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Abstract

Three original plasma diagnostic systems have been developed to investigate transient
three-dimensional plasma processes with high spatial and temporal resolution. The de-
veloped diagnostics have been analyzed and tested by increasing the complexity from a
stationary free burning Argon arc to a dc pulsed process and finally to a transient gas metal
arc including droplet transfer through the plasma. The transient plasma parameters that
have been determined include three-dimensional axially symmetric plasma densities (ne,
nA, nA+, nA++), electron temperatures (Te), electrical conductivities (σel), magnetic flux
densities (B) and current densities ( jel). In the case of a droplet transfer through an arc
consisting of an Iron/Argon plasma, the droplet density (ρdroplet), surface tension (σdroplet),
viscosity (ηdroplet) and temperature (Tdroplet) have been determined.

The first diagnostic system which has been developed accomplishes high-speed three-
dimensional measurements of plasma parameters and is based on an experimental setup
utilizing interference filters with narrow spectral bands of 487.5− 488.5nm and 689−
699nm. With a set of mirrors these spectral bands are imaged simultaneously on a single
chip of a high-speed camera providing perfect temporal synchronization. The development
of two different Abel inversion methods allows for reconstruction of the original distribu-
tion of emission coefficients. The assumed axial symmetry needed for Abel inversion was
validated with a modified setup of mirrors which images the arc from two orthogonal
directions providing a three-dimensional image. Assuming a local thermodynamic equi-
librium and applying the Saha equation, the ideal gas law, the quasineutral gas condition
and the NIST compilation of spectral lines, plasma composition calculations have been
performed. Additionally, emission coefficients from Bremsstrahlung, emission due to re-
combination and line emission have been calculated and temperature dependent emission
spectra have been simulated. By comparison of measured and simulated ratios of emission
coefficients from the two spectral bands the plasma temperature and related parameters
have been derived. Stationary free burning Argon arcs have been analyzed at dc currents
of 100, 125, 150 and 200A. Plasma temperatures ranging up to 20000K have been found
in the hot cathode region. The stationary measurements have been tested at selected mea-
surement positions by different techniques utilizing a high-resolution spectrometer. These
evaluations make use of a single line and a line ratio method, the Fowler-Milne method
and the evaluation of the quadratic Stark broadening of the 696.54nm Argon atom line.
The obtained plasma temperatures agree very well throughout the performed measure-
ments. Moreover, a dc pulsed process of a free burning Argon arc was used to determine
three-dimensional transient plasma temperatures with a frame rate of 33000 frames per
second. Here the calculated isothermals show the quantitative electrode attachment of an
arc and the sensitivity of the measurement.

The second diagnostic developed allows the determination of the three-dimensional cur-
rent density distribution of an axially symmetric free burning Argon arc in case of a Gaus-
sian distribution of the axial component of the current density. This has been achieved by
measuring the magnetic flux density in the outer plasma sheaths. The measurement vol-
ume was subdivided into several cross sections which contain different parts of the overall
current. Measuring the magnetic flux density along the tangent vector of these cross
sections allows the experimental determination of the included current using Ampere’s
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Chapter 0. Abstract ii

law. With the assumption of a Gaussian current density distribution the characteristic
spatial expansion of the arc was calculated and thus spatial distributions of current den-
sities in axial and radial direction were derived. Current density distributions have been
measured for 20mm and 8mm long arcs with overall currents of 50, 100, 125 and 150A.
Current densities in axial and radial direction of the 20mm long arc were determined up
to 6×105 A/m2 and 2×104 A/m2, respectively. Axial current densities in the center of the
8mm long arcs were in the range of 1.5×106 A/m2 to 3.8×106 A/m2 for applied currents
of 100A to 150A. The axial symmetry of the arcs was validated and results for current
densities were compared to results from electrical conductivities obtained with the first
diagnostic. An outlook to reconstruct arbitrary current density distributions is given. Fur-
thermore it is experimentally shown how a change of the current density in a cathode of
a gas metal arc is affecting the surrounding magnetic flux density. These measurements
show the potential to obtain information about the current density in a gas metal arc by
magnetic flux density measurements.

Finally an optical diagnostic is introduced which allows for in situ measurements of ther-
mophysical properties and temperatures of droplets in gas metal arcs. Surface tension,
viscosity, density and temperature have been determined with a drop oscillation tech-
nique. The droplet oscillations were recorded during the material transfer through a
pulsed Iron/Argon arc. In order to measure the oscillation frequency which was in the low
kHz range a high-speed camera recording 30000 frames per second was employed. An im-
age processing algorithm has been developed to extract the edge contour and to calculate
oscillation frequencies and damping rates along different droplet dimensions. By including
the effect of temperature on the droplet density it was possible to determine values of sur-
face tension. The obtained accuracy of about 1% enables to investigate metals for which
density is strongly depending on temperature. Pure liquid iron droplets detaching from a
melting wire electrode with a diameter of 1.2mm were analyzed in a pulsed gas metal arc
with a base current of 100A and pulse currents in the range of 500− 600A. The surface
tension of a sample droplet was 1.83± 0.02Nm−1. The viscosity of this sample droplet
was 2.9±0.3mPas. Corresponding droplet temperature and density were 2040±50K and
6830±50kgm−3, respectively.

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces
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Chapter 1

Introduction

Plasma physics established as a main research field in the last century. The development
of this research topic profited, like other fields of physics, from the interaction between
theory and experiment. On the one hand, the theory is required to deliver results by
calculation and modeling of realistic and applied plasma processes. To accomplish this it
is necessary to measure plasma parameters in order to prove the theories which describe
the phenomena at work. On the other hand, the measurement of plasma parameters
which the discipline plasma diagnostics is devoted to, is based on assumptions which are
made in accordance to the theory present at this time. Thus many diagnostics have been
developed during the establishment of plasma theory.

In this thesis three different diagnostic systems will be described aimed at the charac-
terization of three-dimensional transient plasma processes. A detailed overview of the
state-of-the-art in plasma diagnostics will be given in the introduction of each part of this
thesis (see section 3.1, 4.1 and 5.1). Therein the research is described which has been
done before and which is relevant to the diagnostic systems presented in this thesis.

Nowadays commercial applications of plasmas make use of transient processes for which
a lack of theory and understanding is apparent. Those plasmas are used for example in
welding, cutting and plasma spraying for the automobile industry, aerospace and con-
struction engineering of e.g. cars, airplanes and buildings [51]. Other fields include lamps
and displays, plasma medicine, ion thrusters, plasma enhanced chemistry, fusion energy
research and semiconductor fabrication [38]. The partially unmet need to understand
the processes occurring in those applications is a result from the requirement to further
develop and optimize these processes. One example where the need to understand the
physical phenomena at work is evident are arc plasmas containing molten materials (gas
metal arcs) which can be found in applications like plasma spraying or gas metal arc
welding [91]. While the latter is one of the most applied processes in today’s industrial
welding, (extensively applied in the sheet metal industry and thus car production) it com-
prises complex plasma compositions of multi-component gases including metal vapors and
material transfer of liquid metals through the plasma [91]. From a diagnostics point of
view a further challenge of this and similar processes is the occurrence of transient phe-
nomena caused by e.g. pulsed currents. Since most of the available diagnostic techniques
are limited with regard to temporal resolution, it is difficult to analyze transient processes.
Indeed, this circumstance is becoming more severe since industrial transient processes be-
come even faster due to ever improving control electronics [12]. Another challenge for
existing diagnostics which are for example based on time averaged measurements is that
arcs in general are not stationary on a small time scale. Additional phenomena may be
involved, like droplets which can be found in gas metal arc welding or wire arc spraying,
which make the process more difficult to analyze. Such plasmas are an example where ex-
isting plasma diagnostics are limited due to the assumptions which the diagnostic methods
are based on (e.g. symmetries of arcs and stationarity of plasma processes).

In this thesis an attempt is made to improve available diagnostics and to use these to an-
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Chapter 1. Introduction 2

alyze multi-dimensional transient plasmas as well as liquid particles which move through
plasmas. Three diagnostic systems have been developed to accomplish this starting from
a diagnostic based on optical emission spectroscopy which allows to investigate transient
three-dimensional axially symmetric plasmas (part 1, chapter 3). This system is based on
an experimental setup which analyzes two spectral bands utilizing interference filters and
imaging of the plasma through these filters on a single camera chip. Thus a simultaneous
acquisition of spatially resolved spectral information with a high-speed camera is made.
Different methods of evaluation have been developed and applied on experimental data
acquired from transient free burning arcs yielding results for high-speed spatially resolved
plasma densities, temperatures and conductivities.

A diagnostic to measure current densities and distributions of currents has been developed
and applied to free burning Argon arcs. A method to extend this tool to gas metal arcs
will be discussed (part 2, chapter 4). The main idea of this diagnostic is to measure the
magnetic flux density of a current carrying plasma and then to reconstruct information
about the distribution of the current. This approach allows for the spatially resolved mea-
surement of current densities in free burning arcs as well as to gather information about
the distribution of the current in the cathode of a gas metal arc. The results of current
densities obtained from the free burning arc will be compared to electrical conductivities
which have been determined by other methods. The agreement of results obtained allows
for an independent validation of the plasma diagnostic tools which have been introduced.

As was mentioned before, gas metal arcs contain liquid metals which are transferred
through the plasma. Hence a diagnostic was established which allows for in situ measure-
ments of thermophysical properties of these liquid metals. It is based on the high-speed
optical measurement of intrinsic droplet oscillations which arise during the material trans-
fer. Thus an image processing algorithm has been developed and frequency analyses have
been carried out yielding droplet densities, surface tension, viscosity and temperature.

These diagnostics may be used for various technical plasma systems like welding, cutting
or plasma spraying as long as the assumptions these diagnostics are based on are met.

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 2

Description of plasma sources used

The free burning arcs that have been analyzed in this work make use of a tapered tungsten
tip which is used as a cathode (–) and surrounded by a nozzle through which an Argon
flow is directed. A copper plate was used as an anode (+). Both electrodes are water
cooled and thus not melting. The arcs were driven by DC and transient currents. The
experimental parameters of the setup can be found in Table 2.1.

The gas metal arcs that have been investigated in this thesis are created by melting wire
electrodes which are continuously supplied through a nozzle. The wire was set as anode
(+) in order to increase the melting rate due to the additional energy brought by elec-
trons which results from the work function of the electrode material [91]. The arc was
ignited by contact between the wire electrode and a metal sheet which was set as cathode
(–). Pulsed currents created with an OTC CPDACR-200 power source are used to detach
droplets from the wire electrode making use of the magnetic pinch effect. While traveling
through the plasma, the droplets perform damped oscillations until they reach the cath-
ode. Different configurations of the cathode geometry have been used. Either the metal
sheet was continuously moved on a linear translation stage or a perforated cathode was
employed through which the droplets can fall. An overview of the employed parameters
can be found in Table 2.1.

arc parameters free burning Ar arcs Al/Ar arcs Fe/Ar arcs
Gas flow Ar, 12slpm Ar, 12slpm Ar, 12slpm
Inner nozzle diameter 11mm 14mm 14mm
Cathode stick-out 5mm – –
Anode stick-out – up to 5mm up to 5mm
Arc length 8mm – –
Distance nozzle-cathode 13mm 10mm 10mm
Wire diameter – 1.2mm 1.2mm
Anode material water-cooled Cu-plate Al Fe
Cathode diameter 4mm – –
Cathode material WL20 (ISO class) Al steel
Cathode point angle 45 – –
DC currents 50, 100, 125, 150, 200A – –
Base / Peak current – 20A / 220A 100A / 500−600A
Pulse frequency – 40Hz 60−100Hz
Base time – 0.02s 0.007−0.008s

Table 2.1: Experimental parameters for free burning Argon arcs and gas metal arcs.

3
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Chapter 3

A non-intrusive diagnostic to determine plasma
temperature, densities and conductivity of axially
symmetric free burning arcs with a high temporal
and spatial resolution

3.1 Introduction

‘The determination of the local temperature distribution within a free burning arc is impor-
tant in order to evaluate the thermal impact on the electrodes. Numerous techniques exist
to determine local plasma temperature, like Thomson scattering or Langmuir probe mea-
surements, but these techniques might influence the parameters being measured [41, 95].
Thus non-intrusive approaches are better suited to accomplish this goal. Optical emis-
sion spectroscopy (OES) is a widely accepted and commonly used tool in the analysis of
thermal plasmas and plasmas in general. The measurements of temperature and particle
density profiles by means of OES have a long history (see for example [9, 10]). A review
of early applications for arc diagnostics can be found for example in [78] and for low
temperature plasmas in [103]. Some of the methods described therein are applicable for
arc plasmas. They are based on the assumption of local thermodynamic equilibrium (LTE)
which allows the calculation of the temperature dependence of densities of plasma com-
ponents (by the Saha equation - section 3.3.1) and thus the intensity of plasma radiation
(see section 3.3.3).

In some cases when the temperature in arcs exceeds the value at which the atomic line,
ion line or continuum has its maximal emission coefficient it is possible to determine the
plasma temperature. The theoretical approach for this method was given in papers of
Fowler and Milne [31, 32] for stellar atmospheres and adopted for electric arcs by Larenz
[60]. It is often cited as Fowler-Milne method. The simplicity of this method accompanied
with no necessity of an absolute calibration explains its wide use in diagnostics. This
method was used for example for diagnostics of stationary and pulsed free burning arcs
in [100, 63, 106]. However some assumptions made by the deduction of this method are
not completely met in free burning Argon arcs as was shown in [30] where deviations of
emitted radiation from LTE assumptions in the outer regions of arc were noted (see also
section 3.8.2).

In other cases the absolute intensity of plasma radiation measured in a small spectral in-
terval is compared with the calculated intensity to provide a value for temperature. This
is known as classical OES technique and sometimes called ’absolute line’ or ’single line’
method. Usually a spectroscopic system with a sub-nm spectral resolution is used. Calibra-
tion of these absolute measurements are obtained by comparison of the plasma radiation
intensity with that of a calibrated radiation source, for example a tungsten ribbon lamp
[42]. In general this method allows the separation of line and continuum radiation and
provides accurate results. The drawback is that only one-dimensional temperature profiles

5



Chapter 3. High-speed three-dimensional optical plasma temperature determination 6

can be determined. This is due to the imaging of the side-on position on one dimension of
a camera chip and the evolution of the wavelengths on the second dimension of the cam-
era chip. This limits the possibility of high-speed diagnostics for classical spectrometers to
a one dimensional analysis. For two-dimensional profiles several single line measurements
at different positions are necessary. In principle the single line method can also be eval-
uated with the high-speed diagnostics presented in this work (using interference filters),
however it is less robust than the developed high-speed method (see e.g. section 3.8.2).
An implementation of the ’single-line’ method utilizing a tomographic approach can be
found in [47].

Still another approach consists in measuring the relative intensity in lines or bands of
plasma radiation (see for example [88]). This method is sometimes called ’two line’ or
’Boltzmann’ method. By an appropriate model the relation between two or more spectral
bands as a function of temperature can be calculated. Comparing the measured relation
with the calculated one, a temperature distribution is obtained. An advantage of this
method is that even if a departure from ’single temperature LTE’ to ’two temperature
LTE’ occurs this method is still able to yield correct values for the electron temperature
if appropriate lines are selected for the evaluation (section 3.8.2). Here the difference
between ’single temperature LTE’ and ’two temperature LTE’ is that in the latter case the
temperature of electrons and the heavy species can be different, although a population of
Energy levels according to a Boltzmann distribution and ionization equilibrium is present
in both cases.

Due to the increase of highly dynamic plasma processes e.g. in welding, cutting and
plasma spraying, the determination of transient plasma temperatures and related param-
eters like densities of atomic species or electrical conductivity gains importance. Thus
pulsed electric currents are for example applied in gas metal arc welding to control the
process of droplet formation. Another example would be the pulsed admixture of special
gases which have positive effects on treated materials where a continuous addition of these
partly expensive gases would be too costly. Hence diagnostics are needed which can be
used to optimize these processes. In this thesis a technique that accomplishes these goals
is presented and meets the demand for a non-intrusive, high-speed and three-dimensional
plasma diagnostic, which is the adaption of the ’two line’ method using high-speed camera
imaging.

This method is validated using different spectroscopic techniques to compare the results
during a stationary process. For simplicity a restriction to the free burning arc with pure
Argon as shielding gas is made. The approach is organized as follows: Plasma temperature
is derived by the comparison of the detected plasma radiation with a calculated plasma
emission assuming optically thin plasma (see section 3.8.3) and a single local temperature
for all plasma species. The spectral emission coefficient ελ is calculated for the spectral
bands defined by the used filter characteristics, based on the emission of lines and contin-
uum (section 3.3.3). Plasma radiation is subsequently measured by means of a high-speed
camera for the two short spectral bands simultaneously at high speed and spatially recon-
structed by an Abel inversion procedure. The ratio of local emission coefficients from the
two spectral intervals measured with the filter based setup is compared to the calculated
emission spectra and thereby correlated with temperature (Method 1, Table 3.1). In order
to validate the results obtained by this technique, measurements are performed with a
spectrometer (side on - 1D) using different methods: The first method employs the same
evaluation procedure as performed with the camera based setup (see Method 2, Table
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Figure 3.1: Experimental setup for high-speed three-dimensional determination of transient temperature profiles.
(M: mirror, F1: filter: 488nm, F2: filter: 694nm, RQ: reflecting cube with 4 mirrors.)

3.1). The next method investigated is a single line method where the measured line emis-
sion coefficient is compared to the emission of a calibrated tungsten ribbon lamp (Method
3, Table 3.1). The third method is known as Fowler-Milne method (also known as normal
temperature method) (Method 4, Table 3.1). The last method is based on the evaluation
of the spectral broadening of the 696.54nm Argon-atom line due to the quadratic Stark
effect (Method 5, Table 3.1).’ [4]

3.2 Experimental approach enabling high-speed spatially
resolved optical emission spectroscopy

3.2.1 Description of high-speed setup

‘A schematic drawing of the setup enabling non-intrusive high-speed three-dimensional
measurements of thermophysical plasma parameters is shown in Figure 3.1. The main
idea of this setup is to simultaneously image same plasma sections of different wavelength
intervals of the plasma on a single camera chip. Hence plasma radiance, which is emit-
ted from two paths separated by negligible small angle α is guided through the setup
of mirrors and two narrow bandpass dichroic filters with appropriate center wavelengths
and bandwidths before being imaged to the high-speed camera chip. The selected cen-
ter wavelengths which have been employed for the analysis of Argon plasmas are 488nm
(left) and 694nm (right) with a full width at half maximum (FWHM) of 1nm and 10nm,
respectively. Thus through the blue wavelength window mainly Argon ion lines with con-
tinuum radiation is transmitted while mainly Argon atom lines and continuum radiation
is transmitted through the red wavelength window. These center wavelengths have been
chosen for analysis due to optical thickness measurements which were carried out and
show that plasma generated with the described plasma source (see section 2) is optically
thin at these two spectral windows (see section 3.8.3). The optical thin plasma is nec-
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Figure 3.2: Plasma emission measured with setup from Figure 3.1 on a single camera chip. (The bottom part of
the picture shows reflections from the anode.) Left: Plasma emission from 488nm. Right: Plasma
emission from 694nm. (In order to approximate the appearance of the original 12bit image, color
conversion and tone mapping was applied before compression to 8bit.)

essary in order to calculate the three-dimensional emission coefficients from the side-on
measurements by the Abel inversion introduced in section 3.4. Each FWHM was selected
to yield similar intensity on the camera chip by providing a wider wavelength window
for the red filter. Thus the higher radiance in the blue spectral window at temperatures
around 20000K (where most atoms are already ionized) can be compensated. This al-
lows for a maximum utilization of the conversion quantum efficiency of the camera chip
without having areas of saturation. The employed 12bit monochrome high-speed camera
(PCO.dimax) is equipped with a macro-planar lens (Zeiss T* 2/100mm ZF) and provides
up to 33000 frames per second (fps) with resolution of 1100x300 pixel and 110µm/pixel.
Exposure times were 25, 20, 15 and 12 µs for stationary plasma currents of 100, 125, 150
and 200A, respectively and 25 µs for transient plasma currents. The high-speed setup has
been calibrated and adjusted (see section 3.8.7) and setup dependent transfer functions
have been included in the evaluation. A typical image acquired with the employed setup
is shown in Figure 3.2.

