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ABSTRACT 
Polygon meshes and particularly triangulated meshes can be used to describe the shape of different 
types of geometry such as bicycles, bridges, or runways. In engineering, such polygon meshes can 
occur as finite element meshes, resulting from topology optimization or laser scanning. This article 
presents an automated parameterization of polygon meshes into a parametric representation using 
subdivision surfaces, especially in topology optimization. Therefore, we perform surface 
skeletonization on a volumetric grid supported by the Euclidian distance transformation and topology 
preserving and shape-preserving criterion. Based on that surface skeleton, an automated conversation 
into a Subdivision Surface Control grid is established. The final mid-surface-like parametrization is 
quite flexible and can be changed by variating the control gird or the local thickness. 
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1 INTRODUCTION 

Various applications such as animation design, topology optimization, or 3D laser scanning apply 

discrete triangulated meshes to represent the surface of a 3D geometry. Triangulated surfaces describe 

the shape of the object by separating the boundary surface into discrete triangles. Engineering 

applications for manufacturing, optimization, or design modification require such a parametric 

representation as, for example, constructive solid geometry (CSG) or free form surfaces of the geometry 

(Bénière et al., 2013; Vidal et al., 2014). The boundary representation of an object can be reconstructed 

with primitive surface types (Bénière et al., 2013; Gauthier et al., 2017; Vidal et al., 2014) or free form 

surfaces (Ben Makhlouf et al., 2019; Louhichi et al., 2015), referred as boundary representation surface 

(Brep). Primitive surface types are typically used for (CSG) (Bénière et al., 2013; Gauthier et al., 2017; 

Vidal et al., 2014), whereas free form surfaces are used for the reconstruction of organic geometries (Ben 

Makhlouf et al., 2019; Louhichi et al., 2015; Yoely et al., 2018). Particularly in Topology Optimization, 

such free form surfaces can directly result using isogeometric analysis (Dedè et al., 2012; Gao et al., 

2020, 2019) or level set methods (Lian et al., 2017; Picelli et al., 2018) as Breps. In contrast to the Brep 

provided by surface fitting or optimization, the skeleton enables a powerful shape description with fewer 

parameters, which can be used for shape adjustment (Denk et al., 2020). Figure 1 shows an example of a 

curve skeleton representation covered in (Denk et al., 2020) with 12 vertices and 12 radii parameters and 

its similar boundary representation considering 142 vertices. Such flexibility enables a robust and fast 

manual modification by designers using computer graphic software or automated with shape morphing 

(Storti et al., 1997; Wu et al., 2016) to fulfill, for example, manufacturing constraints (Adam and 

Zimmer, 2015) for additive manufacturing (AM). Particular experimental parameter studies for support 

structures in AM require an as simple as possible shape description so that only a few experiments are 

necessary to cover the correlation or cross-correlation (Weber et al., 2020).  

 

Figure 1: Shape adjustment using skeleton and boundary representation  

Such skeleton-based reverse engineering can be applied for deformed FE-meshes represented in (Ben 

Makhlouf et al., 2019; Louhichi et al., 2015), point cloud reconstruction (Kresslein et al., 2018, p.), the 

determination of center lines in CT-Data (Computer Tomography) to reconstruct blood vessels (Hua Li 

and Yezzi, 2006) or vascular skeletons (Lidayová et al., 2016), topology optimization results provided by 

level set methods (Lian et al., 2017; Picelli et al., 2018) or homogenization method (Bendsøe and 

Sigmund, 1999; Denk et al., 2020b), by rasterization of the geometry, or directly on CT-Data.  

Geometric reverse engineering attempts to redesign a parametric shape and topology of representations 

such as polygon meshes (Bénière et al., 2013; Gauthier et al., 2017; Vidal et al., 2014) or volumetric 

geometries (Bremicker et al., 1991). Most of the approaches perform a so-known mesh segmentation 

(Agathos et al., 2007), where the boundary of the geometry is split into several patches (Bénière et al., 

2013; Gauthier et al., 2017; Vidal et al., 2014). Afterward, the surface of the geometry can be 

parametrized in surface types like primitive surfaces (Bénière et al., 2013; Gauthier et al., 2017; Vidal et 

al., 2014) or non-uniform rational B-spline (NURBS) surfaces (Ben Makhlouf et al., 2019; Louhichi et 

al., 2015). This segmentation only results in surface parametrization (Bénière et al., 2013; Gauthier et al., 

