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ABSTRACT

An integral form of the energy conservation equation has been derived from the first principle for low
Mach number conditions for statistically steady premixed flame-wall interaction within turbulent bound-
ary layers. The validity of this equation has been demonstrated based on three-dimensional Direct Nu-
merical Simulation data of statistically stationary oblique quenching of a turbulent premixed V-shaped
flame in a channel flow configuration as a result of its interaction with an inert isothermal wall. It has
been found that the wall heat flux and the integral of chemical heat release in the wall normal direction
within the turbulent thermal boundary layer are the major contributors in the energy integral equation,
and their difference is accounted for by the advection contribution. The magnitudes of the wall heat flux
increase, and integral of heat release rate across the thermal boundary layer decrease with increasing
distance from the leading edge of the boundary layer as a result of flame quenching. The integral form
of the energy conservation equation has been utilised to demonstrate that the Nusselt number (or Stan-
ton number) for wall heat transfer is intrinsically related to the turbulent burning velocity in the case
of flame-wall interaction within turbulent boundary layers. A Flame Surface Density based reaction rate
closure, modified to account for the near-wall behaviour, has been utilised to estimate the mean Nusselt
number in the case of flame-wall interaction within turbulent boundary layers, which revealed that the
modelling limitations of the mean reaction rate closure may give rise to inaccuracies in the estimation of
the mean Nusselt number. By contrast, the measurements of mean velocity, temperature, and wall heat
flux can be utilised to estimate the turbulent burning velocity within the turbulent boundary layer using
the newly derived energy integral equation.

© 2022 The Author(s). Published by Elsevier Ltd.
This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/)

1. Introduction

bustion. These analyses provided valuable insights into the flame
structure and flow dynamics [2,8,12,20], wall heat flux [2-5,7,20-

Flame-Wall Interaction (FWI) in turbulent boundary layers
(TBLs) plays a pivotal role in the development of clean, fuel-
efficient engine technologies across all transportation sectors in
response to the call for combating climate change. Many indus-
trial combustors are currently being redesigned for their use with
electric powertrains beyond 2035 [1]. To date, most analyses on
premixed turbulent combustion have been conducted for flames
without any wall effects, and recent advancements in experimen-
tal diagnostics [2-4] and computational simulations [5-19] have
enabled insightful analyses of FWI for turbulent premixed com-
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24|, reactive scalar gradient [3,6,7,11,14-16,24-26], kinetic energy
[9,13,27], turbulent scalar flux [10,27] and displacement speed
[13,15,16,20,24,28] statistics close to the wall, and the resulting
physical insights were utilised to develop high-fidelity models in
the context of Flame Surface Density (FSD) [3,11,25,27,29] and
Scalar Dissipation Rate (SDR) [6,7,11] methodologies. However,
most of these analyses [3,5-12,25| were conducted for unsteady
head-on quenching (HOQ) configurations under decaying turbu-
lence and not under a statistically steady-state condition for FWI
in TBLs. Bruneaux et al. [21,29] pioneered the computational anal-
ysis of FWI in a channel flow configuration but under constant
density assumption for unsteady conditions. Alshaalan and Rutland
[22,27], Gruber et al. [23], Ahmed et al. [15,16] and Jiang et al.
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[19] analysed oblique wall flame-quenching (OWQ) of turbulent
V-shaped premixed flames due to their interaction with isother-
mal inert walls within TBLs under statistically stationary state us-
ing three-dimensional Direct Numerical Simulations (DNS). Recent
experiments [3,4] also analysed OWQ of turbulent V-shaped pre-
mixed flames in TBLs. These studies used the experimental data to
assess the performances of the FSD and mean reaction rate mod-
els in the near-wall region [3]. Recently, Ahmed et al. [15] also as-
sessed the Bray-Moss-Libby (BML) based modelling framework in
the context of OWQ of V-shaped premixed flames in TBLs using
DNS data. A semi-analytical derivation by Zhao et al. [20] demon-
strated that the flame speed and wall heat flux are closely linked
during flame quenching in a configuration where the flame im-
pinges on an isothermal cold surface. However, the evolution of
turbulent burning velocity with the progress of FWI in TBLs, and
its dependence on wall heat flux are yet to be analysed in detail.
The present analysis addresses this gap in the existing literature by
deriving an integral form of the energy conservation equation. The
validity of the integral energy equation derivation is verified us-
ing three-dimensional DNS data of a turbulent V-shaped premixed
flame interacting with an isothermal inert wall. This integral en-
ergy equation is then utilised to establish the relation between tur-
bulent burning velocity and wall heat flux and this relation in turn
is utilised to illustrate the statistical behaviours of turbulent burn-
ing velocity and wall heat flux magnitude with the evolution of
OWQ of V-shaped premixed flames in TBLs using DNS data.