3.2.2 Description of setup employing high-resolution spectrometer

In order to validate results obtained with the high-speed setup, measurements of sta-
tionary Argon plasmas have been evaluated with a high-resolution optical emission spec-
trometer. Therefore the setup of the spectrometer which is located at INP Greifswald,
Germany will be briefly described in the following. The spectroscopy system (Acton-
750mm) is equipped with an intensified charged coupled device (iccd: PI-Max2, Roper
scientific) and provides two-dimensional information of side-on position (one dimension)
and wavelength (second dimension). A schematic of the setup is shown in Figure 3.3.
The wavelength resolution is 3pm and intervals from 485.195 to 490.780nm and 694.311 to
697.650nm have been evaluated in successive experiments assuming reproducibility of the
stationary plasma process. The resolution of the side-on position is 11.4µm/pixel. Plasma
radiance is focused on the entrance slit of the spectrometer employing an optical system
and spectrally resolved by the diffraction grating before being imaged on the iccd. Two
different side-on positions (1mm and 7mm below the tungsten electrode) have been eval-
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spectrometer iccd 

Figure 3.3: Experimental spectrometer setup for validation of measurement results.

uated for comparison of results obtained from the high-speed setup. The spectrometer
setup has been calibrated and setup dependent transfer functions have been included in
the evaluation.’ [4]

3.3 Theory of plasma composition calculations and spectral
emission coefficients

In this section the theory and implementation of plasma composition calculations and
spectral emission coefficients that were utilized for the evaluation will be described. There-
for a condensed derivation of the employed equations will be performed. For a more
detailed description of the theory the reader is referred to e.g. [105, 42, 75, 24].

3.3.1 The Saha equation

Ionization of Ai (i = 0 for neutral atom, i > 0 for ion species) and recombination of Ai+1
with a free electron occurring in a plasma can be described by the following equation:

Ai +


e−

γ

B

 ionization−−−−−−−−⇀↽−−−−−−−−
recombination

Ai+1 + e−+


e−

γ

B

 (3.1)

where e−, γ and B denote electron, photon and another atom/ion, respectively. Note that
for the recombination the three-body interaction is in general necessary for conservation
of momentum and energy. From this it follows that a change in the particle density nA,i

yields

dnA,i

dt
=−nA,i · n{e,γ,B} · αion + nA,i+1 · ne · n{e,γ,B} · βrec, (3.2)

where αion and βrec are ionization and recombination rates and ne is the density of free
electrons. In a stationary state dnA,i/dt = 0 an ionization equilibrium exists which yields
the Saha equation:

αion

βrec
=

nA,i+1ne

nA,i
= Ki (Te) , (3.3)

where Ki(Te) is a function of the electron temperature Te (for the free electrons in the
plasma). Since the probability for ionization is proportional to exp(−Eionk−1

B T−1), it follows
for the ratio of nA,i+1/nA,i:

nA,i+1

nA,i
∝ exp

(
− Eion

kBTe

)
, (3.4)
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where kB is the Boltzmann constant. The contribution of ne to the Saha equation fol-
lows from the relation between uncertainty in position ∆x and momentum ∆p which are
connected via the Planck constant h:

∆x∆p ∝ h. (3.5)

A free electron exhibits only kinetic energy E due to its translational movement,

E =
1
2

mev2 =
p2

2me
, (3.6)

where me is the electron mass and this kinetic energy is in the order of kBTe. Thus the
uncertainty in momentum is given by ∆p ∝

√
mekBTe and the uncertainty in position is

∆x ∝ h/
√

mekBTe. The corresponding uncertainty in volume is

∆V ∝ (∆x)3
∝

(
h2

mekBTe

)3/2

, (3.7)

within which only one free electron is located. Finally the electron density scales as

ne ∝

(
mekBTe

h2

)3/2

. (3.8)

Electrons, atoms and ions can be in more than one state at a given energy level. This
degeneracy of states is taken into account by introducing the partition functions Zi, which
for a system with discrete energy levels read:

Zi = ∑
j

gi, j exp
(
−

Ei, j

kBTe

)
. (3.9)

The partition functions represent the average value of the degree of degeneracy gi, j with
electronic state j. Since the electron can be in the two states spin up or spin down, the
partition function of the electron is 2. Following from equations 3.4, 3.8 and 3.9, the
complete Saha equation can be written:

nenA,i+1

nA,i
=

2Zi+1

Zi

(
2πmekBTe

h2

) 3
2

exp
(
−Ei,ion−∆Ei,ion

kBTe

)
, (3.10)

where ∆Ei,ion = ie2/(4πε0λD) is the decrease of the ionization energy resulting from the
Coulomb force of surrounding ions, with ε0 the vacuum permittivity and λD the Debye
length. The latter follows from the equilibrium between thermal energy kBT and electric
energy (the solution of the line integral

∫
dx over the Coulomb force e|~E| where e is the

electron charge and |~E| is the absolute value of the electric field strength):

e|~E|x = kBTe. (3.11)

The electric field strength of a surface charge density is

|~E|= 1
ε0

Q
A

, (3.12)
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where Q = Axnee is the charge density on the surface A multiplied by a small length x.
Hence it follows for the Debye length:

e
(

enex
ε0

)
x = kBTe⇔ x = λD =

√
ε0kBTe

e2ne
. (3.13)

Considering the different plasma species, the Debye length writes

λD =

 ε0kB

e2
(

ne
Te
+∑

N
i=1

nA,i
Te/θ

)
1/2

, (3.14)

where θ = Te/Th is the ratio of electron and heavy species temperature and N is the highest
degree of ionization.

3.3.2 Solving the Saha equation for monoatomic plasmas in thermodynamic
equilibrium

Solving the Saha equation for a monoatomic plasma (e.g. Argon) means to find solutions
for the densities of the atomic species nA,i and the electron density ne. For a plasma con-
sisting of N degrees of ionization this means to find solutions for N+2 unknown densities.
This can be achieved by solving a system of N + 2 equations which consists of N of Saha
equations K1 to KN and two additional equations. One of these additional equations is the
ideal gas law:

P = kBTene + kBTh (nA,0 +nA,1 + ...) = kBTe

(
ne +

1
θ

N

∑
i=0

nA,i

)
, (3.15)

where P is the gas pressure. The other equation follows from the fact that the number
of free electrons must be equal to the sum of i times the number of ions with degree of
ionization i. This quasineutral gas condition yields an equation for the densities of atomic
species for a quasineutral plasma as long as the densities are calculated with respect to
volumes of a length scale larger than the Debye length:

ne =
N

∑
i=1

inA,i. (3.16)

For this work the Saha equation was solved for Argon plasmas with maximum degree of
ionization N = 2. The corresponding four equations yield:

K1 =
nenA,1

nA,0
(3.17)

K2 =
nenA,2

nA,1
(3.18)

ne = nA,1 +2nA,2 (3.19)
P

kBTe
= ne +

1
θ
(nA,0 +nA,1 +nA,2) . (3.20)
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They can be combined to the following equation for the density of free electrons:

P
kBTe

= ne +
1
θ
(nA,0 +nA,1 +nA,2)

= ne +
1
θ

nA,0

(
1+

K1

ne
+

K1K2

n2
e

)
= ne +

[
1+

1
θ

1+ K1
ne
+ K1K2

n2
e

K1
ne
+ 2K1K2

n2
e

]
(3.21)

⇒ n3
e +n2

e (1+θ)K1 +neK1

(
(1+2θ)K2−θ

P
kBTe

)
−2θK1K2

P
kBTe

= 0. (3.22)

Although such a cubic algebraic equation has an analytic solution, the implementation
was performed by linearizing and iteratively refining the solution:(

n(k+1)
e

)3
≈
(

n(k)e

)3
+3
(

n(k)e

)2(
n(k+1)

e −n(k)e

)
(3.23)

⇒
(

n(k)e

)3
+
(

n(k)e

)2
(1+θ)K1 +n(k)e K1

(
(1+2θ)K2−θ

P
kBTe

)
−2θK1K2

P
kBTe

+[
3
(

n(k)e

)2
+2n(k)e (1+θ)K1 +K1

(
(1+2θ)K2−θ

P
kBTe

)](
n(k+1)

e −n(k)e

)
≈ 0. (3.24)

This equation has the following solution for the next step of iteration:

n(k+1)
e = n(k)e −

(
n(k)e

)3
+
(

n(k)e

)2
(1+θ)K1 +n(k)e K1

(
(1+2θ)K2−θ

P
kBTe

)
−2θK1K2

P
kBTe

3
(

n(k)e

)2
+2n(k)e (1+θ)K1 +K1

(
(1+2θ)K2−θ

P
kBTe

) .

(3.25)

As a start approximation of n(1)e the solution for a weak ionization is employed:

n2
e +ne (1+θ)K1−θ

P
kBTe

K1 = 0⇒ ne =−
1+θ

2
K1 +

√(
1+θ

2
K1

)2

+θ
P

kBTe
K1. (3.26)

This iterative method converges already after 4 iterations. After calculating the electron
density it is possible to calculate the densities of the other atomic species:

nA,0 =
ne

K1
ne
+2 K1K2

n2
e

, nA,1 = nA
K1

ne
and nA,2 = nA,1

K2

ne
. (3.27)

However, since the density of charged particles does modify the Saha factors K1 and K2
through the corresponding ionization energies, a further iterative cycle is required. Hence
the calculation of ne, nA,0, nA,1, nA,2, λD, Eion,1, Eion,2, K1 and K2 was done with iterative
refinement in a nested for-loop with k = 5 and l = 5 iterations. While equation 3.25 is
iteratively solved in the inner for-loop, the Debye length λD, the ionization energies Eion,1
and Eion,2 and the Saha factors K1 and K2 are recalculated based on their values from the
previous iteration in an outer for loop. The implementation has been done with Matlab
and is shown in what follows:
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1 KI=(2.*Z2./Z1).*((2.*pi.*m_e.*k_B.*Te./h.^2)).^1.5.*...
2 exp(-EIion0.*e./(k_B.*Te));
3 KII=(2.*Z3./Z2).*((2.*pi.*m_e.*k_B.*Te./h.^2)).^1.5.*...
4 exp(-EIIion0.*e./(k_B.*Te));
5 %Start approximation for electron density:
6 ne=-0.5.*(1+theta).*KI+(0.25.*(1+theta).^2.*KI.^2+theta.*KI.*P_out.*...
7 1e5./(k_B.*Te)).^0.5;
8 %Calculation of electron density and related parameters
9 %with iterative refinement:

10 k=5;
11 l=5;
12 for i=1:l,
13 for j=1:k,
14 ne=ne-((ne.^3+ne.^2.*(1+theta).*KI+ne.*KI.*...
15 ((1+2.*theta).*KII-theta.*(P_out.*1e5./(k_B.*Te)))...
16 -2.*theta.*KI.*KII.*(P_out.*1e5./(k_B.*Te)))./...
17 (3.*ne.^2+2.*ne.*(1+theta).*KI+KI.*((1+2.*theta).*...
18 KII-theta.*(P_out.*1e5./(k_B.*Te)))));
19 end
20 nAI=ne./((KI./ne)+2.*(KI.*KII./ne.^2));
21 nAII=nAI.*KI./ne;
22 nAIII=nAII.*KII./ne;
23 lambda_D=sqrt(eps0.*k_B./(e.^2.*(ne./Te+theta.*nAII./...
24 Te+theta.*4.*nAIII./Te)));
25 EIion=EIion0-(e./(4.*pi.*eps0.*lambda_D));
26 EIIion=EIIion0-(2.*e./(4.*pi.*eps0.*lambda_D));
27 KI=(2.*Z2./Z1).*((2.*pi.*m_e.*k_B.*Te./h.^2)).^1.5.*...
28 exp(-EIion.*e./(k_B.*Te));
29 KII=(2.*Z3./Z2).*((2.*pi.*m_e.*k_B.*Te./h.^2)).^1.5.*...
30 exp(-EIIion.*e./(k_B.*Te));
31 end
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Figure 3.4: Calculated electron density (ne) and densities of atoms and ions (nA,1, nA,2 and nA,3).

Figure 3.4 shows calculated densities of electrons and atomic species for a temperature
interval of 5000K to 50000K.
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3.3.3 Calculation of emission coefficients

‘One well-known way to determine plasma temperature is optical emission spectroscopy
(OES). It has been established as a widely used method to analyze arc radiation, e.g. to
determine profiles of species temperature and density in free burning arcs. Therefor the
emitted radiance is spectrally resolved, analyzed and can be compared to emission coef-
ficients calculated at certain temperatures. The analysis of the emitted radiance consists
usually of different steps. If radiance is measured from one side-on position, the first
step comprises the reconstruction of the spatial distribution of the radiance by Abel inver-
sion which is described in section 3.4. Subsequently different methods for evaluation of
measured emission coefficients are possible which are described in section 3.5. Emission
coefficients can also be calculated in parallel with the analysis of experimental parameters.
Since these calculated emission coefficients are functions of temperature, comparison of
measured and calculated emission coefficients allow an estimation of the plasma temper-
ature. The calculation of emission coefficients will be described in what follows. In this
work three main processes resulting in plasma emission are considered:

• Bremsstrahlung ε
f f i

λ
of free electrons at ions (free→ free ion)

• Emission due to recombination of free electrons with ions ε
f b

λ
(free→ bound)

• Line emission of bound electrons within atoms and ions εbb
λ

(bound→ bound)

The latter results from a change of an electron state from an excited bound state Eu to a
bound state with lower energy Ed . This change results in the emission of a photon with
energy Eu−Ed and wavelength λ0 = hc/(Eu−Ed). This process has a transition probability
rate equal to Aud . The resulting emission coefficient as the energy emitted per unit solid
angle 4π, time and volume within a narrow spectral window between λ and λ +∆λ is
given by the density nu,i of atoms or ions which are in the excited state Eu, the transition
probability Aud and the emitted photon energy hc/λ0:

ε
bb
λ

∆λ =
1

4π

hc
λ0

AudnuP(λ −λ0)∆λ . (3.28)

Due to the interaction with other electrons, atoms or ions the resulting line emission co-
efficients are spectrally broadened. This effect results in a spectral line profile P(λ −λ0),
where

λ0+∆λ/2∫
λ0−∆λ/2

P(λ −λ0)dλ = 1. (3.29)

Note that if line radiation is measured with a spectral filter, the filter width should be
wide enough so that the complete spectral profile is contained within the transmitted
wavelength window. The atom or ion density nu,i can be calculated from the Boltzmann
factor in thermodynamic equilibrium:

nu,i =
gu

gground
nground exp

(
− Eu

kBTe

)
=

gu

gground

gground

Zi
ni exp

(
− Eu

kBTe

)
=

gu

Zi
ni exp

(
− Eu

kBTe

)
,

(3.30)

where ni is the total density of atoms (i = 0) or ions (i > 0).’ [4]
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Radiance is emitted when a free electron is accelerated by an ion. The spectral emission
coefficient ε f ∆ f which is emitted within a spectral window ∆λ = c/∆ f is the energy E per
volume, per time and per solid angle. This energy can be estimated by the electric field at
distance r of a dipole:

|~Erad| ∝
e

4πε0

1
r

ae

c2 , (3.31)

where ae is the acceleration of electrons and c the speed of light. It follows for the energy:

E ∝
ε0

2
|~Erad|2︸ ︷︷ ︸

energy density

4πr2c∆t︸ ︷︷ ︸
volume

. (3.32)

The resulting emission coefficient ε f ∆ f writes:

ε f ∆ f ∝
1

4π
ne

(
ε0

2
|~Erad|24πr2c∆t

)
· nA+σe−A+ ∆x︸︷︷︸

ve∆t︸ ︷︷ ︸
probability for accel-
eration of free elec-
trons

· 1
∆t

1
f

∆ f . (3.33)

With the following four approximations,

F = meae ≈
e2

4πε0

1
b2 , (3.34)

σe−A+ ≈ πb2, where b f ≈ ve, (3.35)

ve ≈
√

kBTe

me
, (3.36)

∆t ≈ 1
f
. (3.37)

the emission coefficient reads in terms of frequency:

ε f ∆ f ∝
1

4π
nenA+

(
ε0

2

(
e

4πε0

)2( e2

4πε0

)2 1
me

1
b4

1
r2c4 4πr2c

1
f

)
πb2

√
kBTe

me

1
f

∆ f

∝
1
8

nenA+

(
e2

4πε0

)3 1
m2

ec3
1
f 2

1
b2

√
kBTe

me
∆ f (3.38)

and in terms of wavelength for a spectral window of ∆λ :

ελ ∆λ ∝
1
8

nenA+

(
e2

4πε0

)3 1
mec2

1
λ 2

1√
mekBTe

∆λ . (3.39)

‘In the case of Argon with a maximum degree of ionization of two, the complete equations
for the emission coefficients ε

f f i
λ

and ε
f b

λ
of a wavelength interval ∆λ write in SI units

[105]:

ε
f f i

λ
= 1.63 ·10−43 ∆λ

λ 2 ne
nAr++4nAr++√

T
exp
(
−hc

λkBT

)
ξ

f f i
λ

, (3.40)

ε
f b

λ
= 1.63 ·10−43 ∆λ

λ 2 ne
nAr++4nAr++√

T

(
1− exp

(
−hc

λkBT

))
ξ

f b
λ

, (3.41)

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 3. High-speed three-dimensional optical plasma temperature determination 16

400 500 600 700 800 900 1000
0

2

4

6

8

10

12
x 10

6

wavelength [nm]

em
is

si
on

 c
oe

ffi
ci

en
t ε

λ [W
 m

−
3  s

r−
1 ]

Ar−spectrum, 19000 K

Figure 3.5: Calculated emission spectrum of Argon at 19000K.

where ξ
f f i

λ
≈ 1.23 and ξ

f b
λ
≈ 2 is the Biberman factor for Bremsstrahlung and recombina-

tion, respectively. One can easily see, that in the case where the Biberman factors are set
equal to 1, the sum of both continuum contributions (equations 3.40 and 3.41) no longer
contains any Boltzmann factor exp(−hc/λkBTe) and displays the same form and order of
magnitude as derived in equation 3.39. An example of a calculated emission spectrum
of Argon at 19000K including line- and continuum radiation is shown in Figure 3.5. The
Argon atom lines in the range from 600nm to 1000nm and the Argon ion lines in the range
from 400nm to 600nm are clearly visible. The continuum ranges from 1×104 Wm−3 sr−1 at
770nm to 3×104 Wm−3 sr−1 at 420nm.

3.4 Three-dimensional reconstruction of axially symmetric
intensity distributions employing inverse Abel
transformation

Measurements of the side-on position performed as described in section 3.2 collect infor-
mation of the so called radiance I(y) in terms of [Wm−2 sr−1]. In order to reconstruct the
emission coefficient ελ ([Wm−3 sr−1]) an inversion of the measured side-on profile has to
be performed. When the side on profile is axially symmetric and the plasma is not self-
absorbing in the considered spectral region, this inversion can be performed utilizing the
well known Abel transformation:

I(y) =

X(y)∫
−X(y)

ελ

(√
x2 + y2

)
dx = 2

R∫
y

ελ (r)r√
r2− y2

dr. (3.42)

The corresponding inversion formula yields

ελ (r) =
1
π

R∫
r

I′(y)√
y2− r2

dy (3.43)
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Figure 3.6: Geometrical interpretation of the Abel transformation.

for the emission coefficient, where a geometric interpretation is shown in figure 3.6. The
implementation of the Abel inversion is usually not performed employing equation 3.43
since the numeric calculation of the derivative of the radiance deals with substantial noise
amplification. Thus different alternative methods have been developed [34, 40, 17, 13,
23, 83, 64] which make use of spline or polynomial approximations followed by analytical
inversion and setting additional constraints on e.g. non-negativity or an implied physical
model of the plasma emission.

3.4.1 Analytical Abel-inversion procedure

In this work two different Abel inversion methods have been performed in order to show
influences on the results which are due to each inversion procedure. The first method (Abel
inversion 1) assumes a Gaussian distribution multiplied with a second order polynomial
for the emission coefficient:

ελ (r) = A
(
1+ c1r2)exp

(
− r2

2σ2

)
, (3.44)

where A, c1 and σ are the fit parameters. From this assumption the profile of the radiance
can be calculated:

I (y) =
+∞∫
−∞

A
(
1+ c1y2 + c1x2)exp

(
−x2 + y2

2σ2

)
dx (3.45)

⇒ I (y) = A′
(
1+ c′1y2)exp

(
− y2

2σ2

)
, (3.46)

where A′ = A
√

2πσ2
(
1+ c1σ2

)
and c′1 = c1/

(
1+ c1σ2

)
. By employing a non-linear least

squares fit procedure with model function 3.46 to the measured side-on profiles, an ana-
lytic function for the radiance is obtained. The subsequently performed analytic inversion
yields the unknown fit parameters A, c1 and σ . Figure 3.7 shows three different radiances
for three different side-on positions along an 8mm long Argon arc and the corresponding
results of the fit procedures. The errors resulting from this inversion method result only
from the confidence interval of the non-linear least squares fit.

