
ments of pulse widths of 33 ms and 16 ms, respectively. With this method, measure-
ments of constant mean cross-flow advection per actuation cycle 〈xadv〉 = Qxtact/HW
were compared. Using the method shown in Section 7.2.3, the mixing performance of
the device at the three different flow rates was analyzed for a variety of different pulse
lengths tact, as well as for a continuous bubble actuation.

Overview

Figs. 7.5 – 7.7 show the recorded videos as streak images, where the maximum pixel val-
ues of all recorded frames are plotted. The Figures therefore represent a xy-projection
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of the particle trajectories, which gives a first impression on the mixing efficiency.

Figure 7.5: Overview on mixing with a microbubbles array at channel flow rate of 1µl/min.
Bubbles are acoustically actuated with pulses of duration tact and equal time between pulses.
Images indicate efficient mixing. Trapping of particles is observed for all actuation pulse lengths
tact and also for continuously actuated bubbles. Yellow dotted lines mark locations of sectional
planes where the intersections of particle trajectories will be evaluated in Fig. 7.8.

For a flow rate Qx = 1 µl/min in the microchannel, it can be deduced from Fig. 7.5
that a good distribution of particle in y-direction is achieved for all pulsed bubble
actuations (tact = 20− 200 ms). At continuous actuation, a small layer of the unseeded
fluid remains at the upper channel wall. It is assumed here that this is due to the general
trend that particles are pushed in the negative y-direction by the downstream vortices
of the bubble. By having a pulsed actuation, this process is interrupted and particles at
high y-positions can be further advected without significant velocity in the y-direction.
It can also be deduced that particles in all pulsed actuation experiments are trapped in
the bubble streaming flow during actuation at both the upstream vortices to the left of
each bubble and downstream vortices to the right of each bubble. This shows that the
streaming flow component in the negative x-direction is sufficiently strong to overcome
the passive advection by the cross-flow, which is directed in the positive x-direction.

This situation changes for Qx = 3 µl/min in Fig. 7.6. Here, the advection velocity
already dominates over the streaming velocity at high y-positions. There is only a single
streaming vortex left of the most upstream bubble that can force particles to higher
y-positions and it is not sufficiently strong to effectively distribute particles in the y-
direction. Therefore, a layer of unseeded fluid passes the bubble array for all actuation
modes. However, a maximum distribution can be observed for actuation pulses in the
range tact = 20−200 ms. It is concluded that the short pulses of tact = 7 ms are not long
enough to evoke a significant particle shift in the y-direction, whereas for large actuation
pulses, the seeded solution is re-attracted to small y-values by the vortices right of the
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Figure 7.6: Overview on mixing with a microbubbles array at channel flow rate of 3µl/min.
Bubbles are acoustically actuated with pulses of length tact and equal time between pulses.
Images indicate reduced mixing rates especially for tact = 7 ms and for continuously actuated
bubbles. Trapping of particles is observed for continuously actuated bubbles. Yellow dotted
lines mark locations of sectional planes where the intersections of particle trajectories will be
evaluated in Fig. 7.9.

bubbles. This is particularly obvious for continuous actuation of the bubbles, where
the particle distribution over y is the least effective.

For Qx = 6 µl/min shown in Fig. 7.7, the advection in the x-direction is even
stronger. Vortices of bubble streaming are only observed to the right of the bubbles
and in their proximity. Although particles can experience a push in the y-direction,
the vast majority is not even trapped for a short amount of time.

By comparing these observation with the structure of the bubble driven streaming
flow, it can be fairly assumed that an effective distribution of particles in z-direction
requires the particles to stay in the streaming vortices for several loops. This would
mean that an efficient mixing can only be achieved for Qx = 1 µl/min where particles
are partially trapped in the streaming vortex. This assumption is to be checked in the
following section where the distribution of particles is investigated using the method
presented in Section 7.2.3.

Three-dimensional investigation of mixing

Figs. 7.8 – 7.10 show the results of the three-dimensional investigation of mixing us-
ing the method described in Section 7.2.3. Therefore the density of particle intersec-
tion points were evaluated at two yz-planes. One upstream of the four bubbles at
x = −160 µm and one downstream after the fluids passed the bubbles at x = 960 µm.
The x-locations are also indicated by the dotted yellow lines in Figs. 7.5 – 7.7. A first
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Figure 7.7: Overview on mixing with a microbubbles array at channel flow rate of 6µl/min.
Bubbles are acoustically actuated with pulses of length tact and equal time between pulses.
Images indicate reduced mixing rates especially for tact = 3.5 ms and for continuously actuated
bubbles. Trapping of particles is observed for continuously actuated bubbles. Yellow dotted
lines mark locations of sectional planes where the intersections of particle trajectories will be
evaluated in Fig. 7.10.

important thing that can be observed in the figures is that random fluctuations of the
density of the intersection points is found even in the upstream cross-sections where
the particles should be homogeneously distributed in the seeded part of the channel.
Within the scope of this work it was not possible to achieve that goal, which is why
a quantitative analysis of these investigations was not performed. Nevertheless, the
measurements allow a qualitative discussion about the occurring phenomena. As men-
tioned in the previous section, a good efficiency of mixing should be achieved if particles
are trapped in the streaming flow for several loops in the toroidal flow structures. Such
trapping phenomena are observed for Qx = 1 µl/min in Fig. 7.5. This is in agreement
with the correlated Fig. 7.8, where a good mixing efficiency is qualitatively observed for
pulsed actuation, especially in the range tact = 20−100 ms that correlates with a mean
particle advection of 30 − 150 µm. It is fair to assume here that the reduced mixing
efficiency for tact = 200 ms results from the fact that particles get advected before being
multiply stirred by the streaming flows. For continuous actuation, the mixing is signif-
icantly less homogeneous. This might be caused by the fact that certain streamlines
only get shifted in z and y but not efficiently stretched and folded. A chaotic advection,
as it is induced by pulsed bubble actuation does apparently not apply to this case.