2. Derivation of the energy integral

For small values of Mach number (i.e., Ma « 1), the pressure
gradient terms in the energy conservation equation can be ne-
glected [30] and under this assumption the energy conservation
equation for a flat plate boundary layer takes the following form:

d(ph)  0(puh) 9(pvh) 9 . aT 0
ot T ox oy ) ey

Here, h is the specific sensible enthalpy, p is the gas density, T
is the temperature, A is the thermal conductivity, wr is the heat re-
lease rate, and the flow direction is taken to align with x-direction,
whereas the wall-normal direction is taken to be y-direction. The
velocity components in x- and y-directions are given by u and v,
respectively. On Reynolds averaging Eq. (1), the following expres-
sion for a statistically steady-state is obtained:
d(pih)  d(pUh) _ dgx  dqy  —

= - = . 2
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Here, Q, 0 = pQ/p and Q" =Q —( are the Reynolds aver-
age, Favre-average, and Favre fluctuation of a general quantity
Q, respectively. In Eq. (2), qx=—-A(dT/0x)+ pu"h” and gy =
—A(0T/dy) + pv’h” are mean heat fluxes in x- and y-directions,
respectively. Within the thermal boundary layer | — 9qy/dy| > | —
dqx/0x| and thus Eq. (2) can be simplified as:
d(ph)  d(pTh) _ dgy  —

=== . 3
dax ay ay + o (3)

Integrating Eq. (3) from the wall to the thermal boundary layer
thickness &; (i.e., the wall normal distance where 8T/8yy:5t =0)
yields the following expression using Leibnitz’s theorem (see the
Appendix for a detailed derivation):

(Ag—;)mr. (1)

5 b
A pldy = qw + A ardy, (4)

b dh.
pu(h —hy)dy + dx
where I~13[ = Ny is the specific sensible enthalpy of the freestream

and Gy = —k(BT/By)FO = (qy)y=o is the mean wall heat flux be-

dx Jo

cause pv"h” is identically zero due to the impenetrability at the

International Journal of Heat and Mass Transfer 196 (2022) 123230

wall. At y =&, the heat flux gy = —A(3T/dy) + pv”h” vanishes,
which has been verified by interrogating the DNS data used for
this analysis (not shown). At the edge of the thermal boundary
layer (9T/dy) vanishes by definition and at this location, there is
no fluctuation of sensible enthalpy which leads to a vanishingly
small value of pv"h”. The mean heat release rate can be expressed
as d)T = —d)F(had _hO)/(YFu _YFb) where d)p, hg, had- YFu and YFb
are the mean fuel reaction rate, specific enthalpy of reactants in
the unburned gas, specific enthalpy of the fully burned products
corresponding to the adiabatic flame temperature, fuel mass frac-
tions in the unburned gas and fully burned products, respectively.
The quantity wc = —@r/(Yg, — Y,) is the mean reaction rate of re-
action progress variable ¢ = (Y, — Yp)/ (Y, — i) which upon using
in Eq. (4) yields:

St Sii(h _ T e St N1l
g/ puth—hs) 4, 1 %/ P4
dx Jo  pourNgr(heg — ho) (hgg —ho) dx Jo polznr
T L
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In Eq. (5) pg is the unburned gas density, gy is the mean wall
heat flux, u; ng = +/ (|Tw.Nrl/P0) is the friction velocity for the cor-
responding non-reacting flow with t,, yg = 1 (9u/9y)y—o being the
corresponding wall shear stress. Eq. (5) will henceforth be referred
to as the energy integral equation. The term T; accounts for ad-
vection effects, whereas T, addresses the effects of the freestream
temperature variation. The term T3 arises due to wall heat flux,
whereas Ty arises due to a chemical reaction within the TBL. Al-
though Eq. (5) is derived for TBL, the energy integral equation can
be applied to laminar boundary layers in the case of premixed
FWI when the Favre-averaged and Reynolds-averaged values are
replaced by the corresponding instantaneous quantities. It is worth
noting that T3 can be expressed as:

_ —Nu,
™ Re.Pr’

— QW — _Ht.X —
ootz nr(hgg —ho) — potiz nrCro

where Hix = Cpglqwl|/(hgq — hg) is the local heat transfer coeffi-
cient, St; is the Stanton number, Re; = pou; NpAp/ Lo is the fric-
tion velocity based Reynolds number and Nuy = H; xAp/Aq is the
local Nusselt number with Cpg, g and Ay being the unburned
gas specific heat capacity, unburned gas viscosity, and unburned
gas thermal conductivity, respectively and A, is a reference length
scale which is taken to be the channel half height for the cur-
rent analysis. Integrating Eq. (5) between x = L; and x = L, yields:
/LLIZ (Ty + To)Lydx = jLle (T; + Ty)Lydx with Ly being the width of
the flat plate. These relations lead to:

—Nu;,
Re. Pr

&}

(6)

AyriS
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where Ty = (I, — L;)! fLle Tydx, Ty = (L — L) fLle Tdx, Aproj 18
the projected flame surface area, Aseg = (L, —Li)Ly is the area
of the segment, Nu; = (L, — L)~} fLle Nuydx is the mean Nusselt

number, and Sy = (,ooApmj)*1 Lle [;St @cLydxdy is the turbulent
burning velocity [31], subject to the assumption that the flame is
contained within the thermal boundary layer, which suggests that
@, vanishes at y = &. Eq. (7) indicates that Nu; and Sy are not in-
dependent of each other in the case of premixed FWI in TBLs, and
therefore upon evaluating one of these quantities the other can be
found, provided the variations of i and h with the wall normal di-
rection are obtained.
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3. DNS database

The newly derived energy integral equation for premixed FWI
in flat plate TBL has been validated using three-dimensional DNS
of a turbulent V-shaped flame interacting with an isothermal in-
ert wall in a channel flow configuration. A detailed discussion on
the numerical implementation of the DNS database including the
validation of the non-reacting channel flow solution can be found
elsewhere [15,16]. Only a brief discussion is provided here. The
simulation has been carried out using a uniform Cartesian grid-
based compressible DNS code SENGA+ [6-12,14-16,24,25,28] where
all the spatial derivatives are evaluated using a high-order finite-
difference scheme (10th order central difference scheme for the
internal grid points but the order of accuracy gradually reduces to
2nd order at the non-periodic boundaries) and time advancement
has been carried out using a low storage 3rd order Runge-Kutta
scheme. A non-reacting turbulent plane channel flow driven by a
constant streamwise pressure gradient (i.e. —dp/0x = pu%NR/Ah,
where p is the pressure) has been conducted in order to ob-
tain the initial condition for the reacting flow simulation and for
inlet boundary condition specifications. The bulk Reynolds num-
ber for this simulation is taken to be Re, = 2pgu, A,/ = 3285,

where uj, = (1/2Ah)f02A" udy is the bulk mean velocity, which
corresponds to a friction velocity based Reynolds number Re; =
Pour NpAp/e = 110. This simulation ensures that the maximum
value of y* = pour Ngy/po for the grid points adjacent to the
wall remains approximately 0.6 following Moser et al. [32]. This
grid spacing ensures that the domain of Ly x Ly x L, = 10.69A, x
2Ap, x 4Ay is discretised by 1920 x 360 x 720, which accommo-
dates 8 grid points within the thermal flame thickness §;, = (T4 —
Tp)/max|VT|, (where Ty, T4 and T are the unburned gas temper-
ature, adiabatic flame temperature and instantaneous temperature,
respectively). Here, S;/u, yg is taken to be 0.7 with S; being the
unstretched laminar burning velocity.