3.4.2 Alternative Abel inversion algorithm allowing subsequent quantitative
comparison of influences on temperature results

The second Abel inversion (Abel inversion method 2) that has been performed makes us of
spline interpolation without an assumption on the implied physical model. The inverted
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Figure 3.7: Comparison of fits and original intensities for the 488nm interval at three different side-on positions
(left). Comparison of fits and original intensities for the 694nm interval at three different side-on posi-
tions (right).

profile is represented as

ελ ,k(r) =
3

∑
j=0

b jk (r− r∗) j (3.47)

in the interval r ∈ [rk,rk+1], where b jk are the polynomial coefficients and r∗ is the midpoint
of the interval [rk,rk+1]. The coefficients b jk can be found from the solution of the following
equation:

(rk− r∗)3 (rk− r∗)2 (rk− r∗) 1
3(rk− r∗)2 2(rk− r∗) 1 0
(rk+1− r∗)3 (rk+1− r∗)2 (rk+1− r∗) 1
3(rk+1− r∗)2 2(rk+1− r∗) 1 0




b3k
b2k
b1k
b0k

=


ak
a′k

ak+1
a′k+1

 (3.48)

The parameters ai and a′i are the values of the spline function and their derivatives where
i ∈ [0,K−1], and K is number of spline knots. With values for ai and a′i the thus obtained
emission coefficient ελ (r) can be used to calculate the side-on radiance profile Ic(y) uti-
lizing the Abel transformation from equation 3.42. A non-linear least squares method is
subsequently employed to optimize values of ai and a′i by minimizing the squared sum of
the deviation between the calculated radiances Ic(y) and measured I(y):

S =
N

∑
i=0

[Ii− Ic(yi)]
2, (3.49)

where N is the number of measuring points. While Abel inversion method 1 has the advan-
tage of numerical stability, Abel inversion method 2 can be used to fit arbitrary radiances.
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Method # Experimental Evaluation of Abel inversion
setup spectral data algorithm #

section 3.4
1, section 3.5.1 high-speed setup ratio of emission coefficients 1
2, section 3.5.1 spectrometer ratio of emission coefficients 1
3, section 3.5.2 spectrometer single line method 2
4, section 3.5.3 spectrometer Fowler-Milne method 1 and 2
5, section 3.5.4 spectrometer quadratic Stark broadening 1

Table 3.1: Overview of employed measurement techniques and evaluation methods.
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Figure 3.8: Emission coefficient within spectral window 487.5nm - 488.5nm (left), within spectral window 689nm -
699nm (centre) and corresponding α (right).

3.5 Methods for evaluation of emission coefficients

The methods for evaluation of emission coefficients are based on their dependence on
wavelength and temperature. For emission coefficients obtained with the high-speed setup
shown in Figure 3.1 a line ratio method has been employed (Method 1, Table 3.1). In
order to validate experimental results obtained from Method 1, experimental data from
measurements with a classical spectrometer (section 3.2.2) have been evaluated with four
different methods (Method 2-5, Table 3.1). Details on the evaluation with the different
methods are described subsequently.

3.5.1 Method of ratios of emission coefficients

The line ratio Method 1 and Method 2 (see Table 3.1) make use of the temperature depen-
dence of the emission coefficients which are measured in the spectral region of 488nm and
694nm (Figure 3.8). While the maximum of emission coefficients is reached at 15500K
and 25600K at the 488nm and 694nm intervals, respectively, the maximum of the emission
quotient α(T ):

α(T ) =
ε[488](T )
ε[694](T )

(3.50)

is reached at 26000K (Figure 3.8). This means that measured values of α(T ) can be
uniquely connected to plasma temperatures below 26000K. Additionally, the relatively
large gradient of α(T ) in the temperature range of 15000K to 25000K allows for accu-
rate temperature measurements in this region due to lower amplification of errors in-
duced by error propagation of measured emission quotients α(r,z). The latter are obtained
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point-by-point by superimposing and dividing measured emission coefficient distributions
ε[λ1] (r,z) and ε[λ2] (r,z) of the simultaneously acquired (section 3.2) and inverted (sec-
tion 3.4) side-on radiance profiles I(y,z). While Method 1 analyzes spectral intervals of
487.5nm - 488.5nm and 689nm - 699nm to obtain a two-dimensional axially symmetric
temperature profile T (r,z), Method 2 analyzes spectral intervals of λ1 = [485.2,490.8] nm
and λ2 = [694.4,697.6] nm with a resolution of 3pm in order to obtain a one-dimensional
axially symmetric temperature profile T (r). The results of both methods can be compared
where possible deviations are depending on experimental parameters only (section 3.6).

3.5.2 Evaluation of single discrete lines by calibration with a tungsten
ribbon lamp

A raw image obtained from the spectrometer located at the INP Greifswald is shown in
Figure 3.9 (a). The vertical axis represents the side-on position and the horizontal axis
represents the wavelength. The resulting two dimensional image displays the radiance.
An absolute intensity calibration allows to assign values in terms of [Wm−2 nm−1 sr−1] to
the emission coefficient by the comparison of the radiance with the one of a calibrated
tungsten ribbon lamp (Method 3, Table 3.1). A resulting spectral profile of one selected
side-on position is depicted in Figure 3.9 (b). Here the broadening of the line is clearly vis-
ible. In general this broadening can be described by a Voigt profile which is a convolution
of a Gaussian profile and a Lorentzian profile. The former is a result of the Doppler broad-
ening which is in the range of 0.01nm for Argon at atmospheric pressure at a temperature
of 20000K. The latter results from the quadratic Stark effect (interaction of a free electron
with the electric dipole which is induced in an Argon atom by a foregoing interaction with
other free electrons). Since the quadratic Stark broadening is dominant in the described
case for atmospheric pressure Argon, the radiance can be described by a Lorentz profile:

Iλ = I0 +
I
π

2
∆λ

1

1+
(

λ−λ0
∆λ/2

)2 , (3.51)

where I0 is the background radiation, λ0 is the line centre, I is the total line intensity and
∆λ is the FWHM. Hence the total line intensity of atomic transition I(y) can be obtained
by fitting the Lorentz profile for each side-on position to the measurement data. The thus
obtained radiance I(y) can be inverted by the Abel inversion (see section 3.4) and yields
the emission coefficient ελ (r) in terms of [Wm−3 sr−1] (see Figure 3.9 (c)). The latter can
be used to determine the plasma temperature by calculations performed as described in
section 3.3.3.

3.5.3 Evaluation employing Fowler-Milne method

The Fowler-Milne method (Method 4, Table 3.1) is based on the fact that the emission
coefficient experiences a maximum with increasing temperature (see e.g. Figure 3.8) [31,
32]. This maximum is called normal maximum or norm maximum. This means that the
observed radiance at a certain spectral interval is scaling down if temperature goes above
this maximum. In the case of a free burning Argon arc where the maximum temperature
occurs on the arc axis, a maximum in emission coefficient observed off-axis corresponds
to the normal maximum. Hence the emission coefficient on an off-axis peak corresponds
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Figure 3.9: Example of the measurement for Method 3. (a) Iλ at different y positions plotted with a linear color
scale; (b) same at one y position with a fit by Lorentz profile; (c) Wavelength-integrated radiance as
function of side-on positions (left scale) and corresponding emission coefficient as function of radial
position (right scale).

to a temperature of about 15000K for a wavelength of 696.54nm. In this work, measured
radiances have been inverted according to section 3.4 yielding the emission coefficient
ελ (r). Subsequently measured ελ (r) and calculated emission coefficients ελ (T ) have been
integrated over a wavelength interval of 1nm in order to average out noise induced by the
spectroscopic system. Then measured emission coefficients ε[∆λ ](r) in terms of gray scale
values have been scaled by their off-axis maximum and the calculated emission coefficients
ε[∆λ ](T ) in order to yield emission coefficients ε[∆λ ],new (r) in terms of [Wm−3 sr−1]:

ε[∆λ ],new (r) = ε[∆λ ](r)
max

(
ε[∆λ ](T )

)
max

(
ε[∆λ ](r)

) . (3.52)

Finally the local plasma temperature distribution can be calculated by comparison of
ε[∆λ ],new (r) with ε[∆λ ](T ).
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3.5.4 Evaluation of the 696.54 nm Ar-atom line width by quadratic Stark
broadening

As mentioned in section 3.5.2 the quadratic Stark effect in atmospheric pressure Argon
arcs at temperatures around 20000K is the dominant effect contributing to line broadening
[84]. In order to evaluate the line broadening (Method 5, Table 3.1), the spectroscopic
data have been inverted in a first step according to section 3.4. Subsequently a Lorentz
profile which has been fitted to the 696.54nm Argon atom line yields the FWHM ∆λ which
is uniquely connected to the electron density [84, 89, 107]:

FWHM ∆λ [nm] = 0.0814
ne
[
m−3

]
1023

(
Te [K]

13000

)0.3685

. (3.53)

Note that this equation can only be employed for the 696.54nm Ar-atom line for ne <
2 ·1023 m−3 and 13000K < T < 24000K. Assuming single temperature LTE the plasma tem-
perature can be subsequently determined from the plasma composition calculations (sec-
tion 3.3).

The line broadening also results in a shift of the line center which can be observed from
Figure 3.9 (a) where an asymmetry of the profile is visible. This is due to the line-of-sight
integration of the radiation. In general, the evaluation of the proportions of the coupled
line width and line shift (which are higher in hotter regions of the arc) can be used to
validate the existing theoretical models of Stark broadening but is not part of this work.

3.6 Results of plasma temperature measurements and
comparison with classical optical emission spectroscopy

Figure 3.10 shows radial plasma temperature distributions of stationary free burning Ar-
gon arcs at currents of 100, 125, 150 and 200A. These temperatures were obtained using
the high-speed setup (Figure 3.1) employing a line ratio method (Method 1, Table 3.1).
Each displayed surface color corresponds to a temperature interval of 1000K. Maximum
temperatures were measured in the hot cathode region of the 200A arc. There the plasma
temperature reaches a value of 20000K. From the cathode region the temperature de-
creases in axial and radial direction until the anode region, where temperature increases
again due to radial constriction of the arc. The results shown in Figure 3.10 have been val-
idated with different methods employing a high-resolution spectrometer (section 3.2.2).
The evaluation has been performed employing a line ratio method (Method 2) similar to
the original method, a single line method (Method 3), the Fowler-Milne method (Method
4) and the quadratic Stark effect (Method 5). The results are displayed in Figures 3.11,
3.12, 3.13 and 3.14 for measurement positions 1mm below the cathode and 1mm above
the anode, where the error bars are displayed for Method 1. The latter were calculated by
error propagation of the 68.3% confidence intervals of the employed Abel inversion method
1. In general the results show very good agreement. In the outer regions of the arcs, tem-
peratures obtained with single line methods (Methods 3-5) are higher than temperatures
obtained with line ratio methods (Methods 1-2). This might be due to a departure from
’single temperature LTE’ and leads to overestimation of the temperature in the displayed
cases, while the line ratio methods still show the correct electron temperatures provided
that the plasma is in a ’two temperature LTE’ (see section 3.8.2). Since the amount of
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Figure 3.10: Plasma temperature distribution of a free burning Argon arc operated from 100 to 200A. Each surface
color indicates a temperature interval of 1000K. The highest temperature occurs at a current of 200A
in the cathode region which is in the range of 19000 to 20000K

atomic Argon is diminishing in the cathode region, the quadratic Stark broadening of the
696.54nm line was not evaluated in this region. Section 3.4 introduces two different pro-
cedures for the inversion of side-on radiances. In order to show the influences of these
two methods, Figure 3.11 displays their results for the Fowler-Milne method (Method 4).
While in general the two temperature profiles show small deviations, note that results can
differ by up to 5% which can be seen in the cathode region. The accuracy of Abel inver-
sion procedures is inherently minimal at the center of the inverted profile. This follows
from the fact that radiation from the central part of the arc column contributes only to the
limited radial range of the recorded side-on radiance profile. Therefore the discrepancies
in the center of the temperature profiles between two Abel inversion algorithms can be
attributed to the systematic differences in approximation of the central value of emission
coefficient made by the inversion procedures.’ [4]
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Figure 3.11: Comparison of plasma temperature measurements of a stationary free burning Argon arc operated
at 200A evaluated with Methods 1 to 5 (Table 3.1). Error bars are given for results from Method 1.
Results are shown at 1mm and 7mm below the cathode.
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Figure 3.12: Comparison of plasma temperature measurements of a stationary free burning Argon arc operated
at 150A evaluated with Methods 1 to 5 (Table 3.1). Error bars are given for results from Method 1.
Results are shown at 1mm and 7mm below the cathode.
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Figure 3.13: Comparison of plasma temperature measurements of a stationary free burning Argon arc operated
at 125A evaluated with Methods 1 to 5 (Table 3.1). Error bars are given for results from Method 1.
Results are shown at 1mm and 7mm below the cathode.
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Figure 3.14: Comparison of plasma temperature measurements of a stationary free burning Argon arc operated
at 100A evaluated with Methods 1 to 5 (Table 3.1). Error bars are given for results from Method 1.
Results are shown at 1mm and 7mm below the cathode.
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3.7 Results of related plasma parameters and transient plasma
processes

It is also possible to measure three-dimensional density and conductivity distributions with
the introduced high-speed setup (Figure 3.1) and evaluation with Method 1 (Table 3.1):
Figure 3.15 shows electron densities and densities of atomic species for currents of 100
to 200A. The corresponding electrical conductivities for each el. current can be found in
Figure 3.16. A brief summary of how to estimate the order of magnitude of the electrical
conductivity is given in Appendix A. However, for this work the derivations given by Boulos
et al.[15] have been employed for calculating the electrical conductivity.

Figure 3.15: Plasma density distributions of a free burning Argon arc operated from 100 to 200A.

‘A transient plasma process was investigated with the high-speed setup and evaluated with
Method 1. The process was started with a current of 75A which was then increased to 200A
and subsequently reduced to 100A. The current was measured with a calibrated Hall-effect
device (Honeywell SS94A1F) and is displayed qualitatively in Figure 3.17 together with
the quantitative plasma temperature evolution 2mm below the cathode on the arc axis.
The arc was recorded with a frame rate of 33000fps in this experiment. The evolution
of the plasma temperature shows that transient plasma temperature measurements are
possible with the introduced setup featuring a low noise of around ±20K above 16000K.
An evaluation of isothermals shows the quantitative impact of the electrical current on
the arc radius as a function of time (displayed in Figure 3.18). This displayed radial and
temporal evolution of the plasma temperature allows to measure the modulation of the
arc. This determines the arc footprint which - e.g. in the case of welding processes - is an
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Figure 3.16: Electrical conductivity distribution of a free burning Argon arc operated from 100 to 200A.

important measure for the weld pool heating as well as the weld pool geometry.

3.8 Error sources, measurement uncertainties and limits of
applicability

Every measurement is accompanied with uncertainties. The errors resulting from these
uncertainties can be grouped in two categories: random errors and systematic errors. The
former are e.g. due to noise of the electronic equipment, namely the discretization error
made by the camera when an analog value of radiation gets discretized and converted to
a gray scale value. The latter can be for example due to incorrect model assumptions. A
departure of the plasma from LTE or strong absorption of the analyzed wavelengths would
lead to systematic errors. Random and systematic errors that were considered in this work
will be discussed subsequently and show also the limits of applicability of the introduced
diagnostic.
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3.8.1 Random errors

The discretization error made by digital cameras leads to an error of the measured radi-
ance Iλ (y). The resulting error on measured plasma temperatures can be calculated by
error propagation through the employed Abel inversion algorithms (introduced in section
3.4) and the performed plasma composition calculations as well as calculations of emis-
sion coefficients (introduced in section 3.3). (An additional error can occur due to the
employed Abel inversion algorithm itself when e.g. a non-linear least squares fit is applied
on measured radiance profiles (see section 3.8.5).) The uncertainty in temperature ∆T
due to an uncertainty in emission coefficient ∆ελ which is directly correlated with the un-
certainty in the excited atom density ∆nu (equation 3.28) will be derived subsequently. The
temperature uncertainty ∆T which is a non-linear function of nu (equation 3.30) writes:

∆T =
dT
dnu

∆nu =

(
dnu

dT

)−1

∆nu, (3.54)

where dnu/dT follows from equation 3.30:

dnu

dT
= nu

(
1
nA

dnA

dT
+

Eu

kT 2 −
1

ZA

dZA

dT

)
. (3.55)

Thus the uncertainty in temperature is proportional to the uncertainty in the excited atom
density:

∆T =

(
1
nA

dnA

dT
+

Eu

kT 2 −
1
Z

dZA

dT

)−1
∆nu

nu
. (3.56)

Considering for example the 696.54nm Argon atom line, the sum in parenthesis in equation
3.56 changes from ≈ 2×10−3 K−1 to ≈ 2×10−4 K−1 if temperature changes from 8000K to
14000K. Thus an uncertainty in emission coefficient of ±10% would yield an uncertainty
of e.g. ±50K at a temperature of 8000K and an uncertainty of ±500K at a temperature of
14000K.
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Figure 3.19: Error of calculated emission coefficients and ratios if LTE changes from single temperature LTE
(θ = 1) to a two temperature LTE with θ = 2.

3.8.2 LTE consideration

As already mentioned, a deviation from local thermodynamic equilibrium (LTE) is a source
of systematic error. To quantify the nature of this error a definition of LTE is given subse-
quently by distinguishing between ’single temperature LTE’ and ’two temperature LTE’. The
former means:

• single local temperature for all atomic species (atoms and ions) and electrons,

• ionization equilibrium (Saha equation),

• population of each discrete energy level according to a Boltzmann distribution with
a single temperature.

The difference to two temperature LTE is that in the latter case the plasma exhibits an
electron temperature Te and an heavy species temperature Th which are connected via
θ = Te/Th. However an ionization equilibrium and a Boltzmann distributed energy popu-
lation remains. In a single temperature LTE plasma the value for θ equals 1. If the value
for θ changes to e.g. θ = 2 the systematic error that is induced in the calculation of emis-
sion coefficients (section 3.3.3) can be calculated by computing the deviation of resulting
emission coefficients from original ones. This has been done for the wavelengths utilized
in Methods 1-5 (Table 3.1) where the errors are displayed in Figure 3.19. In the tempera-
ture regime below 10000K, which can be found in the outer regions of an arc, a departure
from single temperature LTE very likely may occur [30, 29, 19, 7]. While the error of the
methods which evaluate only a single spectral interval or line (Methods 3-5) is in the range
of 100% in this region, the error of Methods 1-2 (line-ratio methods) is less than 2% in this
case. Hence the developed high-speed setup yields accurate electron temperatures (as-
suming a two temperature LTE) by experimentally enabling the evaluation with a line ratio
method as against in Methods 3-5, where a departure from single temperature LTE leads
to an over- or under-estimation of the electron temperature. More precisely the electron
temperature is overestimated if it is lower than 25000K or 15000K for the 488nm Argon
ion line or the 696.54nm Argon atom line, respectively, which follows from Figure 3.8. This
overestimation of temperatures is also visible in Figures 3.11-3.14 for the outer regions of
the arc which are around 10000K and lower.
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Figure 3.20: Experimental setup for test of optical thickness.
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Figure 3.21: Comparison of measured intensities at 488nm (left) and 694nm (right). The solid line corresponds to
twice the radiation measured without a mirror.