Results for Qx = 3 µl/min are shown in Fig. 7.9. It is obvious for all actuation modes
that the mixing efficiency is significantly lower than in the previous case. As has been
discussed in the previous section, this presumably has to do with the fact that particles
are not trapped within the bubble streaming flow and have no chance to change their
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Figure 7.8: Intersection distribution of particle trajectories with sectional planes specified in
Fig. 7.5.

z-position, which automatically reduces the efficiency of mixing. Instead, the plots give
an insight into another phenomenon which is the layering of the seeded and clear fluid.
For short actuation pulses in the range tact = 7−14 ms, which correlate to mean particle
advection of 30− 60 µm during one actuation period, this leads to an extension of the
fluid layer in y-direction around the center of the channel at z = 0 µm. In contrast, for
longer actuation pulses, the fluid layer is significantly extended in the y-direction at
the channel walls for z ≈ ±35 µm. This observation can be explained considering the
advection distances. For short actuation times, particles around z = 0 µm experience
a shift to larger y-positions, and these actuation times are too small to significantly
affect the particles at the walls. In contrast, for longer actuation pulses, particles around
z = 0 µm get reattracted by the vortices downstream of the bubbles due to the further
advection and a significant shift in y-direction is now observed for the wall particles. A
continuous actuation of the bubbles showed again the least effective mixing. According
to the arguments mentioned above, there is also no significant shift in the z-direction
due to the dominance of advection. This causes the fluids to be essentially separated
symmetric to the channel center at y = 80 µm.

The observations for Qx = 6 µl/min are very similar to those of Qx = 3 µl/min.
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Figure 7.9: Intersection distribution of particle trajectories with sectional planes specified in
Fig. 7.6.

At comparable advection distances, which in this case correlate to actuation pulses of
halved duration, similar phenomena were observed. For short actuation pulses in the
range tact = 3.5 − 7 ms, which correlate to mean particle advection of 30 − 60 µm, an
extension of the seeded fluid in the y-direction is observed around z = 0 µm, whereas
an extension close to the walls occurs for longer actuation pulses of tact = 16− 33 ms.
This supports the arguments carried out above that the observation can be explained
by a simple shift of the particle in the y-direction, without significantly altering their
z-position.

7.4 Conclusions

In this chapter, the mixing of fluids in a microchannel by arrays of acoustically driven
microbubbles was investigated. It was found that a main criterion for achieving efficient
mixing in such devices is the partial trapping of fluids in the induced streaming flows.
This can be achieved by using streaming flow that is strong enough to counteract the
advection velocity resulting from the flow rate in the main channel. By using pulsed
actuation, a chaotic advection of the fluids is achieved and mixing is significantly en-
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Figure 7.10: Intersection distribution of particle trajectories with sectional planes specified
in Fig. 7.7.

hanced. Optimal mixing efficiencies were observed for actuation pulses that correlate
with advection lengths in the same order of magnitude as the distance of the induced
vortices of bubble-driven streaming. Although this indicates the necessity of working
with multiple arrays of bubbles to achieve a high degree of microfluidic mixing, this
could not be proven by the measurements in this chapter. For settings that showed
a high degree of mixing, a strong distribution of particles was already observed after
the fluids passed a single bubble. That observation should be proven in more detailed
investigations with larger amounts of particles. By doing this, smaller interrogation
windows could be used and more homogeneous particle distributions could be achieved
for determining the individual mixing efficiencies not only qualitatively but also quan-
titatively. However, solving this issue is beyond the scope of the present work.



Chapter 8

Summary and Outlook

Acoustically actuated bubbles in microchannels are a promising tool in Lab-on-a-chip
applications for medical and biotechnological purposes. It has been shown recently by
several scientific groups that the streaming flow induced by bubbles can be used for
a variety of applications. Inducing such a flow in the proximity of particles acts as
acoustic tweezers to selectively trap and move them. Applying such flows to a particle
solution flowing through a microchannel can be used for the sorting of particles based
on physical properties. Moreover, it can be used to effectively enhance microfluidic
mixing. Even microorganisms can be manipulated in a controlled manner with bubble-
driven streaming flows to rotate them for detailed inspection. Nevertheless, despite
the large number of possible applications, many of the observed phenomena of bubble-
driven streaming flows were not yet understood in detail. This is mainly caused by the
fact that in microchannels, where the bubbles typically have a cylindrical shape, the
flow field has been assumed to be two-dimensional. It has been shown recently that this
assumption is not true, as strong three-dimensional flow components were observed in
particle tracking measurements. However, due to high velocity variations in the flow,
time-dependent change of the bubble size and reflection effects at the bubble interface,
a detailed experimental investigation of those flows has not been presented prior to this
work. By improving experimental methods and controlling the bubble size, this work
allowed to perform reproducible experiments in which the trajectories of flow tracing
particles could be observed over long periods of time. Doing this helps getting a deeper
insight in the occurring phenomena and underlying physical effects.

After giving an overview on the topic, improvements of the experimental setup were
presented in Chapter 3. Through automation of the laboratory equipment, a higher
degree of reproducibility was achieved and typical mistakes in manual operation were
avoided. The installation of a facility for microchannel fabrication improved the results
by allowing faster adaption of the microchannel to the specific need of the investigations.
The accuracy of particle tracking experiments was enhanced by optimizing fluorescent
microscopy with more powerful and more homogeneous light sources, and the recording
speed was increased by more than two orders of magnitude to frame rates of 180.000 fps
by operating particle tracking experiments in bright field mode. Besides these main
advancements, post-processing techniques have been developed to further improve the
accuracy of the results of three-dimensional particle tracking.

Chapter 4 focused on the development of a model to describe the density of aqueous
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solutions of glycerol sodium chloride and heavy water. Based on existing measurements,
an empirical formula was determined, allowing to calculate the density of the respective
solution for all weight fractions of the additives and at different temperatures with an
accuracy better than 0.1%. Compared to previous models, the contraction of glycerol
solutions was also taken into account in the model, which was necessary to achieve
the high precision. The results are used in this work to create a solution of neutrally-
buoyant particles, ideal for particle tracking velocimetry. However, the results of this
chapter are also applicable to a variety of other investigations. Therefore, an article
on the model for the density of aqueous glycerol solutions was published in the journal
“Experiments in Fluids”, to make it available with open access for the scientific com-
munity. The high impact of the publication showed its importance for applications in
the field of fluid mechanics, physics, chemistry, and other natural sciences.

The development of a size control of sessile bubbles in microchannels was presented
in Chapter 5. Bubbles in this work are all sessile at the wall of PDMS-microchannels.
A common observation in such setups is the tendency of bubbles to grow. The reason
for that effect was found to be the high humidity in the bubbles caused by evaporation
of water in the microchannel. The resulting high partial vapor causes low partial air
pressure inside the bubble compared to the environment outside the microfluidic device.
As a result, air flows through the porous channel walls into the channel and causes
bubble growth. By generally increasing the hydrostatic pressure in the liquid, this effect
can be compensated to achieve a stable bubble. Based on these findings, an automatized
setup was developed that guarantees a constant bubble size. This allows to achieve a
streaming field that is stable for longer times and can be more intensively investigated
by reproducible measurements. As bubbles are often undesirable in microfluidic devices,
the results of Chapter 5 can also help to get a better understanding on how to get rid
of microbubbles in gas-porous microchannels.