2017; Vidal et al., 2014), so that topological properties are not covered. Therefore, the so-known curve 

(middle line) or surface skeleton (middle surface) can be used for part segmentation (Agathos et al., 

2007; Feng et al., 2015; Reniers and Telea, 2008a), which can lead to a representation in beamline shape 

(Bremicker et al., 1991; Nana et al., 2017; Stangl and Wartzack, 2015). While curve skeleton can be used 

for part segmentation of organic shapes (Nana et al., 2017; Reniers and Telea, 2008a; Stangl and 

Wartzack, 2015), the surface skeleton can be used for patch segmentation (Reniers and Telea, 2008b) 

and part segmentation (Feng et al., 2015), or a hybrid form using surface skeleton for patch-part 

segmentation (Koehoorn et al., 2017). While points on a curve skeleton can be classified in view cases 

such as junction-, end- and skeletal point, the surface skeleton extends the number of cases for 

parametrization dramatically (Hisada et al., 2001; Saha et al., 2000; Svensson et al., 2002). However, 

Skeleton Representation Boundary RepresentationSkeleton basd shape adjustment Boundary adjustment
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curve skeleton recognition is mostly restricted to organic tubular-like geometries with similar circular 

cross-sections for reasonable shape preservation (Nana et al., 2017; Stangl and Wartzack, 2015; 

Tagliasacchi et al., 2016). So, for the parametrization, there is a trade-off between the number of 

parameters increasing using a surface skeleton and lack in shape covering while using curve skeletons. 

The following figure shows a concept of applying medial balls of (Blum, 1967), the 3D representation as 

a polygon mesh and a 3D image and its curve and surface skeleton using the thinning method of (Lee et 

al., 1994), which iteratively peels the voxels on the surface until the curve or surface skeleton preserves. 

 

Figure 2: Concept of skeletonization for reverse engineering of polygon meshes 

Our work focuses on the parametrization with Catmull-Clark subdivision surfaces of non-tubelike 

geometries in topology optimization and for thin-walled parts using surface skeletonization, which 

extends our previous work (Denk et al., 2020) focused on curve skeleton (see Figure 1). To cover the 

complexity of surface skeletonization, we process 1D voxel lines extracted from the surface skeleton 

so that only a small amount of categorization is required. Therefore, this work covers in section 3 the 

automated surface skeletonization and control grid estimation, which is followed by a subdivision 

surface parametrization. The methods are tested on topology optimized results using the homogenization 

method and thin-walled structures such as honeycombs or part of the airplane fuselage in section  4.  

2 STATE OF THE ART 

A 3D segmentation for CAD applications can be achieved by various methods such as spectral analysis, 

clustering, region growing, skeleton-based methods (Agathos et al., 2007), or applying machine learning 

(Denk et al., 2019; Wang et al., 2018). The state of the art of this article refers to the skeleton-based 

methods, where first, the skeleton is extracted, and then the shape parameter such as cross-sections are 

determined. For other concepts, we refer to the summary of (Agathos et al., 2007).  

The curve skeleton has been used in a wide range, whereas the surface skeleton has only been used 

sparsely (Koehoorn et al., 2017; Mayer and Wartzack, 2020; Yin et al., 2020). For beam-like shapes, 

first, the beamline in the form of a curve skeleton is estimated, which is followed by the determination of 

the cross-sections (Bremicker et al., 1991; Kresslein et al., 2018; Nana et al., 2017; Stangl and Wartzack, 

2015). The reconstruction of the organic models typically follows several steps. First, a pre-processing of 

the geometry is performed, such as smoothing of triangulated meshes or growing of binary images 

(Bremicker et al., 1991).  Secondly, a curve skeleton is extracted by methods such as thinning 

(Bremicker et al., 1991; Yin et al., 2020), Voronoi diagram (Mayer and Wartzack, 2020), or mesh 

contraction (Kresslein et al., 2018; Nana et al., 2017; Stangl and Wartzack, 2015). Thirdly, a 

segmentation of the skeleton or the parts based on that skeleton is performed, which can include post-

processing like smoothing the skeleton or fitting a B-Spline (Bremicker et al., 1991; Kresslein et al., 

2018; Nana et al., 2017; Stangl and Wartzack, 2015). Finally, the cross-sections are determined so that 

the 3D geometry can be swept along the skeleton by including the cross-sections (Goyal et al., 2012).   