3.8.3 Measurement of optical depth

Another systematic error source is the assumption of optical transparency of the arc plasma
in the utilized wavelength regimes. An optically thick plasma would lead to errors in cal-
culation of measured emission coefficients because the Abel inversion is based on the as-
sumption of optical transparency. For most cases in free burning Argon arcs the 696.54nm
Argon atom line can be considered to be optically thin [78]. The same applies also for
the 488nm Argon ion line. The optical transparency of the wavelength intervals which are
transmitted through the employed filters of the high-speed setup (Figure 3.1) has been
experimentally verified. A camera equipped with a telecentric lens was utilized to mea-
sure horizontal arc radiation passing through each bandpass dichroic filter. In a next step
a mirror is placed in the line-of-sight of the camera / filter and reflects arc radiation back
through the plasma on the camera chip. What is to be expected is that if the radiation
measured with a mirror in place is twice as high as without, the plasma can be considered
to be optically thin. A schematic of the setup is displayed in Figure 3.20. Accounting for
the reflectivity of the mirror, the discretization noise of the camera and a maximum mag-
nification error, the transparency of the arc can be calculated subsequently. Figure 3.21
shows a comparison of measured radiations for both filters. In order to determine the ab-
solute transmittance, radiation emitted by the center point of the arc which is coinciding
with the center of the telecentric lens is evaluated. In this manner remaining aberrations
are minimized. The resulting values for the optical transparency of the plasma are 96±5%
for the 488nm filter and 94±5% for the 694nm filter.
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Figure 3.22: Experimental setup for validation of axial
symmetry (C: cathode, A: anode, M: mir-
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Figure 3.23: False color photography of a typical arc
from two orthogonal directions (left); re-
constructed three-dimensional image of
the arc (right).
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Figure 3.24: Data evaluated from the left (cyan) and the right image of the arc (magenta): locations of the axial
intensity maxima (solid lines), arc width at 68.3 % and 25 % of the axial intensity maxima (dashed
and dotted lines, respectively).

3.8.4 Measurement of axial symmetry

Another assumption which is made in order to apply an Abel inversion is axial symmetry of
the arc plasma. More precisely if the arc is subdivided in arbitrary horizontal layers, each
layer has to be axially symmetric. (Note that this is a slight attenuation of an overall axial
symmetry since in this case the maximum of intensity can deviate from the central arc axis
to some degree without disturbing the axial symmetry of each horizontal layer.) The axial
symmetry of the investigated arcs has been validated with a modified setup of mirrors and
a camera. Figure 3.22 shows a schematic of this setup which allows imaging the arc from
two orthogonal lines-of-sight simultaneously on a single camera chip. For each horizontal
pixel row the deviation from the arc axis can be calculated. Additionally, ellipses can be
calculated from the two orthogonal views and a three-dimensional image of the arc can be
reconstructed (see Figure 3.23). A quantitative evaluation of the raw images is displayed
in Figure 3.24 where the isoline of the maximum of intensity (solid line) is plotted for
the left (cyan) and the right (magenta) side-on position. Here the arc widths at 68.3%
(dashed) and 25% (dotted) of the maximum intensity show the axial symmetry of the arc.
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Figure 3.25: Comparison of residuals for the 488nm interval at three different side-on positions (left). Comparison
of residuals for the 694nm interval at three different side-on positions (right).

3.8.5 Errors induced by Abel-inversion

Abel inversion method 1

The first introduced method for the employed Abel inversion makes use of a non-linear
least squares fit in order to fit measured radiances to an implied physical model function
(section 3.4). Since the subsequent inversion is analytical, the error which occurs during
calculation of emission coefficients is only due to error propagation of the confidence
interval of the fit result. 68.3% confidence intervals and the discretization error of the
12bit monochrome high-speed camera have been used for the error propagation and yield
error bars for the resulting plasma temperatures as depicted in Figures 3.11 to 3.14. Here
error bars on the central arc axes for all evaluated plasma currents yield maximum values
of ±270K (1mm below the cathode) and ±70K (1mm above the anode). Error bars which
are calculated off-axis and in the outer regions of the arc yield higher values. This has
mainly two reasons: First, since temperatures decrease towards the outer regions of the
arc, the gradient dελ/dT also decreases (compare Figure 3.8) which reduces accuracy.
Second, the residuals of the non-linear least squares fits decrease which can be seen in
Figure 3.25. Errors due to the fit procedure were minimized by optimizing bounds to the
fit parameters in order to yield minimum residuals in the outer regions of the arc and on
the central arc axis (see Figure 3.25). An upper and lower bound was calculated for each
wavelength window for the error propagation of the line ratio method employed with the
high-speed measurements. Those bounds yielding a maximum error were selected for the
calculation of emission ratios α(r,z) in order to prevent error compensation.’ [4]

Abel inversion method 2

Abel inversion method 2 makes use of spline interpolation [17] with a third order piecewise
polynomial which is subsequently projected to the radiance by inversion (equation 3.42).
Therefore a test procedure was developed which is described in what follows. Several
test profiles for the emission coefficient were chosen. The side-on profiles were calculated
according to equation 3.42. A random noise signal with 10% amplitude was added to
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Figure 3.26: Test profiles for the inversion procedure.
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Figure 3.27: Side-on profiles calculated from emis-
sion coefficient according to equation 3.42
(thick lines) and those with added random
noise 10% in amplitude (thin lines).
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Figure 3.28: Results of Abel inversion.
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Figure 3.29: Relative error between real and restored
profiles expressed in %.

these profiles. The result was inverted by the procedure described in section 3.4.2 and
the restored emission coefficient profiles were obtained. Five test profiles of emission
coefficients were chosen for test purposes. Four of them (B1 – B4) are taken from [64].
One additional hollow-shell profile (B5) was also used. The emission coefficient profiles
are shown in Figure 3.26. The corresponding side-on profiles with and without noise
are shown in Figure 3.27. Results of inversion procedures using four spline knots and
their comparison with the initial profiles are shown in Figure 3.28. The relative error
calculated as difference between restored and initial profile related to the initial profile
is plotted in Figure 3.29. The difference between initial and restored profiles is smaller
than 20% up to a radius of 0.8. In the outer regions the absolute error remains the same,
but due to the smaller amplitude the relative error increases. An important feature of the
inversion procedure described in section 3.4.2 is the ability to propagate the uncertainties
and calculate error bars (see Figure 3.30). The error calculation in non-linear least squares
will be briefly described in Appendix B.

‘Employing the error propagation during the non-linear least squares procedure, uncer-
tainties of the model parameters δai and δa′i can be obtained which will be named ∆~a in
the following. These uncertainties are connected to the coefficients of the polynomial ~bk

through the linear equation 3.48 with the solution ~bk = R̂k
−1
~a. The polynomial coefficient

b jk which is defined between the spline knots k and k+1 is a linear combination of ai and
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Figure 3.30: Restored profiles with error bars

a′i:

b jk = d j0ak +d j1a′k +d j2ak+1 +d j3a′k+1, (3.57)

where d ji are the elements of matrix R̂−1
k , j ∈ [0,3]. The uncertainty of b jk follows from the

connection with uncertainties of ~a:

∆b jk =

√
(d j0∆ak)

2 +
(

d2
j1∆a′k

)2
+
(

d2
j2∆ak+1

)2
+
(

d2
j3∆a′k+1

)2
. (3.58)

Finally the uncertainties of the emission coefficients can be calculated from the uncertain-
ties of the polynomial coefficients ∆~bk:

∆ελ ,k(r) =
√

(r− r∗)6∆b2
3k +(r− r∗)4∆b2

2k +(r− r∗)2∆b2
1k +∆b2

0k. (3.59)

’ [4].
The introduced Abel inversion method 2 unites two steps generally used in Abel inversion
algorithms – smoothing and inverse transformation. This is achieved by using smooth
functions as the least squares model. Nevertheless this model does not put strict limi-
tations on the profile types. Almost any profile could be restored. The data in Figures
3.28 and 3.29 show that the inversion procedure gives good results in restoring smooth
profiles (B1–B4) while only qualitatively acceptable result for rectangular profile B5 is ob-
tained. It should be noted that the number of spline knots was kept constant (4 knots).
On the one hand the larger number of knots gives the possibility to restore the profiles
with steeper changes but on the other hand it diminishes the smoothing ability of the
method. Thus empirically optimal minimal number of knots should be chosen based on
the quality of experimental data. Another option would be to increase the number of knots
starting from the minimal number of 2 until the stop criterion, like for example minimal
successive reduction of squared differences S (equation 3.49) is not fulfilled. Another pos-
sibility of further improvement of the algorithm is a non-uniform knots distribution. One
would place more knots there, where the curvature of the measured profile is higher. The
non-linear least squares technique used in the algorithm allows conditioning on the fitted
parameters. This gives the possibility to use physically based conditions like for example
non-negativity of the emission coefficient or zero derivative at the center.

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 3. High-speed three-dimensional optical plasma temperature determination 35

λ Aud Acc. ελ = ε
f b

λ
+ ε

f f i
λ

+ εbb
λ

εc
λ
= ε

f b
λ

+ ε
f f i

λ

εbb
λ

ελ

[55] 10kK 15kK 20kK 10kK 15kK 20kK 10kK 15kK 20kK
[nm] [s−1] [Wm−3sr−1] [Wm−3sr−1] [%]

487.6261 7.8e5 D 1.6e3 1.2e5 7.8e4 2.0e2 2.4e4 2.1e4 88 80 73
487.9863 8.23e7 A 2.0e2 1.5e5 5.3e6 2.0e2 2.3e4 2.1e4 2.55 84.0 99.6
688.7088 1.3e5 D+ 5.1e2 3.5e4 2.4e4 9.9e1 1.2e4 1.1e4 81 65 52
688.8174 2.5e5 D+ 6.8e2 4.4e4 2.9e4 9.9e1 1.2e4 1.1e4 85 72 60
692.5009 1.2e5 D+ 2.4e2 2.0e4 1.6e4 9.8e1 1.2e4 1.1e4 58 40 28
693.7664 3.08e6 C 2.0e3 1.1e5 6.0e4 9.8e1 1.2e4 1.1e4 95 89 81
695.1477 2.2e5 D 6.0e2 4.0e4 2.6e4 9.8e1 1.2e4 1.1e4 84 70 57
696.0250 2.4e5 D 6.5e2 4.3e4 2.8e4 9.7e1 1.2e4 1.1e4 85 71 59
696.5430 6.39e6 C 5.8e4 1.7e6 6.8e5 9.7e1 1.2e4 1.1e4 99.8 99.3 98.4

Table 3.2: Overall emission coefficients ελ , continuum emission coefficients εc
λ

, contribution of line emission εbb
λ

to overall emission and accuracies of line transition probabilities (Acc.) for utilized wavelengths accord-
ing to NIST. The emission coefficients are given for a spectral interval of ∆λ = 0.2nm around each
wavelength λ .

3.8.6 Influence of line and continuum emission on overall emission and
accuracies of utilized transition probabilities

‘The plasma composition and emission coefficient calculations (section 3.3) are prone to
uncertainties due to model assumptions. A systematic error involved in these calculations
is based on the accuracy of values for the transition probability provided by the NIST
compilation of lines [55]. The wavelengths of line radiation employed in this work are
shown together with their accuracies in Table 3.2. In order to evaluate the impact of
these accuracies on the overall emission coefficient ελ the influence of the line emission
coefficient εbb

λ
to the overall emission coefficient ελ has been analyzed with respect to the

continuum emission coefficient εc
λ
= ε

f f i
λ

+ ε
f b

λ
. Table 3.2 shows emission coefficients for

three different temperatures (10000, 15000 and 20000K) and each employed wavelength of
line radiation as well as the contribution of line emission coefficient to the overall emission
coefficient (εbb

λ
/ελ ) for a spectral interval of ∆λ = 0.2nm. For spectroscopic measurements

or simulations with a different spectral resolution the continuum emission coefficient εc
λ

can be recalculated for other spectral intervals ∆λnew by the following formula:

ε
c
λnew = ε

c
λ
· ∆λnew

∆λ
. (3.60)

The influence of the line emission coefficient on the overall emission coefficient has been
analyzed also for the filters employed in this work. Here the spectral intervals of filter
transmission are ∆λ488nm = 1nm and ∆λ694nm = 10nm. Figure 3.31 shows the ratio of εbb

λ

to ελ where higher values of εbb
λ
/ελ result in a higher impact of uncertainties of Aud on ελ

than zones of lower values of εbb
λ
/ελ .

3.8.7 Error sources due to the design of the experimental setups

An error source which has already been mentioned is the discretization error occurring
when a camera converts radiance to a gray scale value. This discretization error has been
evaluated for the 12bit camera (PCO.dimax) by changing the measured gray scale values
by one and recalculating the plasma temperature with these altered values. As a result
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Figure 3.31: Contribution of line emission for the spectral filters utilized in the experimental setup of Method 1 (see
Figure 3.1).

the influence of the discretization error can be neglected since deviations from original
plasma temperatures are not visible (below calculated resolution of 10K).

Another possible error source that could affect results obtained with the high-speed setup
is due to the wavelength dependence of the utilized interference filters. The filters’ central
wavelengths are sensitive to the angle between the filter surface and the optical path
direction. Hence the optical setup was adjusted by aligning the partial reflection and
transmission of a laser beam with the optical path of the setup.

Measurements of plasma parameters were performed in a non-controlled ambient labora-
tory atmosphere. Possible mixing of the Argon plasma with ambient air was not considered
in this work. However such a mixing and resulting dissociation/ionization of air molecules
and atoms would lead to additional radiation which would affect the plasma composition
calculations.

3.8.8 Error summary

Another classification of errors which affect the plasma temperature measurements is a
division in errors due to model assumptions and errors leading to variations of emission
coefficients. A list of the latter that have been analyzed in this work is provided below:

• Abel inversion

• Optical depth

• Axial symmetry

• Transition probabilities

• Experimental design
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While these error sources can result in uncertainties up to several tens of per cent in the
emission coefficient, errors caused by model assumptions can be mainly induced by de-
viations of an LTE plasma. Here the introduced three-dimensional high-speed method
(Method 1) has the advantage that deviations of single temperature LTE to two tempera-
ture LTE with θ = 2 still yield correct electron temperatures (with respect errors shown
in Figure 3.19) while Methods 3 - 5 are prone to larger errors. Finally, the exponential
dependency between emission coefficient and temperature (see section 3.3.3) yields a sig-
nificant reduction of the relative error induced in the plasma temperature calculations (see
equation 3.56).’ [4]
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Chapter 4

A diagnostic to measure three-dimensional current
density distributions in axially symmetric free
burning arcs by means of Hall effect devices

4.1 Introduction

‘Numerous plasma technologies, especially those employed for material treatment pur-
poses, like welding or plasma spraying are based on a reproducible application of electric
arcs. Such arcs are nevertheless prone to instabilities, the control of which requires better
understanding of the interaction between the arc and several operating parameters like
electric current, gas flow and electrode condition. This goal can only be achieved if de-
tailed diagnostic techniques are available, which preferable do not modify the arc to be
investigated.

One of the key parameters inside a current conducting plasma, which is especially inter-
esting for material science as well as fusion application is the current density. Knowl-
edge of the current density close to the electrodes in a transferred arc has a direct im-
pact on controlling material treatment. The first requirement for developing a diag-
nostic tool to measure current density in an industrial environment is that the process
should not be disturbed; therefore a non-intrusive system is needed. So far various non-
intrusive methods to determine the current density inside a plasma have been developed
[11, 16, 74, 77, 93, 94, 96] and most of them could be applied to technical thermal plas-
mas as well. These techniques include Thomson scattering, magnetic probe, Langmuir
probe, Faraday rotation and gas pressure measurements, as well as the measurement of
the current through a split electrode. However, some of these like Thomson Scattering,
where a localized measurement of electron density and drift velocity results in direct mea-
surement of current density through j = nev [11], require fairly stable plasma conditions
due to the small scattering cross section [41]. Others like the measurement of the B-field
induced Faraday rotation using FIR lasers are significantly faster [16, 65] but require an
optically thin plasma. Such optical thin plasmas can only be found in some applications
with the restriction to certain optical thin wavelength intervals, like in the free burning
Argon arc (see section 3.8.3 of the first part of this thesis).

Another possibility would be the use of electric or magnetic probes inside the plasma
which involves several advantages compared to the other named methods. Such probing
techniques allow a closer evaluation of parameters like the electric current density inside
a plasma [50]. However, these direct probing techniques have other limitations. One
obvious drawback is the perturbation occurring by moving the probe inside the plasma.
Thermal cooling effects that change the energy properties of the plasma and the possibility
of probe-injected impurities are major concerns. Langmuir probes can be manufactured
with diameters in the micrometer range but are delicate to handle and require a lot of
experience if reasonable and reproducible results are needed. Additionally, the use of
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such probes in thermal plasmas is challenging due to the high atom and ion tempera-
tures. Those temperatures which reach values above 5000K easily destroy the probes if
not handled with precautions such as short exposure times. Thus the most frequently
used diagnostic so far is the spatially resolved spectroscopic measurement of the electron
temperature and subsequent conversion into resistivity [4, 97, 101]. This application is
limited due to its highly sensitive experimental apparatus and the quite involved analysis
of the selected line shapes, which requires detailed information about the plasma medium,
which is not easily obtainable for gas compositions used in industry or even metal vapor.
Another limitation of optical emission spectroscopy is the availability of optically thin spec-
tral bands, or at least knowledge about their absorption characteristics.

This chapter deals with another measurement principle, which utilizes magnetic probes
to map the B-field outside the main plasma. While this technology has been used in
the past mostly for Tokamak plasmas employing B-dot probes [93, 94] this section will
introduce the use of Hall probes to measure the magnetic field and determine the current
density close to a free burning arc by application of Ampere’s law. The magnetic flux
density measurements were made in the vicinity of the main plasma column where the
current density did not vanish to zero yet. The results obtained will be compared to
optical measurements verifying the axial symmetry of the resulting current density.’ [5]
Additionally, measured current density distributions will be compared to the electrical
conductivity measurements which have been presented in Chapter 3. This comparison
validates the newly developed diagnostics and confirms the physical phenomena at work.

4.2 A general and simplified approach for the reconstruction of
current density distributions

A direct relation between the magnetic flux density ~B and the electric current density dis-
tribution ~j is given by Maxwell’s equations. More precisely Ampere’s circuital law connects
~B and ~j in the absence of a displacement current [1]. In the following a discretization of
Ampere’s law will be derived since ~B will be measured on discrete positions. Hence an
approach will be deduced to isolate arbitrary intersections of current (Figure 4.1). Subse-
quently a simplified approach for axially symmetric systems will be discussed. Therefore
a Gaussian profile for jz will be assumed and a model will be developed to relate ~B to the
standard deviation σ of the Gaussian profile. This relation can be employed to derive the
components of the electric current density distribution jz and jr.

4.2.1 General approach for the reconstruction of current density
distributions

‘The general approach is based on the integral form of Ampere’s law:

1
µ0

∮
contour

~B ·d~s =
∫∫

surface

~j ·d~A, (4.1)
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Figure 4.1: Measurement volume with orientation vector n̂, tangent vector ∆~s and surface area ∆Ak of a tile of the
kth cross section.

with µ0 the vacuum permittivity, ~B the magnetic flux density and ~j the current density
distribution. A discretization of the left hand side of equation 4.1 yields:

1
µ0

∮
contour

~B ·d~s≈ 1
µ0

∑
circulation

~B ·∆~s. (4.2)

This sum can be evaluated experimentally by measuring the magnetic flux density ~B on a
closed loop along the tangent vector ∆~s. Thus the integrated current density distribution
can be obtained within the cross section:

1
µ0

∑
circulation

~B ·∆~s≈
∫∫

surface

~j ·d~A. (4.3)

This integrated current density distribution can be also calculated by discretization:∫∫
surface

~j ·d~A≈ ∑
tiles∈kth

cross section

~j · n̂∆Ak, (4.4)

where n̂ =

sinθ cosφ

sinθ sinφ

cosθ

 is the orientation vector of the cross section and ∆Ak the surface

area of the tiles which are defined by the intersection of the cross section and the cor-
responding volume element of the cylinder displayed in Figure 4.1. Hence a discretized
form of Ampere’s law is obtained:

1
µ0

∑
circulation

~B ·∆~s≈ ∑
tiles∈kth

cross section

~j · n̂∆Ak. (4.5)

By experimentally collecting different cross sections across the current carrying plasma a
linear system of such discretized Ampere’s equations can be built. In order to be able to
solve such a system of equations it has to be linearly independent. This means that each
equation adds additional information to the system in such a way that the whole system
has only one solution. A resulting open question is which kind of cross sections should be
collected to solve this problem. Once a linearly independent system of equations with one
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solution can be written, there exist several methods to solve it in a way that the solution
converges towards the real solution. These are for example algorithms for linear equations
or computed tomography. An outlook for this general approach will be given in section
4.6. However a relatively large number of measurements would be necessary for such a
B-probe tomograph: Let’s consider a transient arc and a tomographic setup with a radius
of 30mm and a height of 20mm, as well as a sensor size of 4mm. In order to measure the
magnetic flux density at 40 positions around the arc (very 9 degrees) and at 5 heights per
angle a total amount of 5 · 40 = 200 B-probes would be necessary to yield similar results
to a simplified setup which is described in section 4.3.1. This favors the development of a
simplified approach in order to show the feasibility and the suitability of this novel idea.
Such a simplified approach will be discussed in what follows.