One of the main objectives of this work, the manipulation of particles with acous-
tically driven bubble streaming flows, was addressed in Chapter 6. First, high-speed
measurement techniques were used to investigate the shape of bubble oscillations and
to resolve characteristic trajectories of particles in the proximity of the bubble interface.
It was found that the shape oscillations are much more complicated than previously
assumed. Subsequently, characteristic features of the streaming flows for differently
sized bubbles were investigated, and an optimal bubble size for achieving maximum
streaming flow velocities was revealed. This is particularly important for the later in-
vestigations in Chapter 7. Long-term measurements revealed the shape of the streaming
flow forming four vortical and toroidal flow structures symmetric to the midplane in
the center of the channel and the sagittal plane at the bubble center (see Fig. 6.7).
Knowing the flow field, the behavior of differently sized particles in a streaming flow
could be explained with a simple steric model. Whereas small particles are moving
along the streamlines of the flow field, larger particles are trapped at specific locations
in z at the channel walls or within the flow structure. These findings give a possible
explanation for the trapping of large particles in bubble-driven streaming flows that
was observed by several research groups. It also offers a method to three-dimensionally
focus particles in microfluidic devices.

The other main objective of this work was the investigation and improvement of
microfluidic mixing with bubble-driven streaming flows. Therefore, a new microchannel
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design was developed that allows to enclose several bubbles in a microfluidic channel
with an identical size and shape. The sessile bubbles were connected with a side channel
to equalize the pressure within the different bubble arrays. This allows to resonantly
actuate all bubbles with the same ultrasound frequency, guaranteeing strong streaming
flows at all bubbles. This was considered to be essential for the efficiency of mixing.
Based on three-dimensional particle tracking, a method was developed that allows a
qualitative investigation of three-dimensional phenomena that occur when mixing fluids
with bubble-driven streaming. It was found that the efficiency of mixing in such devices
requires a sufficiently small flow rate in the microchannel such that fluid elements can
perform several revolutions within the flow structure presented in Chapter 6. If this is
not guaranteed, the fluid elements are strongly advected in the channel flow and only
a two-dimensional shift is achieved, leading to a layering of separated fluids. In two-
dimensional measurements, this leads to high detected mixing efficiency even though the
mixing is poor. The presented measurement technique allows to get insight in the three-
dimensional mixing phenomena to further develop devices for bubble-induced mixing.
It can also be used to study other kinds of mixing in microfluidic devices. However,
the method is not capable of quantitatively determining the mixing efficiency as it is
very sensitive to random fluctuations of particle concentrations in the microchannel.
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Appendix A

Density tables of aqueous
glycerol solutions



Table A.1: Measured densities of aqueous glycerol solutions [1].

Glycerol Density at Glycerol Density at
w/w % 15 ◦C 15.5 ◦C 20 ◦C 25 ◦C 30 ◦C w/w % 15 ◦C 15.5 ◦C 20 ◦C 25 ◦C 30 ◦C

0 0.99913 0.99905 0.99823 0.99708 0.99568

1 1.00155 1.00145 1.00060 0.99945 0.99800 51 1.13150 1.13125 1.12905 1.12650 1.12380
2 1.00395 1.00385 1.00300 1.00180 1.00035 52 1.13425 1.13400 1.13180 1.12920 1.12650
3 1.00635 1.00630 1.00540 1.00415 1.00270 53 1.13705 1.13680 1.13455 1.13195 1.12925
4 1.00875 1.00870 1.00780 1.00655 1.00505 54 1.13980 1.13955 1.13730 1.13465 1.13195
5 1.01120 1.01110 1.01015 1.00890 1.00735 55 1.14260 1.14230 1.14005 1.13740 1.13470
6 1.01360 1.01350 1.01255 1.01125 1.00970 56 1.14535 1.14510 1.14280 1.14015 1.13740
7 1.01600 1.01590 1.01495 1.01360 1.01205 57 1.14815 1.14785 1.14555 1.14285 1.14010
8 1.01840 1.01835 1.01730 1.01600 1.01440 58 1.15095 1.15065 1.14830 1.14560 1.14285
9 1.02085 1.02075 1.01970 1.01835 1.01670 59 1.15370 1.15340 1.15105 1.14835 1.14555
10 1.02325 1.02315 1.02210 1.02070 1.01905 60 1.15650 1.15615 1.15380 1.15105 1.14830

11 1.02575 1.02565 1.02455 1.02315 1.02150 61 1.15925 1.15895 1.15655 1.15380 1.15100
12 1.02830 1.02820 1.02705 1.02560 1.02395 62 1.16200 1.16170 1.15930 1.15655 1.15375
13 1.03080 1.03070 1.02955 1.02805 1.02640 63 1.16480 1.16445 1.16205 1.15925 1.15650
14 1.03330 1.03320 1.03200 1.03055 1.02885 64 1.16755 1.16725 1.16475 1.16200 1.15925
15 1.03580 1.03570 1.03450 1.03300 1.03130 65 1.17030 1.17000 1.16750 1.16475 1.16195
16 1.03835 1.03825 1.03695 1.03545 1.03370 66 1.17305 1.17275 1.17025 1.16745 1.16470
17 1.04085 1.04075 1.03945 1.03790 1.03615 67 1.17585 1.17555 1.17300 1.17020 1.16745
18 1.04335 1.04325 1.04195 1.04035 1.03860 68 1.17860 1.17830 1.17575 1.17295 1.17020
19 1.04590 1.04575 1.04440 1.04280 1.04105 69 1.18135 1.18105 1.17850 1.17565 1.17290
20 1.04840 1.04825 1.04690 1.04525 1.04350 70 1.18415 1.18385 1.18125 1.17840 1.17565