The chemical processes are taken to be representative of sto-
ichiometric methane-air premixed flames preheated to Ty = 730 K
following previous analyses [15,16,22,23,27], yielding a heat release
parameter oy = (Tyg — Ty)/To = 2.3. A single step chemical reac-
tion (i.e., 1.0 unit mass of fuel+ s unit mass of Oxygen = (1 +5)
unit of products with s = 4.0) is considered for the sake of com-
putational economy. It is worthwhile to note that previous anal-
yses [11,12] demonstrated that wall heat flux, quenching distance
and near-wall vorticity dynamics obtained from detailed chemistry
DNS for hydrocarbon-air premixed FWI are adequately captured
by single-step chemistry and the FWI models developed by single
step chemistry remain valid for detailed chemistry DNS. Interested
readers are referred to Refs. [9,11,15,16] for further information in
this regard. Moreover, several previous analyses [5-12,14-16,20-
22,24,25,27,29,33] provided important insights into premixed FWI
using simple chemistry and the same approach has been adopted
here. Note that the derivation of Eqs. (4)-(7) does not depend on
the choice of chemical mechanism, and thus the chemical repre-
sentation of this DNS data does not alter the conclusions drawn in
this paper. Standard values are chosen for the Zel'dovich number
(i.e. Bz = Tac(Tyy —To)/Tazd =6.0 where Ty is the activation tem-
perature), Prandtl number (i.e. Pr=0.7), ratio of specific heats
(ie. y =1.4) and Lewis numbers for all species are considered
to be unity. The pressure gradient terms in the energy conser-
vation equation in both boundary layers and channel flows can
be dropped when the Eckert number is small (i.e. Ec « 1.0) [30].
For the current channel flow configuration, the Eckert number can
be defined as: Ec = uZ \;/(hgq — ho) = (¥ — 1)Ma? /oy where Ma =
u; Ng/Go is the Mach number with ay being the acoustic speed in
the unburned gas. For the present analysis, Ma = 3 x 10-3 which
suggests an Eckert number of Ec = 1.56 x 10~ for the case consid-
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Fig. 1. (a) Schematic diagram of the simulation domain along with the ¢=0.5
isosurface with the normalised vorticity magnitude (\/(w;w;) x Ap/urng in the
z/Ap = 4.0 plane, (b) distribution of g=(T- To)/(Taq — To) with the contour lines
of ¢ =0.1, 0.5 and 0.9 superimposed.

ered here. This justifies the usage of the form of the energy con-
servation equation given by Eq. (1). For the reacting flow simula-
tion, the flame holder is placed within the fully-developed chan-
nel flow at a location such that the centre of the flame holder is
0.83A}, from the inlet and 0.5A, (i.e. corresponds to y* = 55) from
the bottom wall. The flame holder was intentionally kept closer
to the bottom wall than to the top wall because it ensures FWI
for the bottom wall takes place within the domain, whereas the
top branch of the V-flame does not interact within the computa-
tional domain. The location of the flame holder centre is chosen
in such a manner that the flame holder does not influence the vis-
cous sublayer. The species mass fractions, velocity components and
temperature are specified using a Gaussian function following Dun-
stan et al. [34] and further details are provided elsewhere [15,16].
The radius of the flame holder is taken to be 0.56;,. The turbu-
lent inflow with specified density and velocity components from
non-reacting flow simulations, and partially non-reflecting outflow
boundaries are specified in the x-direction. Isothermal inert walls
with the same temperature as the unburned gas temperature (i.e.
Ty—0 = Ty—2a, = To) are considered for y-boundaries. This implies
that the fluid-dynamic boundary layer exists throughout the simu-
lation domain in this configuration, whereas the thermal boundary
layer forms only in the region of the simulation where the FWI
takes place. The boundaries in the z-direction are considered to be
periodic. All the boundaries are specified using an improved ver-
sion of the Navier-Stokes Characteristic Boundary condition [35].
The simulation has been continued for 3.0 flow through times (i.e.,
3.0Lx/up), and statistics have been extracted after one flow through
time once the initial transience has decayed. The Reynolds/Favre
averaged quantities are evaluated by time-averaging and subse-
quently by spatial averaging in the statistically homogeneous z-
direction.

4. Results and discussions

The ¢ = 0.5 isosurface with the normalised vorticity magnitude
V (wiw;) x Ap/ur g (Where w; is the ith component of vorticity)
in the central midplane is provided in Fig. 1a, which shows the vi-
sual representations of wall ejections, flame wrinkling and quench-
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Fig. 2. (a) Instantaneous distribution of normalised wall heat flux magnitude ., =
|qw!/[poSL(hag — ho)] on the bottom wall, (b) variation of ®,, with x/Aj.

ing near the bottom wall. The distribution of the Favre averaged
values of the non-dimensional temperature § = (T — To)/(Tyq — To)
are shown in Fig. 1b with the contour lines of Favre averaged val-
ues of reaction progress variable ¢=0.1,0.3,0.5,0.7 and 0.9 su-
perimposed. It is worth noting that in the configuration analysed
here the fluid-dynamic boundary layer exists throughout the do-
main, whereas the thermal boundary layer starts only when the
flame-wall interaction takes place because the walls are kept at the
same temperature as that of the unburned gas. A major part of the
channel in the region of the flame-wall interaction is occupied by
the fully burned gas where there is no variation of temperature. It
is evident from Fig. 1a and b that the flame surface interacts with
the bottom wall within the simulation domain, and the validity of
the energy integral equation (i.e., Eq. (5)) is assessed for the TBL on
the bottom wall over which the thermal boundary layer develops
in this configuration.