In the recent publications of (Nana et al., 2017; Stangl and Wartzack, 2015), the beamline is 

approximated by a contraction method, which is presented in (Tagliasacchi et al., 2012). Contraction 

methods act on the polygon mesh and iteratively push the boundary until the surfaces intersect each other 

(Sobiecki et al., 2013). This can result in a 1D curve or 1D/2D curve/surface skeletons. The contraction 

method is only applied to the boundary of the geometry, whereas thinning methods erode a volumetric 

representation. The authors in (Dey et al., 2003; Mayer and Wartzack, 2020; Ramanathan and 

Gurumoorthy, 2010) use the medial axis transformation directly for the estimation of curve/surface 

skeletons, which can -in contrast- to the contraction method of (Tagliasacchi et al., 2012), fully cover the 

original shape (Tagliasacchi et al., 2016). These skeletons often cover the noise of the boundary so that 

pre-and post-processing steps are often required (Tagliasacchi et al., 2016). The authors of (Bremicker et 

al., 1991; Denk et al., 2020; Yin et al., 2020) use a thinning-based approach for the calculation of the 

curve skeleton for images, which can preserve topological properties during erosion.  

Polygon Mesh 3D Image Curve Skeleton Surface SkeletonMedial Ball
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While the authors (Dey et al., 2003; Mayer and Wartzack, 2020; Ramanathan and Gurumoorthy, 2010) 

of being restricted to curve skeletons, the authors of (Dey et al., 2003; Hisada et al., 2001; Mayer and 

Wartzack, 2020; Ramanathan and Gurumoorthy, 2010; Yin et al., 2020)  apply to surface skeletonization 

but without further processing. We proceed on the surface skeleton using subdivision surfaces similar  

(Denk et al., 2020), but in contrast to (Denk et al., 2020), we apply it for surface skeleton instead of 

curve skeletons representing mid-surface. We use the homotopic thinning method of (Lee et al., 1994) 

to determine the binary surface skeleton and ensure topology preservation in the skeleton itself. The 

thickness of the segmented skeleton surface is approximated by applying the distance transformation 

on the binary image. For each surface region, we determine an average thickness to match the 

subdivision surface control grid. Similar to (Hisada et al., 2001), we use the edges and the junctions of 

the surface skeleton, estimating the parametrization. 

3 SKELETON BASED SUBDIVISION SURFACE ESTIMATION 

A mid-surface parametrization can be defined by the estimation of the mid surface and the corresponding 

thickness. Therefore, our parametrization should cover similar behavior. The reconstruction in this article 

of topology optimized results into a surface parametrization is covered in Figure 3. 

 

Figure 3: Automated segmented subdivision surface control grid with an individual thickness 

First, the polygon mesh is rasterized. Second, the modified surface skeletonization of (Lee et al., 1994) 

using a distance transformation ordered criteria is applied. This leads to a binary skeleton. Based on 

the Euclidian distance transformation on the binary image, each skeleton point covers a distance value. 

These distance values serve as an approximation for the thickness of each corresponding part. Third, 

the junction line and the boundary of the digital surface are selected, which serves as the boundary in 

the parametrization. Fifth, the junction line is extended until all corresponding parts are connected. 

Sixth, a B-Spline interpolation of each independent spline segment serves for the control points of the 

subdivision surface parametrization. Based on this control grid and the corresponding thickness value, 

the control points can be extruded to solid geometry. The following figure shows the desirable surface 

parametrization of a polygon mesh.  

 

Figure 4: Surface skeleton subdivision surface parametrization 
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The shape is defined by a surface skeleton, which can be ticked to a control grid for subdivision 

surfaces. Each surface on the control grid is defined with a constant thickness. Based on that 

parametrization, the thickness, the skeleton, and the ticked control grid can be adjusted. Such flexible 

shape description can be used for further shape optimizations (Bandara et al., 2016). These have to be 

restricted so that the topology does not change (Storti et al., 1997), and the shape does fulfill the 

Jordan curve theorem.  