21 1.05100 1.05090 1.04950 1.04780 1.04600 71 1.18690 1.18655 1.18395 1.18110 1.17830
22 1.05365 1.05350 1.05205 1.05035 1.04850 72 1.18965 1.18930 1.18670 1.18380 1.18100
23 1.05625 1.05610 1.05465 1.05290 1.05100 73 1.19235 1.19205 1.18940 1.18650 1.18365
24 1.05885 1.05870 1.05720 1.05545 1.05350 74 1.19510 1.19480 1.19215 1.18925 1.18635
25 1.06150 1.06130 1.05980 1.05800 1.05605 75 1.19785 1.19750 1.19485 1.19195 1.18900
26 1.06410 1.06390 1.06240 1.06055 1.05855 76 1.20060 1.20025 1.19760 1.19465 1.19170
27 1.06670 1.06655 1.06495 1.06305 1.06105 77 1.20335 1.20300 1.20030 1.19735 1.19435
28 1.06935 1.06915 1.06755 1.06560 1.06355 78 1.20610 1.20570 1.20305 1.20005 1.19705
29 1.07195 1.07175 1.07010 1.06815 1.06605 79 1.20885 1.20845 1.20575 1.20275 1.19970
30 1.07455 1.07435 1.07270 1.07070 1.06855 80 1.21160 1.21120 1.20850 1.20545 1.20240

31 1.07725 1.07705 1.07535 1.07335 1.07120 81 1.21425 1.21385 1.21115 1.20810 1.20505
32 1.07995 1.07975 1.07800 1.07600 1.07380 82 1.21690 1.21650 1.21380 1.21075 1.20770
33 1.08265 1.08245 1.08070 1.07860 1.07645 83 1.21955 1.21915 1.21650 1.21340 1.21035
34 1.08530 1.08515 1.08335 1.08125 1.07905 84 1.22220 1.22180 1.21915 1.21605 1.21300
35 1.08800 1.08780 1.08600 1.08390 1.08165 85 1.22485 1.22445 1.22180 1.21870 1.21565
36 1.09070 1.09050 1.08865 1.08655 1.08430 86 1.22750 1.22710 1.22445 1.22135 1.21830
37 1.09340 1.09320 1.09135 1.08915 1.08690 87 1.23015 1.22980 1.22710 1.22400 1.22095
38 1.09605 1.09590 1.09400 1.09180 1.08955 88 1.23280 1.23245 1.22975 1.22665 1.22360
39 1.09875 1.09860 1.09665 1.09445 1.09215 89 1.23545 1.23510 1.23245 1.22935 1.22625
40 1.10145 1.10130 1.09930 1.09710 1.09475 90 1.23810 1.23775 1.23510 1.23200 1.22890

41 1.10415 1.10400 1.10200 1.09975 1.09740 91 1.24075 1.24040 1.23770 1.23460 1.23150
42 1.10690 1.10670 1.10470 1.10240 1.10005 92 1.24340 1.24305 1.24035 1.23725 1.23410
43 1.10960 1.10945 1.10740 1.10510 1.10265 93 1.24600 1.24565 1.24300 1.23985 1.23670
44 1.11235 1.11215 1.11010 1.10775 1.10530 94 1.24865 1.24830 1.24560 1.24250 1.23930
45 1.11510 1.11490 1.11280 1.11040 1.10795 95 1.25130 1.25095 1.24825 1.24515 1.24190
46 1.11780 1.11760 1.11550 1.11310 1.11055 96 1.25385 1.25350 1.25080 1.24770 1.24450
47 1.12055 1.12030 1.11820 1.11575 1.11320 97 1.25645 1.25610 1.25335 1.25030 1.24710
48 1.12325 1.12305 1.12090 1.11840 1.11580 98 1.25900 1.25865 1.25590 1.25290 1.24975
49 1.12600 1.12575 1.12360 1.12110 1.11845 99 1.26160 1.26125 1.25850 1.25545 1.25235
50 1.12870 1.12845 1.12630 1.12375 1.12110 100 1.26415 1.26381 1.26108 1.25802 1.25495



Table A.2: Calculated densities of aqueous glycerol solutions.

Glycerol Density at Glycerol Density at
w/w % 15 ◦C 15.5 ◦C 20 ◦C 25 ◦C 30 ◦C w/w % 15 ◦C 15.5 ◦C 20 ◦C 25 ◦C 30 ◦C

0 0.99897 0.99889 0.99805 0.99689 0.99552

1 1.00129 1.00121 1.00034 0.99916 0.99778 51 1.13129 1.13105 1.12883 1.12632 1.12378
2 1.00364 1.00356 1.00267 1.00147 1.00006 52 1.13404 1.13379 1.13155 1.12902 1.12646
3 1.00601 1.00592 1.00501 1.00379 1.00236 53 1.13679 1.13654 1.13428 1.13173 1.12914
4 1.00840 1.00831 1.00737 1.00612 1.00467 54 1.13955 1.13930 1.13701 1.13443 1.13183
5 1.01080 1.01070 1.00974 1.00846 1.00699 55 1.14230 1.14205 1.13974 1.13714 1.13451
6 1.01321 1.01311 1.01212 1.01082 1.00933 56 1.14506 1.14480 1.14247 1.13984 1.13720
7 1.01563 1.01553 1.01452 1.01319 1.01168 57 1.14781 1.14755 1.14520 1.14255 1.13989
8 1.01807 1.01797 1.01693 1.01558 1.01404 58 1.15057 1.15031 1.14793 1.14526 1.14258
9 1.02052 1.02041 1.01935 1.01797 1.01641 59 1.15333 1.15306 1.15066 1.14797 1.14527
10 1.02298 1.02287 1.02178 1.02038 1.01879 60 1.15608 1.15582 1.15339 1.15068 1.14796

11 1.02545 1.02534 1.02422 1.02279 1.02119 61 1.15884 1.15857 1.15613 1.15340 1.15066
12 1.02794 1.02782 1.02667 1.02522 1.02359 62 1.16160 1.16132 1.15886 1.15611 1.15335
13 1.03043 1.03031 1.02914 1.02766 1.02601 63 1.16435 1.16408 1.16159 1.15882 1.15605
14 1.03294 1.03281 1.03161 1.03011 1.02843 64 1.16711 1.16683 1.16433 1.16154 1.15874
15 1.03545 1.03532 1.03410 1.03256 1.03087 65 1.16986 1.16958 1.16706 1.16425 1.16144
16 1.03798 1.03785 1.03659 1.03503 1.03331 66 1.17261 1.17233 1.16979 1.16696 1.16414
17 1.04051 1.04038 1.03910 1.03751 1.03577 67 1.17536 1.17508 1.17252 1.16968 1.16683
18 1.04306 1.04292 1.04161 1.04000 1.03823 68 1.17811 1.17783 1.17525 1.17239 1.16953
19 1.04562 1.04548 1.04414 1.04250 1.04071 69 1.18086 1.18057 1.17798 1.17510 1.17223
20 1.04818 1.04804 1.04668 1.04501 1.04319 70 1.18361 1.18332 1.18071 1.17781 1.17493