4.2.2 Simplified approach for the reconstruction of axially symmetric
current density distributions

A simplification of the just described general approach can be made without loss of gener-
ality by assuming an axially symmetric arc and thus an axially symmetric current density
distribution which can be written:

~j (r,θ ,z) =

 jr (r,θ ,z)
jθ (r,θ ,z)
jz (r,θ ,z)

=

 jr (r,z)
0

jz (r,z)

 . (4.6)

A relationship between such a current density and the magnetic flux density ~B is given by
the law of Biot-Savart [14]. Their relation is defined by the magnitude, length, direction
and distance of the vectorfield which describes the electric current density distribution.
Defining ~x = (r,θ ,z)T to be the vector where the magnetic flux density is measured and ~x′

the vector of the current density ~j (~x′), the following vector product ~j (~x′)× (~x−~x′) writes:

~j
(
~x′
)
×
(
~x−~x′

)
= ~j
(
~x′
)
×
{[

r− r′ cos
(
θ −θ

′)] r̂+ r′ sin
(
θ −θ

′)
θ̂ +

(
z− z′

)
ẑ
}

(4.7)

⇒ ~j
(
~x′
)
×
(
~x−~x′

)
=

 jθ (z− z′)− jzr′ sin(θ −θ ′)
− jr (z− z′)+ jzr− jzr′ cos(θ −θ ′)

− jθ r+ jθ r′ cos(θ −θ ′)+ jrr′ sin(θ −θ ′)

 , (4.8)

where, r̂, θ̂ and ẑ are the unit vectors of r, θ and z, respectively. This expression reduces
in the case of axial symmetry to the following form:

~j
(
~x′
)
×
(
~x−~x′

)
=

 − jzr′ sin(θ −θ ′)
− jr (z− z′)+ jzr− jzr′ cos(θ −θ ′)

jrr′ sin(θ −θ ′)

 . (4.9)
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Thus the Biot-Savart law can be applied yielding the magnetic flux density at each position
~x for an axially symmetric current density distribution:

~B = µ0

∫∫∫
volume

~j (~x′)× (~x−~x′)
4π |~x−~x′|3

dV ′ (4.10)

⇒ ~B =

Br

Bθ

Bz

=


− µ0

4π

∫∫∫
volume

jzr′ sin(θ−θ ′)

[r2+r′2−2rr′ cos(θ−θ ′)+(z−z′)2]
3
2

r′dr′dθ ′dz′

µ0
4π

∫∫∫
volume

jz(r−r′ cos(θ−θ ′))− jr(z−z′)

[r2+r′2−2rr′ cos(θ−θ ′)+(z−z′)2]
3
2

r′dr′dθ ′dz′

µ0
4π

∫∫∫
volume

jrr′ sin(θ−θ ′)

[r2+r′2−2rr′ cos(θ−θ ′)+(z−z′)2]
3
2

r′dr′dθ ′dz′

 . (4.11)

The integration over θ can be performed immediately in the first and third integral because
each component of ~j is independent of θ . The integration has been performed by using
the fact that the integrand is a periodic function and by multiplying it with −1 so that the
variable of integration θ can be replaced by (θ −θ ′):

−
2π∫
0

sin(θ −θ ′)[
r2 + r′2−2rr′ cos(θ −θ ′)+(z− z′)2

] 3
2

d
(
θ −θ

′)=

− 1
rr′

 1√
r2 + r′2−2rr′ cos(θ −θ ′)+(z− z′)2

2π

0

= 0. (4.12)

Thus Br = Bz = 0 and ~B(r,θ ,z) can be written as:

~B(r,θ ,z) =

Br (r,θ ,z)
Bθ (r,θ ,z)
Bz (r,θ ,z)

=

 0
Bθ (r,z)

0

 . (4.13)

In general, this result is only valid for r′ 6= 0. In the case that r′ = 0 the integrand does
not add to the integral. This is not true in general if the current density at r′ = 0 diverges
stronger than 1/

(
r′2
)
. However, this circumstance has to be considered only for tilted

cross sections which are discussed in section 4.6. If only horizontal cross sections are
considered, Bθ is the only component contributing to 1

µ0

∮
contour

~B ·d~s.

For this simplified approach an important assumption is made about the current density
distribution in z-direction. Since both modeling [62, 73] and experimental [74, 49] results
indicate a Gaussian profile for the current density, a Gaussian profile for jz is assumed:

jz (r,z) =
I0

2π (σ (z))2 exp

(
− r2

2(σ (z))2

)
. (4.14)

Here σ (z) is the standard deviation which represents the characteristic spatial expansion
of the arc and I0 is the overall electric current through the arc. This assumption makes
sense supposing a radial diffusion profile with electrical conductivity as approximately
constant diffusion parameter. Hence the current density distribution jz can be determined
by calculating σ (z). Since current is conserved (div~j = 0), jr can be calculated in the case
of axial symmetry as follows:

div~j = 0⇔ 1
r

∂

∂ r
(r jr)+

∂

∂ z
jz = 0. (4.15)
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Figure 4.2: Horizontal cross sections with B-probes separated by L from the arc center.

Thus it follows for jr:

jr (r,z) =
I0

2π (σ (z))2
dσ (z)

dz
r

σ (z)
exp

(
− r2

2(σ (z))2

)
. (4.16)

With these assumptions it is sufficient to measure the magnetic flux density along the
tangent vector p of horizontal cross sections to calculate the current density distribution
(see Figure 4.2). For these horizontal cross sections, the shortest distance L between the
arc axis and the B-probes is constant. Thus, for an axially symmetric arc, the contour
integral over the magnetic flux density simplifies as follows:

1
µ0

∮
~B ·d~s = 1

µ0

2π∫
0

Bθ Ldθ =
1
µ0

Bθ 2πL. (4.17)

On the other hand, the finite surface integral over the current density which crosses such
horizontal cross sections yields

∫∫
surface

~j ·d~A =

L∫
0

I0

2π (σ (z))2 exp

(
− r2

2(σ (z))2

)
2πrdr = I0

[
1− exp

(
− L2

2(σ (z))2

)]
. (4.18)

With equations 4.17 and 4.18 σ (z) can be calculated for each measured cross section:

1
µ0

Bθ 2πL = I0

[
1− exp

(
− L2

2(σ (z))2

)]
(4.19)

⇒ σ (z) =
L√

−2ln
(
−∆Bθ

B0

) , (4.20)

where ∆Bθ = Bθ (r = L,z)−B0 and B0 = µ0I0
2πL . If ∆Bθ is negative and |∆Bθ | ≤ B0, the ex-

pression for σ (z) is well-defined and can be applied to determine the current density
distribution at any point in space.’ [5]
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4.3 Experimental setups for measuring magnetic flux density
distributions

4.3.1 Parameters of free burning arcs

The experimental setup of the free burning arc is described in section 2. In the first
experiments that have been performed the arc length was set to 20mm and the current
was set to 50A. Experiments subsequently performed make use of a 8mm long arc and
currents of 100A, 125A and 150A. During every experiment the axial symmetry of the arc
was validated by simultaneously observing the arc with the stereo-optical setup described
in section 3.8.4.

4.3.2 Magnetic flux density measurements and data acquisition employing
FPGA based hardware real time evaluation

‘Since the experimental realization is a bottleneck for a successful conduction of the sub-
sequently performed measurements (yielding the current density distribution inside a
plasma arc), the setup for measuring magnetic fields near plasmas with a temperature
range of a few tens of thousands of Kelvin will be described here in some detail. The
magnetic flux density was measured employing Hall-effect devices which are placed along
a vertical axis with distance L from the arc center. There are certain requirements the
Hall-effect devices have to fulfill in order to be useful for such an environment. The Hall
probes must be

• electrically temperature compensated in the temperature range they experience near
the hot plasma.

• mechanically robust and small in size.

• insensitive to electrical noise.

• sensitive enough to measure magnetic fields in the µT range, since the magnetic flux
in this case decays proportional to approximately 1/r.

Furthermore, the signal acquisition should enable a reliable and fast measurement of mag-
netic fields at a defined point in time. In order to fulfill these requirements a HALr855-A
Hall-effect device manufactured by Micronas was put into operation. The HALr855-A is
temperature compensated in a wide range of −40◦C to +170◦C. A few layers of Kaptonr

foil provide additional temperature shielding. The actual temperature during the experi-
ments was monitored employing a thermo couple and was always less than 140◦C. The
HALr855-A is embedded in a standard transistor package, thus small and relatively ro-
bust. Due to the defined position of the chip inside the package the measurement of the
magnetic field is possible at a small and known place. The Hall voltage is pre-amplified
and converted to a TTL based pulse-width modulated signal that can be collected at one of
the pins for further signal processing. Thus, the signals are hardly prone to electrical noise
and disturbances. The range of measurable magnetic fields is programmable from ±30mT
to ±150mT with a vertical resolution of 12bit. This permits to measure magnetic fields as
small as 15 µT which is adequate for currents in the range of I0 = 50A and distances in the
range of L = 20mm to L = 30mm. These achievements enable the utilization of Hall-effect
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Figure 4.3: Schematic of arc setup with hall-effect devices; A copper rod is placed in between the electrodes
during calibration. T: position of thermocouple for temperature measurement.

devices in such harsh environments. A schematic shows the setup of the Hall-effect devices
(Figure 4.3). In order to facilitate simultaneous signal processing capable of processing up
to 30 Hall probes at the same time, a FPGA (Field Programmable Gate Array) based data
evaluation was developed. The utilized FPGA is a Virtex-II 1M Gate FPGA mounted on
a R Series reconfigurable I/O PCI board from National Instruments. The application of a
FPGA circumvents the necessity of multiplexing and allows a reliable, fast and coinciden-
tal calculation of magnetic fields based on hardware employing a parallel clock frequency
of 40MHz.

The procedure for measuring ∆Bθ is as follows: For a given electrode distance a copper
rod with the same radius of the cathode r0 is sandwiched in between the electrodes and
a direct current I0 is applied (see Figure 4.3). The Hall-effect devices which are placed
at distance L from the z-axis are calibrated while the magnetic field is present. Next,
the current is switched off and the copper rod is replaced by the arc ignited between the
electrodes which remain at the same position. Now the measured magnetic flux density
of the Hall-effect devices is equal to ∆Bθ . Note that this procedure has the advantage that
any magnetic offset that is constant with time, e.g. the earth magnetic field or the field of
the supply cables of the setup, can be neglected.’ [5]

4.4 Results of current density measurements employing the
simplified reconstruction approach

4.4.1 Results for 20 mm arc: magnetic flux densities and three-dimensional
current density distribution

‘The previously made assumption that Br = 0 was verified in a preliminary experiment.
Therefor Br was measured 4mm below the cathode at a radial distance of 22.5mm. The
mean value of n = 100 measurements was Br(r = 22.5mm,z = 4mm) = 0.005mT. The stan-
dard deviation of this measurement was 0.01mT. The first experiment that was carried out
made use of the 20mm long arc with a current of 50A. The magnetic flux densities have
been measured at a distance of L = 24.5mm from the arc axis and the sensitive area of
the Hall-effect devices have been separated by a distance of 4mm, respectively, as shown
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Figure 4.4: ∆Bθ measured simultaneously at five po-
sitions along the z-axis at a distance of
24.5mm from the arc center.

Figure 4.5: Characteristic spatial expansion of the
arc σ (z) and current density distribution
jz (r = 0) at the center of the arc; I0 = 50A.

in Figure 4.3. The results for ∆Bθ which have been measured at the five positions in-
dicated in Figure 4.3 are displayed in Figure 4.4. This data was fitted to the following
expression, enhancing the resolution of the measurements along the z-axis by assuming
that ∆Bθ (r = L,z = 0)≈ 0 (r = 0, z = 0 is the position of the cathode):

−∆Bθ (r = L,z)
B0

= Azm. (4.21)

Values for A and m are determined by fitting ln
(
−∆Bθ (r=L,z)

B0

)
to a straight line as a function

of ln(z):

ln
(
−∆Bθ (r = L,z)

B0

)
= a lnz+b, (4.22)

such that m = a and b = lnA. Hence σ (z) and its corresponding axial derivative can be
calculated as follows:

σ (z) =
L√

−2m lnz−2lnA
, (4.23)

dσ

d (lnz)
=

mL

(−2m lnz−2lnA)3/2 = z · dσ

dz
. (4.24)

For z = 0 a value of σ (z = 0) = r0 ·
√

2 is assumed. As a result, the current density distri-
bution jz(r = 0) along the arc axis for I0 = 50A and the characteristic spatial expansion
of the arc σ (z) are displayed in Figure 4.5. Isosurfaces showing the evolution of several
constant current density profiles are depicted in Figures 4.6 and 4.7. Two isosurfaces are
shown for jz with particular current densities of 3× 104 Am−2 and 5× 105 Am−2 (Figure
4.6). Three isosurfaces are shown for jr with particular current densities of 1×103 Am−2,
1× 104 Am−2 and 2× 104 Am−2 (Figure 4.7). Here, jz is about one order of magnitude
larger than jr.’ [5]

4.4.2 Results for 8 mm arcs: Three-dimensional current density
distributions

A series of current density measurements for different electric currents and constant arc
length were performed. The parameters of the setup are listed in Table 2.1 of section 2.
The results for the current density jz for a total electric current of 100A, 125A and 150A
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Figure 4.6: Isosurfaces for current density distribution
jz.

Figure 4.7: Isosurfaces for current density distribution
jr.

are shown in Figure 4.8. A photograph showing the corresponding radiation is depicted
in Figure 4.9. Above are intensity lineouts showing the optical emission of the arcs. Note
that a direct comparison of these lineouts with the obtained current densities is not easily
possible. The radial decay of the intensities depends strongly on the spectral transfer
function of the utilized camera. This can be seen for example in the hot cathode region of
the 125A and 150A arcs. As was shown in the first part of this thesis, here the spectrum
shifts towards blue wavelengths for which the camera chip is less sensitive. Further, the
camera does not allow to visualize the outer zones of the arc due to the limited dynamic
range of the camera chip. Additionally, the measured intensity profiles have to be Abel
inverted for a direct comparison to the current density measurements. Thus an evaluation
of the plasma emission similar to the evaluations of the first part of this thesis is necessary.
This has been done in the subsequent section 4.5. The optical diagnostic to validate the
axial symmetry (see section 3.8.4) yields three-dimensional plots for 100A, 125A and
150A, respectively (Figure 4.10) and confirms axial symmetry. The current density shows
an increase, both for higher currents and reduced distance to the cathode. Comparing the
current densities 1mm above the anode, the 100A arc shows the highest current density
despite the least total current is present here. This can be explained by examination of the
photographs from Figure 4.9. Hence the smaller current can yield a higher current density
if the radius of the arc close to the anode is smaller. This is comparable with observations
of other authors where a current density of up to 30Amm−2 was derived from arc pressure
measurements for a current carrying arc radius of about 2mm and total current of 100A
[77].
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Figure 4.8: Electric current densities jz for 100A (left), 125A (center) and 150A (right), measured 1mm (M), 4mm
(�) and 7mm (O) above the anode.
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Figure 4.9: Photographs of electric arcs with total electric currents (bottom) and lineouts of intensities 1mm (M),
4mm (�) and 7mm (O) above the anode (top) of 100A (left), 125A (center) and 150A (right).

Figure 4.10: Optical 3D reconstruction of electric arcs utilized to verify axial symmetry as introduced in section
3.8.4 with total electric currents of 100A (left), 125A (center) and 150A (right).

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 4. A diagnostic to measure three-dimensional current density distributions in axially
symmetric free burning arcs by means of Hall effect devices 50

0 0.002 0.004 0.006 0.008 0.01
0

0.2

0.4

0.6

0.8

1

radius [m]

no
rm

al
iz

ed
 in

te
ns

ity
 [a

rb
. u

ni
ts

]

 

 

Hallprobes
7mm below cathode
Spectroscopy
7mm below cathode

0 0.002 0.004 0.006 0.008 0.01
0

0.2

0.4

0.6

0.8

1

radius [m]

no
rm

al
iz

ed
 in

te
ns

ity
 [a

rb
. u

ni
ts

]

 

 

Hallprobes
4mm below cathode
Spectroscopy
4mm below cathode

Figure 4.11: Comparison of results from magnetic and optical measurements of a 150A argon arc.

4.5 Comparison with optical measurements

The results of current density measurements obtained with Hall-effect devices can be com-
pared to the results from the optical high-speed diagnostic presented in the first part of
this thesis (see Chapter 3). There, electrical conductivities have been derived from plasma
temperatures. These conductivities can be used in principle to calculate current densities
if the electric field distribution throughout the arc is known. The latter can be estimated by
measurements of the overall arc voltage and voltage drops on the plasma sheaths. Since
these measurements yield only a rough estimation of the electric field distribution, a direct
comparison of the electrical conductivity and the current density was performed. This was
done by normalizing the distributions of current density and electrical conductivity. Since
current density is a linear function of the electrical conductivity ( j = σE) agreement of
normalized distributions shows also agreement of both distributions without normaliza-
tion. Measurements with Hall-effect devices can be compared with measurements with
the optical high-speed diagnostics where experimental parameters were the same. Thus,
Figure 4.11 shows a comparison of a 150A arc which has been investigated with both
introduced diagnostics. This comparison allows an independent validation of both newly
developed plasma diagnostics since profiles obtained from 4mm and 1mm below the cath-
ode agree very well.

4.6 Discussion of a general method for arbitrary non-intrusive
current density measurements utilizing Hall probes

The experimental results shown in section 4.4 follow from the simplified approach in-
troduced in section 4.2.2. The simplifications made there are the Gaussian profile for jz
and the axial symmetry which might be fulfilled in the majority of cases. Now, a way to
measure the current density distribution applying the new approach without these sim-
plifications will be discussed. First the assumption of axial symmetry will be kept and
subsequently generalized. The main question resulting from section 4.2.1 is what kind of
cross sections should be measured in order to determine the spatial distribution of current.
Since 1

µ0

∮
contour

~B ·d~s yields the current enclosed by the particular cross section, the task is
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Figure 4.12: Tilted cross sections: cross section 1 en-
closes only part of I0, cross sections i, n
enclose entire current. H: Hall-effect de-
vices, C: cathode, A: anode.
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Figure 4.13: Hall-effect devices under the anode allow
to measure cross sections enclosing dif-
ferent parts of I0. H: Hall-effect devices,
C: cathode, A: anode.

# cross section

I
0

1 2 3 4 5 6 7

Figure 4.14: Increase of the enclosed current I0 from cross section 1 to 7.

to find cross sections that do not enclose the entire current. This was achieved by ar-
ranging the Hall-effect devices so that the finite, horizontal cross sections in the simplified
approach enclose only part of the total current. Another possibility is to obtain tilted cross
sections from the measurement volume by placing Hall-effect devices on discrete positions
around closed loops containing the current or part of it. In Figure 4.12, cross section i.
and n. enclose the entire current I0. Cross section 1. encloses only part of I0 but two prac-
tical problems occur if one attempts to measure this cross section. First, a few Hall-effect
devices have to be placed inside the plasma. Second, if these Hall-effect devices survive,
e.g. by means of adequate shielding, this technique is not anymore non-intrusive. A better
approach is to place Hall-effect devices beyond the plasma, namely under the anode. In
the case of axial symmetry of ~j it is sufficient to measure ~B(r,θ ,z) along a vertical axis par-
allel to the z-axis and on the r-axis under the anode as shown in Figure 4.13. This allows
to calculate the contour integral over ~B for n cross sections. Note that without assum-
ing that Br = Bz = 0, which was discussed in section 4.2.2, the measurement of Bθ is not
enough to calculate contour integrals along tilted cross sections. Plotting the solution of
each integral over cross sections 1. to n., shows the increase of the current density inside
the arc (Figure 4.14). This approach can be generalized to any non-symmetric current
density distribution by measuring ~B(r,θ ,z) also for different angles θ , so that the tilted
cross sections can also be rotated around the z-axis. Rotating the cross sections dissects
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Figure 4.15: Schematic of the experimental setup developed by Nestor [74].

the arc in arbitrary surfaces. Intersecting cross sections divide the enclosed currents into
parts flowing through a known surface area. The remaining current through each intersec-
tion divided by its surface area yields the corresponding current density. However, while
the setup with e.g. 10 Hall-effect devices measuring one-dimensional magnetic flux den-
sities in an axially symmetric case is doable, a three-dimensional plasma would require
the setup of at least four times more Hall-effect devices which measure three-dimensional
magnetic flux densities.