While surface skeleton can cover arbitrary shapes (Tagliasacchi et al., 2016), the used mid-surface 

parametrization is restricted to a constant local thickness for each patch. So, a thickness change is 

covered by segmenting the skeleton into several surface patches.  

3.1 Ordered Surface skeletonization 

A binary digital image      is an image consisting of black voxels     and white voxels     . 

Due to the thinning of  , voxels          on the surface of   will be removed until a one thick voxel 

representation of curves and surfaces is available. To achieve a suitable thinning process, the erosion 

    with a structure element   has to be restricted. Therefore, a so-called simple point condition can 

be used (Kong and Rosenfeld, 1989; Lee et al., 1994; Morgenthaler, 1981), by which only simple points 

  on the surface are deleted which do not alter the topological properties such as number of holes, 

number of cavities and number of objects. In combination with an end point criteria, a topology 

preserving and shape preserving thinning method can be constructed (Kong and Rosenfeld, 1989; Lee et 

al., 1994). For the detection of the surface skeleton, we use a modified version of the thinning method of 

(Lee et al., 1994) by adding an ordered distance approach similar to (Siddiqi et al., 2002) based on the 

Euclidian distance transformation. Figure 5 covers the skeletonization method and explains this method 

by using a 2D example, whereas the grey pixel determines the candidates for erosion. For ordered 

thinning local density in topology optimization or singal strenght in CT-Data can be choosen. 

 

Figure 5: Homotopic distance ordered thinning on a 3D and 2D image  

Firstly, the distance of the binary image is approximated. Secondly, the distance transformation is 

applied to that binary image. Thirdly, a shape condition preserving the endpoints of 1D curves and 

surfaces is used similarly to (Lee et al., 1994). Fourth, simple points are detected, which do not alter the 

topology and the shape-preserving condition after removal. Fifth, only pixels or voxels on the surface are 

selected. Sixth, these candidates are ordered by their distance, whereas only the candidates with the 

smallest value are selected. Seventh, one of the candidates is eroded. This procedure is repeated until 

convergence so that only a 1D-pixel thick line or surface geometry is preserved. Additionally to the 

procedure, an example of a 2D surface skeleton is visualized. This example shows several different point 

types (junction, boundary, …), which are used in the following section for a reasonable segmentation. 

3.2 Part and Skeleton Segmentation  

The boundary of the surface skeleton is extracted by the defined patterns in endpoint criteria for surfaces 

covered in (Lee et al., 1994). Junction points can be approximated if the number of the surrounding 

voxels         exceeds  . These lines are thinned to 1D thick curves, including junction line. For part 

segmentation, each chain (no junction chain) is growing until convergence. Afterward, the missing 

connections on the junction chains are reconnected depending on the corresponding surrounding parts. 

First, the boundary line (yellow) and the junction lines on the surface skeleton are extracted. Second, 

these lines are thinned so that only one thick line curve results. The lines with a thickness of one voxel 

are segmented into several chains separating junction and boundary and including branch points if 

available. Third, based on these chains, the segmentation of the surface skeleton is covered by region 

growing of all non-junction chains, whereas the junction line serves as a stop criterion for growing. The 

average thickness of each segment is stored for the thickening of each component. Fourth, on each 

junction point, the missing connection is added based on the part segmentation. The estimation of the 
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control grid was covered by fitting B-Splines using the method described in (Dierckx, 1982). The 

following figure shows the transformation of voxel lines into a segmented polygon model.  

 

Figure 6: Voxel lines to the polygon control grid 

The labeled chains are fitted to B-Splines, whereas the control points of the B-Splines serve as the 

vertices for the polygon model. Then, the control grid is fitted on the control points labeled as a junction. 

Each disconnected control grid set is polygonized with triangles and quads. In this case, some triangles 

are manually added to the purple model, represents a smooth boundary. The following section covers the 

subdivision surface parametrization and the shape adjustment in more detail. So, the proposed approach 

automatically determines a voxel surface skeleton, which is automatically converted into a mid-surface 

shape consisting of control grids for the subdivision surfaces. To generate a subdivision surface 3D 

model, the steps, as shown in Figure 7, are applied to the 2D segmented polygon mesh. 

 

Figure 7: Control grid adjustment and solid subdivision surface geometry. 