21 1.05076 1.05061 1.04922 1.04752 1.04568 71 1.18635 1.18606 1.18343 1.18052 1.17762
22 1.05334 1.05319 1.05177 1.05005 1.04819 72 1.18909 1.18880 1.18616 1.18323 1.18032
23 1.05594 1.05578 1.05434 1.05258 1.05070 73 1.19183 1.19154 1.18888 1.18594 1.18301
24 1.05854 1.05838 1.05691 1.05513 1.05322 74 1.19457 1.19427 1.19160 1.18865 1.18571
25 1.06115 1.06099 1.05949 1.05768 1.05574 75 1.19730 1.19701 1.19432 1.19136 1.18840
26 1.06377 1.06361 1.06207 1.06024 1.05828 76 1.20004 1.19974 1.19704 1.19406 1.19110
27 1.06640 1.06623 1.06467 1.06281 1.06082 77 1.20277 1.20247 1.19976 1.19677 1.19379
28 1.06904 1.06887 1.06727 1.06538 1.06338 78 1.20550 1.20519 1.20248 1.19947 1.19648
29 1.07168 1.07151 1.06989 1.06797 1.06594 79 1.20822 1.20792 1.20519 1.20217 1.19917
30 1.07433 1.07415 1.07251 1.07056 1.06850 80 1.21094 1.21064 1.20790 1.20487 1.20186

31 1.07699 1.07681 1.07513 1.07316 1.07108 81 1.21366 1.21336 1.21061 1.20757 1.20455
32 1.07965 1.07947 1.07777 1.07576 1.07366 82 1.21638 1.21607 1.21332 1.21027 1.20724
33 1.08233 1.08214 1.08041 1.07838 1.07625 83 1.21909 1.21879 1.21602 1.21297 1.20993
34 1.08501 1.08482 1.08306 1.08100 1.07885 84 1.22181 1.22150 1.21872 1.21566 1.21262
35 1.08769 1.08750 1.08571 1.08362 1.08145 85 1.22451 1.22420 1.22142 1.21835 1.21530
36 1.09038 1.09019 1.08837 1.08626 1.08406 86 1.22722 1.22691 1.22412 1.22104 1.21799
37 1.09308 1.09288 1.09103 1.08889 1.08667 87 1.22992 1.22961 1.22682 1.22373 1.22067
38 1.09578 1.09558 1.09371 1.09154 1.08929 88 1.23261 1.23230 1.22951 1.22642 1.22335
39 1.09849 1.09828 1.09638 1.09419 1.09192 89 1.23531 1.23499 1.23220 1.22910 1.22603
40 1.10120 1.10099 1.09906 1.09684 1.09455 90 1.23799 1.23768 1.23488 1.23178 1.22870

41 1.10392 1.10371 1.10175 1.09950 1.09718 91 1.24068 1.24036 1.23756 1.23446 1.23137
42 1.10664 1.10642 1.10444 1.10217 1.09983 92 1.24335 1.24304 1.24023 1.23713 1.23404
43 1.10937 1.10915 1.10714 1.10484 1.10247 93 1.24602 1.24570 1.24290 1.23979 1.23670
44 1.11210 1.11187 1.10984 1.10751 1.10512 94 1.24867 1.24836 1.24555 1.24245 1.23936
45 1.11483 1.11460 1.11254 1.11019 1.10778 95 1.25132 1.25100 1.24820 1.24509 1.24200
46 1.11757 1.11734 1.11525 1.11287 1.11044 96 1.25394 1.25363 1.25083 1.24773 1.24464
47 1.12031 1.12007 1.11796 1.11555 1.11310 97 1.25654 1.25623 1.25343 1.25034 1.24725
48 1.12305 1.12281 1.12067 1.11824 1.11577 98 1.25910 1.25879 1.25600 1.25291 1.24983
49 1.12579 1.12556 1.12339 1.12093 1.11843 99 1.26160 1.26129 1.25851 1.25543 1.25235
50 1.12854 1.12830 1.12611 1.12363 1.12111 100 1.26382 1.26351 1.26076 1.25770 1.25464



Table A.3: Calculated densities of aqueous glycerol solutions 15◦C− 19◦C.

Glycerol Density at Glycerol Density at
w/w % 15 ◦C 16 ◦C 17 ◦C 18 ◦C 19 ◦C w/w % 15 ◦C 16 ◦C 17 ◦C 18 ◦C 19 ◦C

0 998.97 998.80 998.63 998.44 998.25
1 1001.29 1001.12 1000.94 1000.75 1000.55 51 1131.29 1130.80 1130.31 1129.82 1129.33
2 1003.64 1003.47 1003.28 1003.09 1002.88 52 1134.04 1133.55 1133.05 1132.56 1132.06
3 1006.01 1005.83 1005.64 1005.44 1005.23 53 1136.79 1136.30 1135.79 1135.29 1134.79
4 1008.40 1008.21 1008.01 1007.81 1007.59 54 1139.55 1139.04 1138.54 1138.03 1137.52
5 1010.80 1010.60 1010.40 1010.19 1009.97 55 1142.30 1141.79 1141.28 1140.77 1140.25
6 1013.21 1013.01 1012.80 1012.58 1012.36 56 1145.06 1144.54 1144.03 1143.51 1142.99
7 1015.63 1015.43 1015.21 1014.99 1014.76 57 1147.82 1147.29 1146.77 1146.25 1145.72
8 1018.07 1017.86 1017.64 1017.41 1017.17 58 1150.57 1150.05 1149.52 1148.99 1148.46
9 1020.52 1020.30 1020.08 1019.84 1019.60 59 1153.33 1152.80 1152.27 1151.73 1151.20
10 1022.98 1022.76 1022.53 1022.28 1022.04 60 1156.09 1155.55 1155.01 1154.47 1153.93