4.7 From current density measurements in free burning arcs to
possible diagnostics of current phenomena in gas metal
arcs

The diagnostic for current density measurements in free burning arcs makes use of mag-
netic flux density measurements which can be used to reconstruct current density distribu-
tions. The described simplified approach employs a physical model for the current density
distribution in axial direction. This has been justified by the physical processes occurring
in free burning arcs. A straight forward application of this approach for more complex
plasma compositions which can be found e.g. in gas metal arcs is not possible in general
due to the lack of information about the physical phenomena at work. More precisely, if
the function of the current density profile in axial direction cannot be described by a single
free variable, a closed loop integration of magnetic flux densities is not sufficient to solve
the equation for one cross section through the plasma. Thus another idea that could be
used to gather information on the distribution of current near the cathode of a gas metal
arc will be outlined in what follows.

Principle of the measurement

Another method to measure the current density near the anode of a free burning arc has
been developed by Nestor [74]. This method consists of dividing the electric current by a
non-melting split anode over which an axially symmetric free burning arc is moved (see
Figure 4.15). The measurement of the current through one of the anode segments as a

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 4. A diagnostic to measure three-dimensional current density distributions in axially
symmetric free burning arcs by means of Hall effect devices 53

arc
movement

gas nozzle anode

arccathode

+
-current

measurement

Hall-effect device

droplet
accumulation

x

z

y

Figure 4.16: Illustrative sketch of the magnetic flux density measurements below the cathode of a gas metal arc
process (side view). Here the arc is moved from the right to the left side.

function of arc position allows the calculation of the current density. Current density mea-
surements in gas metal arcs are more challenging due to the material transfer through
the plasma and process dynamics, especially if pulsed currents are involved. Thus, the
utilization of the method proposed by Nestor is not possible for gas metal arcs, because
in this case a split cathode would be immediately short-circuited by the metal droplets
traveling through the plasma. (In gas metal arcs the base electrode is usually used as cath-
ode. This is to increase the heat transfer to the melting wire due to the additional energy
delivered to the anode by electrons.) Based on a combination of Nestor’s method and
the proposed generalized Hall-probe method (described in section 4.6) the idea involves
a non-intrusive measurement of magnetic flux densities utilizing Hall probes. Instead of
using a split electrode to detect a changing current, the magnetic flux density evolution
underneath an unbroken electrode is measured. Hence the current distribution inside the
cathode of a gas metal arc can be analyzed by observation of differences in the magnetic
flux densities when experimental parameters are changed. The main idea is to linearly
move the gas metal arc as shown in Figure 4.16. Here, the current flows through the arc
into the cathode and from there, parallel to the x-axis, towards a single connection on the
left side. Evaluating the overall current I0 through the cathode as a function of I0(x), a con-
tinuous increase of this current should be visible. This is due to the spatial expansion of
the arc which adds continuously to the cathode current as I0 is evaluated along the x-axis
(see Figure 4.17). Thus, a Hall-effect device which measures the component orthogonal to
the x-axis and which is moved along the x-axis By(x,y = const) would measure an increase
of magnetic flux density if moved from right to left and a decrease if moved from left to
right. While in Nestor’s method current densities can be deduced directly from current
measurements, here the structure and formation of a magnetic field which is produced
by a current density distribution has to be taken into account: A magnetic flux density
produced by an electric current is the superposition of all B-vectors resulting from every
current vector. However the magnetic flux density decreases approximately proportion-
ally to 1/r with distance from a current carrying metal sheet. Hence a local measurement
of magnetic flux density is influenced mainly by current flowing close to the Hall-effect
sensor.
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Figure 4.17: Interpretation of increasing current flowing through cathode (top view). Darker colors represent
higher current densities.

Magnetic flux density measurements in the vicinity of a current carrying Aluminium
sheet

In order to demonstrate how such a magnetic flux density distribution is evolving, a set
of experiments has been carried out. These show that it is possible to map a changing
current density distribution using this setup. In first experiments magnetic flux densities
have been created by running a continuous current through an Aluminium sheet which
is connected to a DC power supply at two sides. Two cables carrying a current of 30A
were connected to the central axis of the metal sheet and are separated by 70mm. A
schematic of this setup is shown in Figure 4.18 together with the expected magnetic flux
density distributions along three different y-coordinates (1, 2 and 3). With this mockup
it is possible to make detailed measurements of the magnetic flux density distribution in
the vicinity of the Aluminium sheet. The mockup simulates in a simple way the magnetic
field distribution in the vicinity of the cathode of a gas metal arc. One supply cable rep-
resents the conduction through the gas metal arc and the other provides the path for the
return current. The magnetic flux density underneath the cathode was measured using a
1mm2 mesh in the xy-plane, about 14mm below the Aluminium sheet. A Hall-effect device
capable of three-dimensional high-resolution (< 7nT resolution) magnetic flux density
measurements was employed (Honeywell HMR2300). After a calibration measurement
to account for the earth’s magnetic field, each component of ~B(x,y,z) resulting from the
current through the Aluminium sheet was measured. The results are shown in Figure 4.19
where the red arrows qualitatively indicate possible current paths. From these measure-
ments it can be seen that changes in the current density which especially occur near the
connectors can be mapped very well although the distance of the Hall-effect devices was
quite large with respect to the Aluminium sheet (14mm). These measurements show that
a localized measurement of a current vector with Hall-effect devices is possible. How-
ever a certain ’blurring’ due to the superposition of B-vectors from current vectors which
are further away need to be taken into account in any kind of future evaluation. Figure
4.19 also shows that the x- and z-components of the magnetic flux density on the x-axis
(Bx,z(x,y = 0,z = −14mm)) which connects the two supply lines is negligible small. Since
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Figure 4.18: Sketch of the mockup to investigate magnetic flux density distributions in the vicinity of a current
carrying metal sheet and expected magnetic flux densities along different y-coordinates (1, 2 and 3).

the visible symmetries of the magnetic field distribution can be expected to be similar in
gas metal arcs it would be sufficient to measure the y-component of the magnetic flux
density along the x-axis: By(x,y = 0) in order to investigate how the distribution of current
is evolving in the cathode of a gas metal arc.

Magnetic flux density measurements in the vicinity of the cathode of a gas metal arc

In order to apply this technology to a pulsed gas metal arc, changes need to be made
because the previously used Hall-effect device HMR2300 is too slow (154 samples per
second). Thus a fast linear Hall-effect sensor with PWM output and a sampling rate
of 2000Hz (Micronas HAL 2850) was utilized for magnetic flux density measurements.
Additionally, during these measurements the overall current of the plasma process was
measured and the process was monitored with a high-speed camera (PCO.1200s for Al/Ar
arcs and PCO.dimax for Fe/Ar arcs). Thus the reproducibility of the pulsed process could
be ensured between each current pulse by comparison of the arc shape and overall cur-
rent. Subsequently performed experiments make use of an Aluminium/Argon arc and an
Iron/Argon arc. A photograph showing the gas metal arc setup with a Hall-effect device
underneath the cathode is depicted in Figure 4.20. The magnetic flux density measure-
ment is performed 3mm below the cathode. In first experiments the arc is moved from
the right to the left. Thus the Hall-effect device starts measuring from a position close to
the current carrying part of the cathode (see Figure 4.16). High-speed images of the arcs
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Figure 4.19: Measured high-resolution magnetic flux densities in the vicinity of a current carrying Aluminium sheet:
Bx(x,y) (top), By(x,y) (center) and Bz(x,y) (bottom). The red arrows qualitatively indicate possible
current paths. Note that the measurement of Bz is slightly shifted to the left with respect to the x-axis
in comparison to the Bx and By measurements. This is because the position of the chip measuring
Bz is shifted in the chassis of the Hall-effect device.
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Figure 4.20: Photograph of the experimental setup. The current from the arc is guided through the cathode to-
wards a single connection on the left side.
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Figure 4.21: High-speed images of gas metal arcs before (1) and after (2) droplet detachment (top) and measured
overall currents of Aluminium/Argon arc (left) and Iron/Argon arc (right).
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Figure 4.22: Measurement of the magnetic flux densities (By(t): blue curves - alternating due to pulsed current)
below the cathode during experiments with Aluminium/Argon arcs (left) and Iron/Argon arcs (right).
Red curves: envelope of alternating magnetic flux densities. The plots display the magnetic flux
densities measured from the moment when the arcs are ignited.
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showing the high current phase are displayed together with measured overall currents
in Figure 4.21. The images show an Aluminium/Argon arc (left) and an Iron/Argon arc
(right) before and after the droplet detachment at the indicated moments. In both cases
the confined central region of the arcs with a high metal vapor concentration and the sur-
rounding plasma containing mainly Argon is clearly visible [72]. Figure 4.22 shows the
corresponding axial distribution of the magnetic flux densities for both cases. The blue
curve shows the changing B-field during each current pulse while the red curve shows the
envelope of the magnetic fields measured during the high current phase. As expected a
continuous decrease of the magnetic flux density is visible as the arc moves over the Hall-
effect device: At the beginning of the measurement the Hall-effect device measures the
entire current through the cathode resulting in a high magnetic flux density. While the arc
moves over the Hall-effect device the cathode experiences a decreasing current density at
the position where the Hall-effect device is located. This leads to the shown decrease of
magnetic flux density for the Ar/Al arc and the Fe/Ar arc. Note that the envelopes shown
in Figure 4.22 display different absolute values of the magnetic flux density. The values
for the Al/Ar arc are in the range of 1.6mT which is higher than those for the Fe/Ar arc
which are in the range of 1mT although the applied pulsed current was higher in the latter
case. This is due to the relative permeability of the steel cathode which shields magnetic
fields.

Reproducibility of the measurements and exchange of the direction of arc
movement

To investigate further how the magnetic flux density and thus the current density is af-
fected if experimental parameters are changed as well as to show the reproducibility of
these measurements another set of experiments was carried out. The previously performed
experiment with the Al/Ar arc has been repeated 12 times. Afterwards the direction of the
arc movement has been changed towards the right so that the Hall-effect device starts
measuring from a position away from the current carrying part of the cathode. A sketch of
this experimental setup illustrating the reversed arc movement is depicted in Figure 4.23.
This experiment has also been repeated 12 times. Two measurement results are shown
in Figure 4.24 where the left graph shows the arc movement from right to left. Here the
current flows from the arc towards the ground cable through a cold cathode. In the sec-
ond case where the arc moves from left to right (right graph) the current flows through
the part of the cathode which has been already modified by the material transferred from
the melted wire to the cathode. Comparing the two graphs of Figure 4.24 a difference
in the B-field distribution is visible. This may be explained by the following hypothesis:
The temperature of the cathode is elevated to levels around the melting point of steel in
regions where the arc already transferred droplets to the cathode. Thus the electrical re-
sistivity should be also elevated close to those areas where the droplets were deposited. In
conclusion the current density distribution should be affected by the direction of arc move-
ment. This can be seen in the right graph of Figure 4.24 where the magnetic flux density
is decreasing after 5s. During this time interval the arc is moving over the location of the
Hall-effect device. The decrease of magnetic flux density can be explained by a spreading
of the current density in areas of lower cathode temperature and thus lower resistivity.
Thus the flattening of the current density results in a decrease of magnetic flux density
on the x-axis. The reproducibility of this behavior is shown in Figure 4.25 which displays
the curves of all 12 experiments for each direction of moving arcs. In future experiments
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Figure 4.23: Schematic of the magnetic flux density measurements below the cathode of a gas metal arc process
(side view). Here the arc is moved from the left to the right side.

2 4 6 8 10

0

0.5

1

1.5

2

time [s]

m
ag

. f
lu

x 
de

ns
ity

 B
 [m

T
]

Al/Ar arc, current through cold part of cathode

2 4 6 8 10 12

0

0.5

1

1.5

2

time [s]

m
ag

. f
lu

x 
de

ns
ity

 B
 [m

T
]

Al/Ar arc, current through heated part of cathode

Figure 4.24: Measurement of the magnetic flux densities (By(t)) below the cathode during experiments with Alu-
minium/Argon arcs. Shown is the changing B-field during each current pulse (blue) and the B-field
present during the high current phase (red). The plots display the magnetic flux densities measured
from the moment when the arcs are ignited.

Figure 4.25: Series of measurements of the magnetic flux densities (By(t)) below the cathode during experiments
with Aluminium/Argon arcs. The left graph results from arcs moved from the right to the left and the
right graph results from arcs moved from left to right.
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this phenomenon could be further investigated also for different materials. Further, the
corresponding impact of the droplets on morphological changes occurring in the cathode
could be analyzed. Here differences in morphology could be visible if the current is more
spread over the cathode as it seems to be the case if the arc is moving from the left to the
right side. A resulting lower current density would contribute less to the ohmic heating of
the cathode and thus may impact the seam and bead geometry of the modified metal.
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Chapter 5

An in situ diagnostic to measure thermophysical
droplet properties and droplet temperature in gas
metal arcs

5.1 Introduction

‘Thermophysical properties of high temperature melts such as surface tension, viscosity,
density as well as bulk temperature are of major interest e.g. for industrial welding pro-
cesses and the modeling of such processes. These properties influence the droplet for-
mation, the droplet detachment and the fluid flow in the weld pool which is crucial for
understanding the formation of the welding seam as well as bead geometry. Since sur-
face tension was recognized an important thermophysical property of materials, different
methods have been developed to determine its value for a variety of geometries and mate-
rials. These methods can be grouped in non-contact and contact methods. The latter are
widely used for liquids in a room temperature regime where the fluid can be brought in
contact with a solid of known properties and geometry. These methods are based either
on the deformation of a bulk fluid where a solid of known geometry is immersed, like the
Wilhelmy plate or the Du Noüy Ring method [76], or on the deformation of a spherical
droplet that is attached to a plate or a capillary, e.g. the sessile drop [54], pendant drop
[2, 21] or maximum bubble pressure method [90]. The non-contact methods are based
on the oscillation of a liquid droplet about its sphere. Surface tension σ can be deter-
mined due to the natural frequency (ω = 2π f ) of these oscillations as introduced by Lord
Rayleigh [87]:

σ =
3

4π

ω2M
l (l−1)(l +2)

, (5.1)

where M is the mass of the liquid and l ∈ N \ {0,1} is the oscillation mode number. The
frequency corresponding to l = 2 is called the Rayleigh frequency. While l = 1 corresponds
to the droplet translation, oscillation modes for l > 2 can be neglected if the droplet radius
is smaller than the capillary length lc =

√
σ/(ρg), where ρ is the droplet density and g

the gravitational force [18, 71]. In addition to this, the oscillations are periodic if the
radius is considerably larger than the characteristic radius R∗ = η2/(σρ), where η is the
viscosity of the droplet [8, 18]. Droplets which have been analyzed in this work fulfill
these criteria for a periodic oscillation in the Rayleigh frequency. The advantage of these
techniques is that surface tension of fluids which are normally solid at room temperature
can be analyzed up to their boiling points by utilization of different heating mechanisms
such as laser beams [36], electromagnetic fields [35] induction heating [44] or thermal
plasmas [71]. However, the values for surface tension of liquid metals and their alloys
obtained by these methods show partly considerable deviations from the results presented
by different authors. Comparisons of different studies are shown for liquid Aluminium
[36] Copper [53, 68], Gold [53], Iron [33, 104, 79], Nickel [33, 37], Ruthenium [52],
Silicon [35, 45] and others.
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These oscillating drop methods can be grouped in microgravity, levitated drop and free
falling drop methods. Microgravity methods (10−6 g) performed in space [48, 82] or on
parabola flights [46] are known to be very accurate due to the absence of external force
fields but are limited with respect to availability. The levitated drop methods vary in the
type of levitation. Electromagnetic [27, 28] or electrostatic [52, 81] levitation is suit-
able for conducting materials while aerodynamic [70] or acoustic [66] levitation can also
be employed e.g. for ceramics or aqueous solutions. A combination of different levitation
methods is also possible [80]. A disadvantage of the levitation methods is the perturbation
of the drop oscillation by the levitating force field whereby the characteristic oscillation
frequency splits into different frequency peaks. Mathematical corrections for this circum-
stance have been suggested by Cummings and Blackburn [20]. These corrections are not
necessary for free-fall oscillating drop methods where an initial deformation results in a
damped oscillation of a free falling drop due to internal restoring forces. In that case
equation 5.1 can be employed to calculate surface tension. In addition the viscosity of the
oscillating droplets can be determined by the non-contact methods. The dynamic viscosity
η of free falling droplets with radius R can be related to the damping constant Γ [57]:

η =
3M

20πR
Γ. (5.2)

While these setups are challenging due to the experimental realization of a containerless
facility for heating and controlling the liquid drops, a different situation can be found
in gas metal arcs. The research presented here makes use of the natural oscillations of
liquid metal droplets occurring during the material transfer of a pulsed gas metal arc
process. This approach is advantageous because by doing this, material properties like
surface tension can be measured directly during the process of gas metal arcs without
interference with the process itself. Hence there is no need for an indirect method e.g. by
simulation or pyrometric temperature measurements which are compared with reference
data for temperature-dependent surface tension.

In pulsed gas metal arcs a continuously supplied metal wire is melted by an electric arc
which is generated between the wire tip (here set as anode) and a metal sheet (set as
cathode). Depending on the electric voltage drop along the arc and the wire feed rate, the
arc length can be adjusted. If the arc is long enough and sufficient energy is brought into
the wire, droplets are formed due to various forces but are especially influenced by the
surface tension of the molten tip. As shown in Figure 5.1, these forces include [91]:

• external mechanical forces (1), (2),

• electromagnetic forces (pinch effect) (3), (5), (10),

• forces resulting from evaporation of liquid metal (6),

• restoring forces resulting from surface tension (7),

• gravitational forces (8),

• external magnetic forces (9), (12),

• forces resulting from fluid flow of gases, plasma and metal vapours (4), (11), (13).

While traveling to the cathode these droplets experience a damped oscillation which is
excited by the initial detachment from the wire tip (see Figures 5.1 and 5.2). Hence
such a metal droplet detaches like a droplet from a water tap by building a shrinking
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Figure 5.1: Forces during material transfer in gas metal arcs [91].

bridge to the liquid wire tip while moving downwards until the bridge brakes [61, 85, 25].
Residual liquid metal from the bridge accelerates back to the wire tip and the falling
droplet due to surface tension. When this residual metal is absorbed, a damped oscillation
is induced in the droplets (section 5.4) and the liquid wire tip due to internal restoring
forces (indicated in Figure 5.1: (7)). In order to enhance the pinch-effect to enhance
droplet detachment the pulsed gas metal arcs employ peak currents in the range of a few
hundred Amperes. The main droplets generated have diameters in the mm-range and
often show complex surface waves in addition to the oscillation induced by the initial
detachment (Figure 5.2, 1-8). Aside from this, these droplets perform very few, if at
all one complete oscillation until they reach the cathode. Multiple droplet oscillations
are necessary to measure viscosity and are desirable to minimize uncertainties in surface
tension measurements. Hence these primary droplets are hardly applicable for the study
of surface-controlled oscillations. Depending on the control process of the power supply,
more than one droplet is detached. In addition to the primary droplet one or more smaller
droplets can be formed from the liquid wire tip. These so-called satellite droplets detach
either from the liquid wire tip or are formed from the metal bridge created in between
the primary droplet and the liquid wire tip (Figure 5.2, 7-15). Depending on where they
are created, the satellite droplets show different translational motion. In some cases they
are re-absorbed by the wire tip or the primary droplet or they levitate for a certain time
in the free space while performing damped oscillations. Because of the smaller diameter
compared to the primary droplet, these oscillations are almost perfect about a sphere
(detaching droplet in Figure 5.2, 14-16) and thus suitable for investigation of surface-
controlled oscillations.
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Figure 5.2: Detachment of droplets: A primary droplet is followed by satellite droplets.