First, the surface polygon skeleton can be adjusted so that some parts fit better to the original 

geometry. Second, based on the part/chain segments and the thickness of the segmented polygon 

meshes, the polygon mesh can be thickened to a 3D geometry. Third, each independent thickened part 

is then unified into one polygon model (surface model). Fourth, on that surface model, manual 

adjustment can be applied. The resulting control grid can now be subdivided until a smooth geometry 

will result. 

4 SUBDIVISION SURFACE PARAMETRIZATION OF SEVERAL USE-CASES 

The experimental part is divided into two sections. First, several different examples where at first, the 

control grid is automatically determined, then subsequently, the subdivision surfaces are generated 

based on what is covered. The samples are generated using different design spaces and load 

conditions. Most of the selected parts mismatch the recommended shape of a constant local thickness 

so that certain behaviors can be shown. Second, shape adjustment is applied with the subdivision 

surface parametrization. 
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Table 1: Subdivision surface control grid estimation on several use-cases  

PolygonMesh Rasterized Skeleton Chains Control Points Subdivision  

 

 

   

  

 

  
  

 

  

 

      

 

   
 

  

   
 

  

      

 
 

  
 

 

The control grid estimation using the surface skeleton leads to promising results presented in Table 1, 

but in contrast to the curve skeleton in Figure 1, the number of control points increases dramatically, 

but the surface skeleton can cover non-beam-like shapes. The following figure shows the adjustment 

of the mid-surface and the smooth connection provided by the ticked subdivision surface grid. Due to 

the smooth subdivision surface, the sharp edges of the honeycomb are smoothed. 

 

Figure 8: Update of the mid-surface parametric and visualization of one junction 

Adjusting the shape until the original geometry is reconstructed is dealt with in the following figure 

using the surface parametrization and the boundary representation (thicked). Changing the surface 

parametrization results in a huge deformation change. For parts with a thickness variety, the boundary 

has to be changed but changing the boundary requires more action due to the double number of vertices. 
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Figure 9: Shape adjustment 

To enable a reasonable parametrization, the proposed procedure should be restricted to organic shapes 

due to the smoothing of the subdivision surface procedure, and it has to be ensured that small details 

are covered during the rasterization. Additionally, each thickness of a surface segment provided by 

part segmentation should be approximately the same. Furthermore, the designer has always to consider 

that every contour is approximated by a skeleton so that a circular hole will be represented as a thicked 

circular instead of subtracting a cylinder using CSG.  

5 CONCLUSION AND SUMMARY  

This article presents a parameterization of polygon meshes into a parametric representation using 

subdivision surfaces. For this purpose, we estimate a surface skeleton determined by an ordered 

homotopic thinning method and analyze the skeleton using the local neighborhood of each voxel. Based 

on that voxel-skeleton, we extract voxel-chains and several independent parts (part segmentation), which 

represent the main shape of the geometry. For each chain, reasonable control points are estimated by 

fitting B-Splines. By additionally adding thickness values, a 3D control grid can be enabled. Based on 

that method, the designer can choose an existing geometry that will be converted in such representation. 

This representation can be manually modified using computer graphic software or imported in CAD 

tools for industrial design. Additionally, due to the erosion of the geometry, the resulting 2D skeleton is 

shifted inside the geometry. Therefore, the control grid has to be pushed back to the boundary for some 

instances, as visualized in Figure 9. The voxel-surface-skeleton itself, as shown in Table 1, is noisy so 

that for further research, and additional pre-processing step should be applied, or the skeletonization 

method for digital images itself should be switched to methods which smoother results similar to 

(Couprie and Bertrand, 2015). The digital space itself offers advantages for robust part-segmentation, 

chain-segmentation, preserving the topology, and including volumetric properties such as the boundary 

distance. The control grid estimation leads to promising results, whereas most of the topology and shape 

are covered in the resulting 3D geometry, as visualized in Table 1. Currently, the individual parts are 

segmented only due to the junction lines, which do not cover geometry changes. For further research, the 

local thickness and the change of the skeleton (curvature, normal vectors) should also be considered 

segmenting the mid-surface. Additionally, the surface control grid can be sharpened by detecting sharp 

edges using a feature line detection method similar to (Denk et al., 2019). 
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