11 1025.45 1025.22 1024.99 1024.74 1024.48 61 1158.84 1158.30 1157.76 1157.22 1156.67
12 1027.94 1027.70 1027.46 1027.20 1026.94 62 1161.60 1161.05 1160.51 1159.96 1159.41
13 1030.43 1030.19 1029.94 1029.68 1029.41 63 1164.35 1163.80 1163.25 1162.70 1162.15
14 1032.94 1032.69 1032.43 1032.17 1031.89 64 1167.11 1166.55 1166.00 1165.44 1164.88
15 1035.45 1035.20 1034.93 1034.66 1034.38 65 1169.86 1169.30 1168.74 1168.18 1167.62
16 1037.98 1037.72 1037.45 1037.17 1036.89 66 1172.61 1172.05 1171.49 1170.92 1170.36
17 1040.51 1040.25 1039.97 1039.69 1039.40 67 1175.36 1174.80 1174.23 1173.66 1173.09
18 1043.06 1042.79 1042.50 1042.22 1041.92 68 1178.11 1177.54 1176.97 1176.40 1175.82
19 1045.62 1045.34 1045.05 1044.75 1044.45 69 1180.86 1180.28 1179.71 1179.13 1178.56
20 1048.18 1047.90 1047.60 1047.30 1046.99 70 1183.61 1183.03 1182.45 1181.87 1181.29

21 1050.76 1050.47 1050.16 1049.86 1049.54 71 1186.35 1185.77 1185.18 1184.60 1184.02
22 1053.34 1053.04 1052.74 1052.42 1052.10 72 1189.09 1188.51 1187.92 1187.33 1186.75
23 1055.94 1055.63 1055.32 1055.00 1054.67 73 1191.83 1191.24 1190.65 1190.06 1189.47
24 1058.54 1058.23 1057.91 1057.58 1057.25 74 1194.57 1193.98 1193.38 1192.79 1192.20
25 1061.15 1060.83 1060.50 1060.17 1059.83 75 1197.30 1196.71 1196.11 1195.52 1194.92
26 1063.77 1063.44 1063.11 1062.77 1062.43 76 1200.04 1199.44 1198.84 1198.24 1197.64
27 1066.40 1066.07 1065.73 1065.38 1065.03 77 1202.77 1202.17 1201.56 1200.96 1200.36
28 1069.04 1068.70 1068.35 1068.00 1067.64 78 1205.50 1204.89 1204.29 1203.68 1203.08
29 1071.68 1071.33 1070.98 1070.62 1070.26 79 1208.22 1207.61 1207.01 1206.40 1205.79
30 1074.33 1073.98 1073.62 1073.25 1072.88 80 1210.94 1210.33 1209.73 1209.12 1208.51

31 1076.99 1076.63 1076.26 1075.89 1075.52 81 1213.66 1213.05 1212.44 1211.83 1211.22
32 1079.66 1079.29 1078.92 1078.54 1078.15 82 1216.38 1215.77 1215.15 1214.54 1213.93
33 1082.33 1081.95 1081.57 1081.19 1080.80 83 1219.09 1218.48 1217.86 1217.25 1216.64
34 1085.01 1084.63 1084.24 1083.85 1083.46 84 1221.81 1221.19 1220.57 1219.96 1219.34
35 1087.69 1087.30 1086.91 1086.52 1086.11 85 1224.51 1223.89 1223.28 1222.66 1222.04
36 1090.38 1089.99 1089.59 1089.19 1088.78 86 1227.22 1226.60 1225.98 1225.36 1224.74
37 1093.08 1092.68 1092.27 1091.87 1091.45 87 1229.92 1229.30 1228.68 1228.06 1227.44
38 1095.78 1095.37 1094.96 1094.55 1094.13 88 1232.62 1231.99 1231.37 1230.75 1230.13
39 1098.49 1098.08 1097.66 1097.24 1096.81 89 1235.31 1234.68 1234.06 1233.44 1232.82
40 1101.20 1100.78 1100.36 1099.93 1099.50 90 1237.99 1237.37 1236.75 1236.12 1235.50

41 1103.92 1103.49 1103.06 1102.63 1102.19 91 1240.68 1240.05 1239.43 1238.80 1238.18
42 1106.64 1106.21 1105.77 1105.33 1104.89 92 1243.35 1242.73 1242.10 1241.48 1240.85
43 1109.37 1108.93 1108.49 1108.04 1107.59 93 1246.02 1245.39 1244.77 1244.14 1243.52
44 1112.10 1111.65 1111.20 1110.75 1110.30 94 1248.67 1248.05 1247.42 1246.80 1246.18
45 1114.83 1114.38 1113.92 1113.47 1113.01 95 1251.32 1250.69 1250.07 1249.45 1248.82
46 1117.57 1117.11 1116.65 1116.18 1115.72 96 1253.94 1253.32 1252.70 1252.07 1251.45
47 1120.31 1119.84 1119.38 1118.91 1118.43 97 1256.54 1255.92 1255.30 1254.68 1254.06
48 1123.05 1122.58 1122.11 1121.63 1121.15 98 1259.11 1258.48 1257.86 1257.24 1256.62
49 1125.79 1125.32 1124.84 1124.36 1123.88 99 1261.60 1260.98 1260.36 1259.74 1259.13
50 1128.54 1128.06 1127.57 1127.09 1126.60 100 1263.82 1263.21 1262.60 1261.98 1261.37



Table A.4: Calculated densities of aqueous glycerol solutions 20◦C− 24◦C.

Glycerol Density at Glycerol Density at
w/w % 20 ◦C 21 ◦C 22 ◦C 23 ◦C 24 ◦C w/w % 20 ◦C 21 ◦C 22 ◦C 23 ◦C 24 ◦C

0 998.05 997.83 997.61 997.38 997.14
1 1000.34 1000.13 999.90 999.66 999.42 51 1128.83 1128.33 1127.83 1127.33 1126.83
2 1002.67 1002.45 1002.21 1001.97 1001.72 52 1131.55 1131.05 1130.55 1130.04 1129.53
3 1005.01 1004.78 1004.55 1004.30 1004.05 53 1134.28 1133.77 1133.26 1132.75 1132.24
4 1007.37 1007.14 1006.89 1006.64 1006.39 54 1137.01 1136.49 1135.98 1135.46 1134.95
5 1009.74 1009.50 1009.25 1009.00 1008.74 55 1139.74 1139.22 1138.70 1138.18 1137.66
6 1012.12 1011.88 1011.63 1011.37 1011.10 56 1142.47 1141.94 1141.42 1140.90 1140.37
7 1014.52 1014.27 1014.01 1013.75 1013.48 57 1145.20 1144.67 1144.14 1143.61 1143.08
8 1016.93 1016.67 1016.41 1016.14 1015.86 58 1147.93 1147.40 1146.86 1146.33 1145.80
9 1019.35 1019.09 1018.82 1018.54 1018.26 59 1150.66 1150.13 1149.59 1149.05 1148.51
10 1021.78 1021.51 1021.24 1020.96 1020.67 60 1153.39 1152.85 1152.31 1151.77 1151.23