The research presented here is based on several improvements with regard to work pre-
viously performed on the determination of surface tension in a gas metal arc process
[99, 98]. The developed approach is based on a direct imaging technique using frame rates
up to 30000fps in combination with image processing algorithms to extract the oscillating
movement of the edge contour of the liquid droplets. The edge contour is subsequently
used for time and frequency domain studies along different dimensions of the droplets as
well as volume calculations. Also the effect of temperature on density was incorporated
in a simple model yielding surface tension, temperature and density of the droplets. This
is advantageous since estimation of the density would result in large uncertainties of the
derived parameters if the droplet mass is calculated from the high-speed images. (In this
case the droplet mass would be calculated using the estimated density and the droplet
volume which can be calculated with the known image magnification and assuming axial
symmetry.) In this work a pure Iron wire was utilized as metal with a high density gra-
dient with respect to temperature. In addition modifications to the cathode setup were
made to enable the direct determination of droplet mass. This was achieved by employing
a donut shaped cathode where the liquid droplets fall through the center and quench in a
water basin. The droplets were analyzed subsequently yielding the accurate mass that is
needed for surface tension measurements if the density is not known. The novel research
presented here also shows the determination of viscosity by calculating the damping of
droplet oscillations along different axes of a droplet.

In this work two cases of droplet formation are considered. First droplets that are sur-
rounded by plasma are studied (see Figure 5.3, left) and subsequently droplets that are
separated from the main plasma column are analyzed employing the donut cathode setup
(see Figure 5.3, right). Numerous experiments have been performed in both cases in
which the general behavior of the droplets was shown to be highly reproducible.’ [6]
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Figure 5.3: Schematic of the employed experimental setups.

5.2 Experimental setup to visualize droplets in a gas metal arc

‘The droplets were visualized by directly recording the gas metal arc (see section 2) with a
12bit monochrome high-speed camera (PCO.dimax). Since most high-speed cameras can
be adjusted in frame rate and resolution, one faces the difficulty of finding an optimum
between a high frame rate and a high image resolution for the evaluation, because in-
creasing one property results in reduction of the other. For this work an optimum frame
rate has been found that is in between 20000fps and 30000fps which corresponds to a pixel
number of 240x600 and 240x400, respectively. With the utilized camera higher frame rates
are possible with a reduced number of pixels. A high resolution is necessary in order to
extract the exact edge contour of the droplets which in turn is used to calculate surface
tension via the oscillation frequency and viscosity via the damping of oscillations. A high
resolution is especially important to measure the sometimes small damping constants of
a droplet oscillation. An additional macro lens was utilized together with a macro-planar
objective (Zeiss T* 2/100mm ZF) yielding a spatial resolution of 6−8 µm/pixel. This spa-
tial resolution was determined by calibrating a test image with the wire electrode which
has a well-defined diameter.

Another challenge that occurs when recording the droplets is the strong plasma emission
in the visible spectrum. In order to suppress this radiation which is dominated by lines, a
dichroic optical bandpass filter was inserted in the optical path. With a central wavelength
of 650nm and a FWHM of 10nm most of the plasma emission of both, Argon and Iron, can
be suppressed due to the low amount of line radiation in this spectral window (see Figure
5.3). It is easier to implement than e.g. backlighting or shadowgraphy techniques which
have been used previously for visualizing droplets in gas metal arcs. This setup enables
direct and detailed observations of liquid Iron droplets which are surrounded by highly
radiating plasma and thus allows for accurate measurements of the edge contour by the
subsequently described image processing technique.
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Figure 5.4: a) False color photography of a droplet (left). b) Image after setting a threshold (center). c) Image after
morphological erosion and dilation with resulting edge contour (right).

5.3 Image processing, data evaluation and determination of
droplet mass for high temperature melts

5.3.1 Image processing and data evaluation by thresholding, morphological
erosion and dilation and conversion to a binary image

A raw image of the just described optical setup is displayed in Figure 5.4 a). The false
color representation emphasizes the changes of the original 12bit gray scale values near
the droplet edge. The preprocessing of these images which was carried out before critical
droplet dimensions were extracted is divided in three steps:

• thresholding,

• morphological erosion and dilation

• conversion to a binary image

In the first step, pixels that exceed a set threshold value are set to the maximum intensity
value of 212 (see Figure 5.4 b)). This threshold was determined as a maximum background
noise of the surrounding medium. Particles in the micrometer length scales which appear
in some images as well as small regions of remaining plasma radiation as can be seen from
Figure 5.4 b) are eliminated in the second step: Here morphological erosion and dilation
was performed with a disc employing a radius of 40 µm. In the last step the images are
binarized utilizing a threshold value of 0.5× 212. Then regions of interest (ROI) were
defined enclosing only the droplets which are analyzed. The ROIs of the binary images
were scanned line-by-line for low-high and high-low transitions to extract the edge contour
of the droplets. A digitized droplet with resulting edge contour (green) is displayed in
Figure 5.4 c). Finally edge contour values are stored in a matrix in order to extract the
horizontal droplet radii a and the vertical radii b of each droplet which are subsequently
used for time and frequency domain studies.

5.3.2 Determination of droplet mass and density

As can be seen from equations 5.1 and 5.2, the droplet mass M (or droplet density
ρ = M/V ) is one of the parameters which has to be known in order to calculate surface
tension and viscosity. In previously performed experiments the surface tension of liquid
Aluminium droplets in gas metal arcs has been estimated [99]. For this the droplet density
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Figure 5.5: Nozzle of gas metal arc with donut cathode.

of Aluminium was estimated to have a constant value although the authors note that the
density of Aluminium decreases with increasing temperature. This leads together with
the uncertainty in frequency and droplet volume to an uncertainty of 30% of the therein
reported values for surface tension. While the density gradient of liquid Aluminium as a
function of temperature is relatively small with a value of 0.311kgm−3 K−1 [3], metals with
larger gradients would yield even higher uncertainties. In this work liquid Iron droplets
with a density gradient of 0.926kgm−3 K−1 [3] (which is three times larger than that of
aluminum) were analyzed. Hence it is necessary to take the temperature influence on the
density into account. This goal has been accomplished in this work by developing two
approaches which are subsequently discussed.

Approach 1: Measurement of solidified droplet parameters

In principle there are two ways to determine the mass of a solid spherical droplet. First, the
mass can be measured with a precision microbalance. Second, if there is no such balance in
place, which was the case in the present work, the diameter d of the spherical droplet can
be measured and the mass can be calculated using the known room temperature density:

M = ρV = ρ
4
3

(
d
2

)3

π, ρ = ρRT (at20◦C). (5.3)

Note that the measurement of the diameter has to be very accurate in order to minimize
uncertainties induced by error propagation through the third power in equation 5.3. In
order to be able to perform such a measurement, the liquid droplets have to be extracted
from the plasma process. This was done by using a 2mm thick copper plate as a cath-
ode through which a hole was drilled so that the droplets can fall through and quench
in a water basin which is placed underneath (see Figure 5.5). In this way, the solidified
droplets can be assigned to the images acquired by statistical analysis and subsequently
measured. Note that sorting the droplets by size and thus relating them to the high-speed
images is much easier if only few droplets are collected within one experiment. In order
to obtain a high accuracy of the droplet diameter measurements, two methods have been
implemented which allow also an independent comparison of results: First the solidified
droplets are analyzed with a Carl Zeiss stereo microscope (SteREO Discovery.V12). The
diameters were measured employing a calibrated microscope image with a known mag-
nification. The resulting accuracy of the thus obtained droplet diameters was 4 µm which
was limited mainly due to the optical resolution (see blurry edges in Figure 5.14. An-
other possibility to measure the droplet diameters is by utilizing a micrometer. Since the
maximum resolution of a standard micrometer is around 10 µm a modified caliper was
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Figure 5.6: Schematic of the Michelson Interferometer to measure solidified droplet diameters.

developed in this work. A Michelson Interferometer (MI) was arranged on a table that is
free of vibrations. Then the movable jaw of a micrometer was connected to the movable
mirror of the MI (see Figure 5.6). The interference fringes were detected with two fast
photodiodes. These were separated by a small distance to detect different phases of the
interferogram and thus allow to distinguish between positive and negative movements
of the movable mirror. The analog voltage from the photodiodes was digitized using a
Schmitt trigger and signal processed with a Field Programmable Gate Array (FPGA) which
was programmed to compute the fringecount and the corresponding relative displacement
of the micrometer. Employing a laser with a wavelength of 532nm a theoretical resolution
of 266nm is possible for the measurement of droplet diameters. During each measurement
the droplet position was changed more than 10 times and the standard deviation of the
diameter which was usually in the range of 1 µm was used for the error propagation (see
section 5.5).

Approach 2: Solving a system of linear thermophysical equations

The second approach to determine the droplet mass and droplet density (liquid) that was
developed in this work is described subsequently. It enables in situ measurements of these
parameters and thus in situ measurements of surface tension and viscosity. The approach is
based on the linear temperature dependency of both surface tension and density. Hence a
modified Rayleigh formula (equation 5.4) was employed together with the surface tension
– temperature equation 5.5 and density – temperature equation 5.6 for liquid Iron [3] to
built and solve a system of three linearly independent equations:

σ = 0.5 ·π2 f 2
ρR3

0, (5.4)

σ = c3 + c4 (T −Tref) , (5.5)

ρ = c1− c2 (T −Tref) , (5.6)

where c1 = 7034.96kgm−3, c2 = 0.926kgm−3 K−1, c3 = 1.92Nm−1, c4 =−3.97 ·10−4 Nm−1 K−1

are material constants, Tref = 1811.0K is the melting point of Iron and R0 is the radius of
the spherical droplets. The latter was measured in situ from the high-speed images as-
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Figure 5.7: Oscillation of liquid Iron droplet (Emission at 650nm).

suming axially symmetric droplet oscillations. Here the product of volume with density
additionally yields the unknown droplet mass. The use of reference data is a drawback of
this technique since values for c1,2,3,4 and Tref have to be present in literature. On the other
hand in situ surface tension and viscosity measurements can be performed in an indus-
trial gas metal arc process without the otherwise time consuming collection of droplets for
which changes to the electrode configuration are needed. The inclusion of the temperature
dependency of the liquid droplet density for surface tension and viscosity measurements
was accomplished for the first time and has been published in [6]. This is advantageous es-
pecially for materials which have high density gradients - like Iron, since estimation of the
density would yield large uncertainties in the calculation of surface tension and viscosity.

5.4 Time- and frequency study of free falling droplets and
results of thermophysical droplet parameters and droplet
temperature

First, experiments without modifications to the cathode will be discussed. These make use
of the in situ approach by solving a system of linear thermophysical equations (5.4, 5.5 and
5.6). An image sequence showing a sample droplet is displayed in Figure 5.7. Here every
fourth image is shown from the original high-speed sequence which was obtained with
a frame rate of 22700fps. Vertical and horizontal radii were calculated from the droplet
edge contours and are displayed in Figure 5.8. The negative gradient in the radii which
can be noted from Figure 5.8 will be discussed later. A Fast Fourier Transformation (FFT)
was employed to calculate oscillation frequencies of both radii. The result is displayed
in Figure 5.9. The frequency corresponding to the maximum of the FFT was substituted
in equation 5.4 and the system of equations was solved for the second oscillation mode
(l = 2). The resulting values for surface tension σ , density ρ and temperature T yield:

σ = 1.46±0.15Nm−1 (5.7)

ρ = 5960±350kgm−3 (5.8)

T = 2970±380K (5.9)

The given uncertainties result from the error propagation calculations discussed in section
5.5.

As noted before, the radii shown in Figure 5.8 display a negative gradient. This can be
ascribed to evaporation of the droplet which makes sense because first, the droplet is
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Figure 5.8: Radii of the oscillating Iron droplet in verti-
cal and horizontal direction.
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Figure 5.9: FFT of droplet oscillation in vertical and
horizontal direction.
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Figure 5.10: Volume change showing evaporation during droplet oscillation.

surrounded by plasma and second, the calculated droplet temperature of 2970± 380K is
in the vicinity of the boiling point of liquid Iron. In order to support this hypothesis, the
droplet volume and volume change with time was calculated. Therefor the radii a and b
were employed to calculate ellipsoids with volume V:

V =
4
3

π ·a2 ·b. (5.10)

The resulting droplet volume is plotted versus time in Figure 5.10 and clearly displays the
reduction of volume. As seen from Figure 5.10 the volume changes by 0.005mm3 within
3.5ms. The power that is necessary to evaporate 0.005mm3 Iron in 3.5ms will be esti-
mated in what follows. Assuming a droplet temperature of 3110K (which is in the vicinity
of the measured 2970K and for which an enthalpy of vaporization is given in literature)
the droplet density yields 5832kgm−3 according to equation 5.6. With an enthalpy of va-
porization of 349kJmol−1 = 6.25kJg−1 [22] the resulting necessary energy yields 0.18J.
This corresponds to a power of 51W. In order to verify if this power can be provided by
the plasma, the power which is radiating on the droplet will be estimated in what fol-
lows by assuming a black body radiation of the plasma which surrounds the droplet and a
plasma temperature in the range of 7000 to 8000K in the arc center [89]. By application of
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Figure 5.11: Formation and oscillation of liquid Iron droplet beneath cathode.
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Figure 5.12: Radii of the oscillating Iron droplet in ver-
tical and horizontal direction.
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Figure 5.13: FFT of droplet oscillation in vertical and
horizontal direction.

the Stefan-Boltzmann law, the radiating power on a droplet with 0.2mm diameter yields a
value in between 70W to 120W which is in the same order of magnitude as the power nec-
essary for evaporation. Furthermore, an additional heating of the droplet can be provided
by convection which was not considered in this evaluation. Another theoretical explana-
tion of the decrease in droplet volume could be cooling of the droplet. However, a volume
change which was observed for the analyzed droplet would correspond to a droplet tem-
perature decrease of more than 1000K. What contradicts a possible cooling of a droplet
is that the observed volumes stay constant for droplets that have been separated from the
main plasma column (see e.g. Figure 5.12). If the decrease in droplet size had resulted
from droplet cooling it would have been even more visible in the radii of liquid droplets
that have been extracted from the main plasma. However, a straightforward calculation of
viscosity applying Lamb’s equation is not possible due to the decrease in the overall radii
depicted in Figure 5.8. Hence the subsequently described experimental results make use
of the donut cathode setup. Here the droplets fall through and are recorded during free
fall below the cathode (see Figure 5.3, right).

Figure 5.11 shows an image sequence of such droplet. On the first three images the
detachment of the droplet from the wire is visible. This process occurs already under the
cathode where almost no more plasma is present. The edge contour was extracted as
described in section 5.3.1 and the resulting time evolution of the vertical and horizontal
droplet radii is depicted in Figure 5.12. The droplet oscillation frequency shown as a
maximum in the displayed spectrum of Figure 5.13 was first substituted into the system
of equations (5.4, 5.5 and 5.6) which was solved and yields in situ paramters for droplet
mass, surface tension, temperature and density as shown in the first row of Table 5.1.
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Figure 5.14: Microscope image of solidified droplet.

Method of Droplet mass Surface tension Temperature Density (liquid)
evaluation [mg] [Nm−1] [K] [kgm−3]

Sys. of eq. 0.48±0.04 1.7±0.2 2300±300 6600±300
Droplet diam. 0.497±0.006 1.79±0.04 2100±100 6730±90
via microscope
Droplet diam. 0.510±0.002 1.83±0.02 2040±50 6830±50
via mod. caliper

Table 5.1: Comparison of results from droplet mass, surface tension, temperature and density of a liquid Iron
droplet with different methods of evaluation.

The droplet shown in Figure 5.11 has been captured in a water basin which was placed
underneath the cathode. The solidified, almost perfectly spherical droplet was analyzed
subsequently yielding the room temperature diameter. In this work possible oxidation of
the droplet and a volume change associated with such oxidation during the solidification
process was not considered. A microscope image of the solidified droplet is shown in
Figure 5.14. The droplet diameter was calculated from the calibrated microscope image
yielding a mean diameter of 494 µm with an uncertainty of 4 µm which results mainly from
blurry edges. Employing a room temperature density of 7874kgm−3 the droplet mass re-
sults to 0.497mg. A second evaluation of the droplet diameter was carried out with the
previously described micrometer which is based on a Michelson Interferometer (section
5.3.1). Here the mean diameter yields a value of 498.4 µm with a standard deviation of
1.1 µm. The standard deviation was calculated from 10 measurements of the droplet diam-
eter in which the droplet position was always changed between two measurements. The
thus obtained standard deviation of 1.1 µm is different from the theoretically possible res-
olution of the measurement setup of 266nm because of a small asphericity of the droplet.
Thus the value of 1.1 µm was utilized for the error propagation described in section 5.5.
With a mean diameter of 498.4 µm a droplet mass of 0.510mg has been determined. The
resulting values for the liquid droplet density, surface tension and temperature are shown
in the second and third row of Table 5.1. Values of temperatures and densities given in
Table 5.1 were calculated based on equations 5.5 and 5.6 and their uncertainties were cal-
culated by error propagation of the upper and lower bounds of surface tension. The latter
were calculated in turn including the resolution of the high-speed camera, the blurring
induced uncertainty of the microscope image and the standard deviation of the diameters
measured with the modified micrometer, respectively, as well as the uncertainty in the
frequency measurement.