11 1024.22 1023.95 1023.67 1023.39 1023.09 61 1156.13 1155.58 1155.04 1154.49 1153.94
12 1026.67 1026.40 1026.11 1025.82 1025.53 62 1158.86 1158.31 1157.76 1157.21 1156.66
13 1029.14 1028.86 1028.57 1028.27 1027.97 63 1161.59 1161.04 1160.49 1159.93 1159.38
14 1031.61 1031.33 1031.03 1030.73 1030.42 64 1164.33 1163.77 1163.21 1162.65 1162.09
15 1034.10 1033.81 1033.51 1033.20 1032.89 65 1167.06 1166.50 1165.94 1165.37 1164.81
16 1036.59 1036.30 1035.99 1035.68 1035.36 66 1169.79 1169.23 1168.66 1168.09 1167.53
17 1039.10 1038.80 1038.48 1038.17 1037.84 67 1172.52 1171.95 1171.38 1170.81 1170.24
18 1041.62 1041.31 1040.99 1040.67 1040.34 68 1175.25 1174.68 1174.11 1173.53 1172.96
19 1044.14 1043.82 1043.50 1043.17 1042.84 69 1177.98 1177.40 1176.83 1176.25 1175.68
20 1046.68 1046.35 1046.03 1045.69 1045.35 70 1180.71 1180.13 1179.55 1178.97 1178.39

21 1049.22 1048.89 1048.56 1048.22 1047.87 71 1183.43 1182.85 1182.27 1181.69 1181.10
22 1051.77 1051.44 1051.10 1050.76 1050.41 72 1186.16 1185.57 1184.99 1184.40 1183.82
23 1054.34 1054.00 1053.65 1053.30 1052.95 73 1188.88 1188.29 1187.70 1187.12 1186.53
24 1056.91 1056.56 1056.21 1055.86 1055.49 74 1191.60 1191.01 1190.42 1189.83 1189.24
25 1059.49 1059.14 1058.78 1058.42 1058.05 75 1194.33 1193.73 1193.14 1192.54 1191.95
26 1062.07 1061.72 1061.36 1060.99 1060.62 76 1197.04 1196.45 1195.85 1195.25 1194.66
27 1064.67 1064.31 1063.94 1063.57 1063.19 77 1199.76 1199.16 1198.56 1197.96 1197.36
28 1067.28 1066.91 1066.53 1066.16 1065.77 78 1202.48 1201.87 1201.27 1200.67 1200.07
29 1069.89 1069.51 1069.13 1068.75 1068.36 79 1205.19 1204.58 1203.98 1203.38 1202.77
30 1072.51 1072.13 1071.74 1071.35 1070.96 80 1207.90 1207.29 1206.69 1206.08 1205.48

31 1075.13 1074.75 1074.36 1073.96 1073.56 81 1210.61 1210.00 1209.39 1208.78 1208.18
32 1077.77 1077.38 1076.98 1076.58 1076.17 82 1213.32 1212.71 1212.10 1211.49 1210.88
33 1080.41 1080.01 1079.61 1079.20 1078.79 83 1216.02 1215.41 1214.80 1214.19 1213.58
34 1083.06 1082.65 1082.24 1081.83 1081.42 84 1218.72 1218.11 1217.50 1216.88 1216.27
35 1085.71 1085.30 1084.89 1084.47 1084.05 85 1221.42 1220.81 1220.19 1219.58 1218.97
36 1088.37 1087.95 1087.54 1087.11 1086.69 86 1224.12 1223.50 1222.89 1222.27 1221.66
37 1091.03 1090.61 1090.19 1089.76 1089.33 87 1226.82 1226.20 1225.58 1224.96 1224.35
38 1093.71 1093.28 1092.85 1092.42 1091.98 88 1229.51 1228.89 1228.27 1227.65 1227.03
39 1096.38 1095.95 1095.51 1095.08 1094.63 89 1232.20 1231.58 1230.96 1230.34 1229.72
40 1099.06 1098.63 1098.19 1097.74 1097.29 90 1234.88 1234.26 1233.64 1233.02 1232.40

41 1101.75 1101.31 1100.86 1100.41 1099.96 91 1237.56 1236.94 1236.32 1235.70 1235.08
42 1104.44 1103.99 1103.54 1103.09 1102.63 92 1240.23 1239.61 1238.99 1238.37 1237.75
43 1107.14 1106.68 1106.23 1105.76 1105.30 93 1242.90 1242.28 1241.65 1241.03 1240.41
44 1109.84 1109.38 1108.91 1108.45 1107.98 94 1245.55 1244.93 1244.31 1243.69 1243.07
45 1112.54 1112.08 1111.61 1111.14 1110.66 95 1248.20 1247.58 1246.96 1246.34 1245.71
46 1115.25 1114.78 1114.30 1113.83 1113.35 96 1250.83 1250.21 1249.59 1248.97 1248.35
47 1117.96 1117.48 1117.00 1116.52 1116.04 97 1253.43 1252.81 1252.19 1251.57 1250.96
48 1120.67 1120.19 1119.71 1119.22 1118.73 98 1256.01 1255.39 1254.77 1254.15 1253.53
49 1123.39 1122.90 1122.41 1121.92 1121.43 99 1258.51 1257.89 1257.28 1256.66 1256.04
50 1126.11 1125.62 1125.12 1124.63 1124.13 100 1260.76 1260.15 1259.54 1258.92 1258.31



Table A.5: Calculated densities of aqueous glycerol solutions 25◦C− 29◦C.

Glycerol Density at Glycerol Density at
w/w % 25 ◦C 26 ◦C 27 ◦C 28 ◦C 29 ◦C w/w % 25 ◦C 26 ◦C 27 ◦C 28 ◦C 29 ◦C

0 996.89 996.63 996.37 996.09 995.81
1 999.17 998.90 998.63 998.36 998.07 51 1126.32 1125.82 1125.31 1124.80 1124.29
2 1001.47 1001.20 1000.93 1000.65 1000.36 52 1129.02 1128.51 1128.00 1127.49 1126.98
3 1003.79 1003.52 1003.24 1002.95 1002.66 53 1131.73 1131.21 1130.70 1130.18 1129.66
4 1006.12 1005.84 1005.56 1005.27 1004.97 54 1134.43 1133.91 1133.39 1132.87 1132.35
5 1008.47 1008.19 1007.90 1007.60 1007.30 55 1137.14 1136.61 1136.09 1135.56 1135.04
6 1010.82 1010.54 1010.25 1009.95 1009.64 56 1139.84 1139.32 1138.79 1138.26 1137.73
7 1013.19 1012.91 1012.61 1012.31 1012.00 57 1142.55 1142.02 1141.49 1140.96 1140.42
8 1015.58 1015.28 1014.98 1014.68 1014.36 58 1145.26 1144.73 1144.19 1143.65 1143.12
9 1017.97 1017.67 1017.37 1017.06 1016.74 59 1147.97 1147.43 1146.89 1146.35 1145.81
10 1020.38 1020.07 1019.76 1019.45 1019.12 60 1150.68 1150.14 1149.60 1149.05 1148.51

11 1022.79 1022.49 1022.17 1021.85 1021.52 61 1153.40 1152.85 1152.30 1151.75 1151.21
12 1025.22 1024.91 1024.59 1024.26 1023.93 62 1156.11 1155.56 1155.01 1154.46 1153.90
13 1027.66 1027.34 1027.02 1026.69 1026.35 63 1158.82 1158.27 1157.71 1157.16 1156.60
14 1030.11 1029.78 1029.46 1029.12 1028.78 64 1161.54 1160.98 1160.42 1159.86 1159.30
15 1032.56 1032.24 1031.90 1031.57 1031.22 65 1164.25 1163.69 1163.13 1162.56 1162.00
16 1035.03 1034.70 1034.36 1034.02 1033.67 66 1166.96 1166.40 1165.83 1165.27 1164.70
17 1037.51 1037.18 1036.83 1036.48 1036.13 67 1169.68 1169.11 1168.54 1167.97 1167.40
18 1040.00 1039.66 1039.31 1038.96 1038.60 68 1172.39 1171.82 1171.24 1170.67 1170.10
19 1042.50 1042.15 1041.80 1041.44 1041.08 69 1175.10 1174.53 1173.95 1173.38 1172.80
20 1045.01 1044.65 1044.30 1043.93 1043.57 70 1177.81 1177.23 1176.66 1176.08 1175.50

21 1047.52 1047.17 1046.80 1046.44 1046.06 71 1180.52 1179.94 1179.36 1178.78 1178.20
22 1050.05 1049.69 1049.32 1048.95 1048.57 72 1183.23 1182.65 1182.06 1181.48 1180.90
23 1052.58 1052.22 1051.84 1051.47 1051.08 73 1185.94 1185.35 1184.77 1184.18 1183.60
24 1055.13 1054.75 1054.38 1054.00 1053.61 74 1188.65 1188.06 1187.47 1186.88 1186.30
25 1057.68 1057.30 1056.92 1056.53 1056.14 75 1191.36 1190.76 1190.17 1189.58 1188.99
26 1060.24 1059.86 1059.47 1059.08 1058.68 76 1194.06 1193.47 1192.87 1192.28 1191.69
27 1062.81 1062.42 1062.03 1061.63 1061.23 77 1196.77 1196.17 1195.57 1194.98 1194.38
28 1065.38 1064.99 1064.59 1064.19 1063.79 78 1199.47 1198.87 1198.27 1197.68 1197.08
29 1067.97 1067.57 1067.17 1066.76 1066.35 79 1202.17 1201.57 1200.97 1200.37 1199.77
30 1070.56 1070.16 1069.75 1069.34 1068.92 80 1204.87 1204.27 1203.67 1203.07 1202.46

31 1073.16 1072.75 1072.34 1071.92 1071.50 81 1207.57 1206.97 1206.36 1205.76 1205.16
32 1075.77 1075.35 1074.94 1074.51 1074.09 82 1210.27 1209.66 1209.06 1208.45 1207.85
33 1078.38 1077.96 1077.54 1077.11 1076.68 83 1212.97 1212.36 1211.75 1211.14 1210.54
34 1081.00 1080.57 1080.15 1079.72 1079.28 84 1215.66 1215.05 1214.44 1213.83 1213.22
35 1083.62 1083.20 1082.76 1082.33 1081.89 85 1218.35 1217.74 1217.13 1216.52 1215.91
36 1086.26 1085.82 1085.39 1084.95 1084.50 86 1221.04 1220.43 1219.82 1219.21 1218.60
37 1088.89 1088.46 1088.01 1087.57 1087.12 87 1223.73 1223.12 1222.50 1221.89 1221.28
38 1091.54 1091.09 1090.65 1090.20 1089.75 88 1226.42 1225.80 1225.19 1224.57 1223.96
39 1094.19 1093.74 1093.29 1092.83 1092.38 89 1229.10 1228.48 1227.87 1227.25 1226.64
40 1096.84 1096.39 1095.93 1095.47 1095.01 90 1231.78 1231.16 1230.55 1229.93 1229.32

41 1099.50 1099.04 1098.58 1098.12 1097.65 91 1234.46 1233.84 1233.22 1232.61 1231.99
42 1102.17 1101.70 1101.24 1100.77 1100.30 92 1237.13 1236.51 1235.89 1235.27 1234.66
43 1104.84 1104.37 1103.90 1103.42 1102.95 93 1239.79 1239.17 1238.56 1237.94 1237.32
44 1107.51 1107.04 1106.56 1106.08 1105.60 94 1242.45 1241.83 1241.21 1240.59 1239.98
45 1110.19 1109.71 1109.23 1108.75 1108.26 95 1245.10 1244.48 1243.86 1243.24 1242.62
46 1112.87 1112.39 1111.90 1111.41 1110.93 96 1247.73 1247.11 1246.49 1245.87 1245.25
47 1115.55 1115.07 1114.58 1114.09 1113.59 97 1250.34 1249.72 1249.10 1248.48 1247.87
48 1118.24 1117.75 1117.26 1116.76 1116.26 98 1252.91 1252.30 1251.68 1251.06 1250.44
49 1120.93 1120.44 1119.94 1119.44 1118.94 99 1255.43 1254.81 1254.19 1253.58 1252.96
50 1123.63 1123.13 1122.62 1122.12 1121.61 100 1257.70 1257.09 1256.48 1255.86 1255.25
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