The viscosities of the droplets that were generated with the donut shaped cathode setup
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Method of Viscosity [mPa s] Viscosity [mPa s]
evaluation (vertical oscillation) (horizontal oscillation)

related temperature interval [K] related temperature interval [K]
Sys. of eq. 9±2 3.2±0.5

[1500,1860] [2070,2370]
Droplet diam. 8±2 2.9±0.3
via microscope [1540,1920] [2150,2450]
Droplet diam. 8±2 2.9±0.3
via mod. caliper [1530,1910] [2150,2450]

Table 5.2: Comparison of results for viscosity from vertical and horizontal droplet oscillations with different methods
of evaluation. Viscosities derived from the vertical oscillation are too high due to initial modulated
damping as described by Prosperetti [86] while measurement variations of the damping of horizontal
oscillations can be caused by measurement uncertainties.

were also investigated employing Lamb’s equation 5.2. Therefor a non-linear least squares
fit was employed to fit the oscillation envelope y (e.g. visible in Figure 5.12):

y ∝ exp(−Γt), (5.11)

where Γ is the damping constant of the oscillation. Uncertainties of this measurement were
calculated through error propagation employing the 68.3% confidence intervals of the fit
procedure as well as the uncertainty in the measured droplet radii. The resulting values for
viscosities measured with the different methods of evaluation and vertical and horizontal
droplet oscillation, respectively, is shown in Table 5.2. The corresponding temperature
intervals were calculated employing the following viscosity-temperature correlation:

log10
(
η/η

0)=−c5 +
c6

T
, [3] (5.12)

where η0 = 1mPas, c5 = 0.7209 and c6 = 2694.95K. The viscosities for the vertical oscil-
lation are too high to be plausible. Prosperetti gave a possible explanation for this repro-
ducible behavior [86]: The initial detachment from the wire tip as it can be seen from
Figure 5.7, pictures 1,2,3 can lead to additional damping of the vertical oscillation. Hence
such a damped oscillation approaches only asymptotically the behavior of a damped har-
monic oscillation. As a result the damping constants of consecutive oscillation amplitudes
may differ and converge with time towards a constant value. Thus, differences in damp-
ing constants between the two consecutive oscillation amplitudes shown in Figure 5.12
have been evaluated for the vertical and horizontal oscillation. The damping constants
of the vertical oscillation differ by 40% which results in overestimation of values for the
vertical oscillation displayed in Table 5.2. In contrast to this, the damping constants of the
horizontal oscillation differ by 10% which can be mainly ascribed to measurement uncer-
tainties of the exact oscillation amplitudes. Instead of evaluating every single oscillation,
the employed non-linear least squares fit of the oscillation envelope allows for averaging
of differences of damping constants from consecutive oscillation amplitudes. Additionally,
the fit procedure allows the determination of measurement uncertainties through error
propagation of the fit-related confidence intervals. Finally, it is worth mentioning that, in
the case of the horizontal oscillation, the viscosity related temperature intervals shown in
Table 5.2 match very well with the surface tension related temperatures shown in Table
5.1.
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5.5 Sources of error and analysis of uncertainties

The errors which arise from uncertainties which are inherent to every measurement are
described in what follows. One of such errors occurs due to the discrete spatial reso-
lution of the high-speed images. The implied discretization error for the droplet which
was surrounded by plasma is σx,1 = 8 µm and σx,1 = 6 µm for the droplet which originated
below the cathode separated from the plasma. The noise of the employed electronic equip-
ment (e.g. high-speed camera) was neglected as well as possible overestimations of the
droplet surface area due to the brightness of the droplets since there were no areas of
overexposure during the measurements. A residual error arising due to a possible droplet
movement along the observed line-of-sight and a resulting magnification of the droplets
was neglected because of the small overall traveling distances of the droplets. Uncertain-
ties due to blurry edges while measuring the droplet diameter with the microscope have
been taken into account and yield a value of σx,2 = 4 µm. The standard deviation of the
alternative measurement of the solidified droplet diameter with the modified Michelson
Interferometer was σx,2 = 1.1 µm which was due to a small asphericity of the solidified
droplet. Impurities of the Iron and shielding gas as well as possible oxidation of droplets
were neglected for evaluations making use of reference data. However, for calculations
that do not utilize reference data, the obtained values for surface tension, viscosity and
related parameters are correct – that is true also if droplets are oxidized or already re-
acted with surfactants if these values do not change during the image acquisition with the
high-speed camera. Porosity which droplets might have gained during the solidification
process was neglected in this work. Such porosities would affect the room temperature
density of Iron which was employed to calculate the droplet mass. Alternatively, the mass
of porous droplets can be determined utilizing a precision microbalance in future studies.
Constants used in equations 5.5 and 5.6 were employed without upper and lower limits
and assumed to be valid in the temperature range experienced by the droplets. A possi-
ble electrical charge accumulation on the droplets which travel through the plasma and
the resulting influence on the analysis have been neglected. Because of the high thermal
conductivity of the droplets the droplet temperature was assumed to be uniform. An im-
portant result from previous investigations is that droplet rotation and/or external forces
acting on them would result in a splitting of the Rayleigh frequency towards more fre-
quencies [20, 26]. The influence of droplet rotation or external forces on surface tension,
viscosity and related parameters can be neglected in this work since no such frequency
splitting is visible in Figures 5.9 and 5.13 [67, 68, 71] (within the considered uncertain-
ties in frequency measurements). This assumption can be substantiated for though the
droplets are surrounded by plasma during the in situ measurements (thus presumably ex-
posed to higher shear forces) and extracted from the plasma in the experiments with the
donut cathode (thus presumably exposed to less shear forces), there is always only one
frequency peak observed in the oscillation spectra. The uncertainties in measured oscil-
lation frequencies yield σx,3 = 0.6% for the droplet surrounded by plasma and σx,3 = 1%
for the droplet originated under the cathode (half of the time interval between the frames
divided by the droplet observation time). The error arising from the determination of
damping constants from the non-linear least squares fit of the oscillation envelope which
was employed to determine viscosity was also taken into account. The related standard
deviation of the damping constant of the vertical droplet oscillation was σx,4 = 36.8 1

s and
σx,4 = 6.5 1

s for the horizontal droplet oscillation. The described errors due to spatial im-
age resolutions, measurements of droplet diameters, oscillation frequencies and damping
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constants were assumed to be uncorrelated. Hence the following calculation of an error
σA was employed by error propagation:

σA = ∑
i

∣∣∣∣ ∂A
∂xi

∣∣∣∣σx,i, (5.13)

where A = f (x1,x2, ...,xn) and xi is the quantity to be measured with an uncertainty σx,i.
Values for droplet masses, densities, surface tensions, viscosities and temperatures which
are listed e.g. in Tables 5.1 and 5.2 are written in the form A±σA.’ [6]
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Chapter 6

Conclusion and Outlook

In this work three diagnostics have been developed in order to characterize multi dimen-
sional and transient plasma processes. First, a fundamental configuration of a transferred
Argon arc has been studied. Then the degree of complexity has been increased by applying
pulsed currents, which cause transient phenomena (part 1 and 2). Further, the analysis
of liquefied metal droplets moving through an arc column towards a cathode under tran-
sient conditions has been performed and their impact on the distribution of current in the
cathode has been shown (part 2 and 3).

In the first part of this thesis a non-intrusive optical plasma diagnostic has been intro-
duced which is based on the visualization of the object of interest in two spectral bands by
means of high-speed imaging and subsequent analysis of images obtained. An experimen-
tal setup has been developed which allows imaging of these spectral bands simultaneously
on a single camera chip by the use of interference filters and a set of mirrors. Utilization
of a high-speed camera allows the determination of three-dimensional plasma densities,
temperatures and conductivities with a high temporal resolution. The evaluation method
involves a matching of simulated emission coefficients with Abel-inverted measured emis-
sion coefficients. To accomplish this, two different types of Abel inversion algorithms have
been developed. One is based on spline functionals which have been described in lit-
erature. The other makes use of an implied physical model which allows for an analytic
inversion of intensity profiles. The obtained results have been justified by a thorough anal-
ysis of error sources as well as the comparison to stationary measurements with a classical
spectrometer. The latter have been evaluated by four independent methods including a
single line and line ratio method, the Fowler-Milne method as well as the quadratic Stark
broadening of an atomic transition line. It has been shown that resulting plasma tem-
peratures agree very well within those methods and within the results obtained with the
high-speed diagnostic. Moreover, it has been shown that the high-speed diagnostic pro-
vides an additional advantage by enabling the simultaneous evaluation of two spectral
intervals: For the described experimental parameters a departure from single-temperature
LTE towards a two-temperature LTE would still yield correct electron temperatures. The
sensitivity of the experimental approach and the capability to determine the quantitative
electrode attachment of an arc have been shown by the analysis of a dc pulsed process.
While the utilization of a classical spectrometer only allows to collect a signal in a certain
plane, the camera based high-speed setup allows to directly image the whole arc. Thus
transient multi-dimensional processes can be studied in one cycle of a measurement. In
contrast to this, classical spectroscopy relies on the reproducibility of the studied process
to get a map of arc properties because several measurements of different planes need to
be performed. The boundary condition of an axially symmetric arc could be omitted by
evaluating measurement results with a generalized Abel inversion procedure [56]. Thus
elliptically symmetric density distributions could be reconstructed. Alternatively, collection
and filtering of radiation from different directions would enable an entirely tomographic
approach [58]. Also different gas mixtures used in industrial processes may be analyzed
in future by changing the central wavelength of one or both spectral filters. In this way the
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plasma temperature can be first obtained by analyzing only transition lines of for example
Argon. The local three-dimensional gas composition could be obtained by measurement
of local emission coefficients of atomic lines of other gas species utilizing different sets
of filters. This could be achieved either in a reproducible process and by performing
consecutive experiments or by duplication of the experimental setup and simultaneously
measuring transition lines of different atomic species.

The electrical conductivities measured of a stationary free burning arc have also been
compared to current density distributions which have been measured by the diagnostic
introduced in the second part of this thesis. The agreement of these results enables an
independent validation of the spectral three-dimensional high-speed diagnostic and the
diagnostic of current density distributions. By utilization of Hall-effect sensors, the lat-
ter allows a reconstruction of current density distributions by evaluating current carrying
cross sections of a free burning arc. This was achieved by experimentally integrating the
magnetic flux density distribution along the circumference of each cross section and solv-
ing Ampere’s circuital law for a Gaussian distributed axially symmetric current density.
The Gaussian distribution has been justified by assuming a radial diffusion profile with
electrical conductivity as approximately constant diffusion parameter. Additionally, a gen-
eralized approach for arbitrary current density distributions has been described. Current
densities in pulsed arcs may be measured in future experiments if Hall-effect devices are
employed which provide a high sensitivity and time resolution like the utilized digital Hall-
sensor HAL2850 (which provides a acquisition rate of 2kHz). Preliminary magnetic flux
density measurements have been made in a dc pulsed gas metal arc process where the
influence of the cathode temperature on the distribution of current has been shown exper-
imentally. At last magnetic flux densities have been measured in the vicinity of the current
carrying part of a cold electrode. But by changing the direction of the arc movement with
respect to the cathode, magnetic flux densities have been measured also in the vicinity of
the current carrying part of a hot electrode. This current carrying part is heated by the
arc as well as by the liquid metal droplets which cumulate on the cathode surface. The
clearly visible and reproducible change in the magnetic flux density distribution near the
hot cathode suggests the redistribution of current due to the increased resistivity of the
heated metal areas. From these magnetic flux density measurements, also current den-
sity distributions may be reconstructed in future evaluations by the following procedure:
First, a simulation of current density functionals with a limited number of variables could
be performed. The functionals should be chosen based on several assumptions about the
current density distribution in gas metal arcs. These assumptions could for example dis-
tinguish between a current carrying and a non-current carrying metal vapor core of the
arc. Then, magnetic flux densities may be calculated from the different current density
distributions. Finally an optimization of the variables from the current density function-
als may be performed until a best fit of measured and calculated magnetic flux densities
is reached. Thus it would be possible to test hypotheses like a current minimum in the
arc core which contains metal vapor by observing differences in the resulting calculated
and measured magnetic flux densities. Another possibility for an evaluation would be to
validate current density simulations of gas metal arcs that have been published recently
(see for example [92]). Magnetic flux densities resulting from these simulated current
densities could be calculated and compared with measured ones.

Presence of liquid metal droplets in the arc is crucial from a phenomenological point of
view. Indeed, such droplets and the arc intensively interact with each other. In the hot
plasma environment droplets undergo heating and evaporation consuming energy from

Doctoral thesis - Benjamin-Leon Bachmann, University of the German Federal Armed Forces



Chapter 6. Conclusion and Outlook 79

the arc, which result in a change of plasma composition and thermophysical properties.
Moreover, as shown in part 2, presence of droplets affects current transfer not only through
the arc itself, but also inside the electrode. In order to investigate the thermophysical prop-
erties of these liquid metal droplets, an in situ diagnostic has been introduced in the third
part of this thesis. The diagnostic makes use of high-speed optical measurement of intrin-
sic droplet oscillations. The developed image processing algorithm allows to accurately
extracting the edge contour of the oscillating droplets. Different experimental and theo-
retical approaches have been developed to determine the droplet mass and thus to include
the effect of temperature on droplet density. The droplet mass was obtained either by in
situ evaluations utilizing reference data or alternatively by capturing and analyzing solid-
ified droplets. The latter approach uses the measurement of the droplet diameter with
different methods and subsequent translation in droplet volume and droplet mass. The
uncertainties involved in this approach are caused by possible droplet oxidation or the
increase of porosity during the solidification process which may affect the assumed room-
temperature droplet density. These uncertainties can be avoided in future experiments:
By utilization of a precision microbalance which was not available during this work, the
droplet mass can be accurately determined. The subsequently performed frequency anal-
ysis of the oscillating droplet shape yields accurate results of surface tension (with ±1%
accuracy). Droplet viscosity was obtained by accurately measuring the damping of the
droplet oscillation. Here special care was taken since oscillations may deviate from the
least damped normal mode of a harmonic oscillation. In those cases an overestimation
of viscosity is inherent in the evaluation procedure. As shown, this can be avoided by
ensuring that the damping rate of consecutive oscillations already converged to a con-
stant value. Droplet temperatures have been calculated independently from the obtained
surface tension and viscosity data. The agreement of calculated temperatures allows for
an independent validation of the introduced plasma diagnostic. The thorough analysis
and inclusion of error sources by error propagation calculations enables accurate mea-
surements of thermophysical droplet properties like density, surface tension and viscosity
in gas metal arcs. One practical limitation of the diagnostic is the droplet size. Liquid
iron droplets which have been analyzed in this work had diameters in the range of 0.5mm.
Droplets which are too big perform only few oscillations and are often prone to additional
surface waves which interfere with the evaluation. Droplets which are too small oscillate
perfectly around a sphere but oscillation frequencies increase to values far above hundreds
of kHz where available high-speed cameras offer too slow repetition rates. In future ex-
periments the introduced diagnostic could be applied to any process where metal droplets
are formed and perform damped harmonic oscillations, e.g. industrial welding, cutting or
spraying processes.

In future, further development of the introduced plasma diagnostics and further compar-
ison of the results obtained by each diagnostic should be possible. That way the spectral
three-dimensional high-speed diagnostic could be applied on gas metal arcs. A possible
scenario for an experimental procedure which would accomplish this will be outlined in
what follows. In a first step it may be assumed that the arc core and the surrounding
plasma sheath can be divided into a region of pure metal plasma (Fe, Al, etc.) and a re-
gion of pure nobel gas (Ar, He, etc.), respectively. This is reasonable as it is visible from
the images of Al/Ar and Fe/Ar arcs where the Argon plasma and the metal vapor core
are clearly delimitable [72]. Metal vapor is concentrated within a narrow region at the
arc center. Hence the temperature of the Argon plasma which surrounds this metal core
may be measured by the diagnostic introduced. Therefore the Argon plasma temperature
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could be measured at areas where no metal vapor is in the line-of-sight. Then it would be
possible to eliminate the emission of Argon which arises in the line-of-sight of the metal
vapor core. This is possible because local emission coefficients of Argon plasma are re-
sulting from the employed Abel inversion. Thus, further assuming axial symmetry, the
emission coefficients of the volume elements in front and behind the metal vapor core can
be subtracted from the radiation of the metal vapor. Finally the remaining metal plasma
core can be analyzed by the same procedures introduced in the first part of this thesis by
utilization of appropriate filters for the corresponding metals. The Saha equation and the
plasma composition calculations should be solved for the metal plasma instead of Argon.
A further sophistication of this approach could include transport phenomena inside the
gas metal arc [refs INP]. With this approach it would be possible to determine spatially
and temporally resolved plasma densities and temperatures in gas metal arcs. This could
be compared to current density measurements in gas metal arcs utilizing Hall-effect de-
vices. The results obtained by the in situ diagnostic for thermophysical droplet properties
could be used to study heat transfer mechanisms inside the plasma. As shown in section
5.4, the droplets which are surrounded by plasma are continuously evaporating very small
amounts of metal vapor (around 0.0015mm3/ms). Employing the enthalpy of vaporiza-
tion the necessary power for this evaporation can be calculated. Since the evaporation is
a result of the surrounding plasma, this power is provided by the plasma and allows to
study the heat transfer of the plasma towards the droplets. The delivered power could
be for example divided into a part of radiative power and a part of convective power.
The latter could be estimated for example by additional knowledge of the plasma velocity
which in turn could be determined for example by laser scattering [59, 43, 69]. In a first
step the radiative power could be assumed to be dissipated by a black body and thus the
Stephan-Boltzmann law would be applied to calculate radiation transport. Alternatively
more sophisticated models of radiation transport could be employed [39, 102]. Finally,
plasma temperatures of gas metal arcs which are obtained by the previously described
improved optical high-speed diagnostic or current densities measured with an improved
magnetic flux density diagnostic may be included in those evaluations of heat transfer
mechanisms.
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Appendix A

Estimation of electrical conductivity
An electrical current density ~jel =−ene~ve,drift is a result of electrons moving with a drift ve-
locity~ve,drift in an electric field ~E. This drift velocity is limited by the electrical conductivity
σel of the current carrying matter, in this case the plasma:

~jel = σel~E. (A.1)

The movement of the electrons in the plasma can be described by the following equation
which is the sum over all forces F:

me
d~ve,drift

dt
= ∑

i
Fi =−e~E− γ~ve,drift, (A.2)

where γ is a constant which is described by the characteristic impact timescale τimpact which
is the average time between two electron impacts:

γ

me
=

1
τimpact

≈ nscatσscatve,th ≈ ve,th

N

∑
i=0

nA,iσe−Ai , (A.3)

where σe−Ai is the cross section for the reduction in momentum of the electrons due to
scattering with atomic species Ai. Note that equation A.3 is only valid if |~ve,drift| � |~ve,th|,
where ve,th ≈

√
kBTe
me

is the thermal velocity of the electrons. In a stationary state d~ve,drift
dt = 0

it follows from equation A.2:

~ve,drift ≈
−e~E

γ
≈
−e~Eτimpact

me
. (A.4)

Hence the current density ~jel yields the electrical conductivity σel:

~jel =−ene~ve,drift ≈
e2neτimpact

me︸ ︷︷ ︸
σel

~E. (A.5)

The cross sections σe−Ai can be calculated by the average of the scatterd fraction of mo-
mentum 1− cos χ over all possible velocities and over all possible scattering angles. The
latter yields

bmax∫
bmin

(1− cos χ)2πbdb≈ π

(
q1q2

4πε0

)2( 1
µv2

rel/2

)2 bmax≈λD∫
bmin≈

q1q2
4πε0

1
µv2

rel/2

1
b

db, (A.6)

where χ ≈ q1q2
4πε0

1
µv2

rel/2
1
b , µ = m1m2

m1+m2
is the reduced mass and vrel is the relative velocity be-

tween the two charges q1 and q2. The average over all velocities of the expression in
equation A.6 yields

π

(
q1q2

4πε0

)2
〈(

1
µv2

rel/2

)2 bmax=λD∫
bmin=

q1q2
4πε0

1
µv2

rel/2

1
b

db

〉
〈 1

2 µv2
rel〉≈kBTe
≈ π

(
q1q2

4πε0

1
kBTe

)2

ln
(

λD

λL

)
, (A.7)
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where λL = e2

4πε0

1
kBTe

is the Landau length which results from the equilibrium between po-

tential energy e2

4πε0

1
λL

due to the Coulomb force and thermal energy kBTe. Thus it follows
for the cross sections:

σe−Ai ≈ i2πλ
2
L ln
(

λD

λL

)
, i > 1 (A.8)

σe−A0 ≈ a2
0π , a0 ≈ 1.06Å the covalent atom radius (A.9)

and finally for the electrical conductivity:

σel ≈
e2ne

me

[√
kBTe

me

(
nA,0σe−A0 +

N

∑
i=1

nA,ii2πλ
2
L ln
(

λD

λL

))]−1

. (A.10)

This derivation of the electrical conductivity yields a good estimation of the order of mag-
nitude, however values calculated in this study make use of the derivations shown in [15].
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Appendix B

Error propagation in non-linear least squares
The datasets~x and~y of size N are fitted by the model F(~x,~p) =~y with parameters ~p of size
P. The least squares problem is written as:

minS = min
N−1

∑
i=0

(yi−F(xi,~p))
2 . (B.1)

The condition on minimum of S is given by the system of equations:

∂S
∂ p j

= 2
N−1

∑
i=0

∂F
∂ p j

∣∣∣∣
i
· (yi−F(xi,~p)) = 0 j = 0 . . .P−1 (B.2)

This can be written in matrix form as (in the vicinity of ~p0: F = F(p0) + ∂F/∂ p∆~p =
F(p0)+ J∆~p)

JT [~y−F(x,~p0)]− JT J ·∆~p = 0 (B.3)

where J is the jacobian matrix [NxP] of the model (N rows and P columns). An iterative
approach to optimal parameters is given by the solution of equation:

JT J ·∆~p = JT [~y−F(x,~p0)] (B.4)

This system of linear equations is solved by the QR decomposition of the matrix J, where
the matrix Q is orthogonal (QT Q = I) and R is upper triangular. This leads to the transfor-
mation:

RT R ·∆~p = RT QT [~y−F(x,~p0)] (B.5)

or

R ·∆~p = QT [~y−F(x,~p0)] . (B.6)

The change in the fitted parameter δ pi is given by

δ pi = ∑
j

δ pi

δy j
δy j (B.7)

The covariance matrix can be written in the terms of errors of data

Cnk = ∑
i, j

δ pn

δyi

δ pk

δy j
δyiδy j (B.8)

for uncorrelated data δyiδy j = σ2
i δi j giving

Cnk = ∑
i

δ pn

δyi

δ pk

δyi
σ

2
i . (B.9)
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When computing the covariance matrix for unweighted data, i.e. data with unknown
errors, the weight factors 1/σ2

i in this sum are replaced by the single estimate σ2, which is
the computed variance of the residuals about the bestfit model, σ2 =∑i(yi−F(~p,xi))

2/(N−
P). This is referred to as the variance - covariance matrix. The covariance matrix is given
by the P×P matrix RT R. The variance of parameter pi is given by the element {RT R}ii.
The standard deviation is given by the square root of variance multiplied with the value
of residual on the set of optimal parameters ~p∗:

δ pi =
√
{RT R}ii ·σ2. (B.10)
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