Fig. 1 a shows that the flame surface starts to interact with
the bottom wall at around x/Aj, = 5.0 and completely quenches at
around x/Ap = 10.5 in this configuration, which can be substanti-
ated from the instantaneous distribution of normalised wall heat
flux magnitude @, = |qw|/[poSL(heq — ho)] on the bottom wall,
shown in Fig. 2a. It can be seen from Fig. 2a that the non-zero
values of &, are predominantly obtained for x/Aj, > 5.0. More-
over, the distribution of § in Fig. 1b shows that the flame sur-
face starts to interact with the inert isothermal bottom wall at
x/Ap = 4.0 and the flame completely quenches at around x/A, =
10 in a mean sense. This can be confirmed from Fig. 2b where
the variation of mean normalised wall heat flux magnitude ®,, =
[Gwl/[poSL(hag — ho)] = Stz (u; NgSy) with x/Aj, is shown. It can be
seen from Fig. 2a and b that the FWI is intermittent for 5 < x/A, <
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6 and the flame is fully quenched by x/Aj, = 10 and thus includ-
ing 10 < x/Ap, < 10.69 does not provide any extra insights. Further-
more, the energy integral equation is valid only where the bound-
ary layer assumption is valid so examining where the boundary
layer assumption [36] is not valid does not add much value to the
discussion, and thus the terms of Eqs. (5) and (7) will be analysed
for 10.0 > x/A, > 6.0. The locations x/Aj, = 6.0 and 10 correspond
to a disctance of 5.17A;, and 9.17A,, from the flame holder in the
stremwise direction.

The distributions of ii/u; yg and @ with y/A, are shown in
Fig. 3a and b, respectively for x/A, = 6.0,7.0,8.0,9.0 and 10.0 and
the corresponding values of dii/0y xAp/u; g and 80/9y x A, are
shown in Fig. 3¢ and d, respectively. The wall normal distance to
the location where |38/dy| x A, <103 is taken to be the ther-
mal boundary layer thickness &;, which is shown by the vertical
lines in Fig. 3. It can be seen from Fig. 3 that the velocity gradient
dii/dy also almost vanishes at the edge of the thermal boundary
layer (i.e. y = &;). It can be seen from Fig. 2a, b that the thermal
boundary layer starts at around x/A, ~ 5 and the resulting ther-
mal boundary layer thickness remains smaller than the channel
half-height A, (i.e. §:/A, < 1.0, see Fig. 3) within the simulation
domain. Fig. 3 further shows that dii/dy remains small at the edge
of the thermal boundary layer for 6 <x/A, <10 and 86,0y dis-
appears at the edge of the thermal boundary layer, by definition.
These combinations resemble the classical picture of the thermal
boundary layer in unconfined boundary layer flows. It is also worth
noting from Fig. 3 that  assumes a value of unity at the edge of
the thermal boundary layer (i.e. y = &), which suggests that the
mean reaction rate of reaction progress variable @, also vanishes
at the edge of the thermal boundary layer. This can be seen from
the variations of xAp/pour ng With y/Ap for the bottom wall
in Fig. 4, which shows that the mean reaction rate vanishes in
the vicinity of the wall because of flame quenching as a result of
wall heat loss and low wall temperature. Fig. 4 also demonstrates
that @ x Ap/pour ng Vanishes at the edge of the thermal boundary
layer because of the complete consumption of fuel in the burned
gas.

The variations of Ty, T, (=T3), (=T4) and (T; + T,) — (T3 + Ty) at
x/Ap =6.0,7.0,8.0,9.0 and 10.0 are shown in Fig. 5. It can be seen
from Fig. 5 that T, remains positive but its magnitude decreases
with increasing x/Aj, with the progress of flame quenching. The
term T3 (alternatively —T3) assumes negative (alternatively posi-
tive) values and its magnitude increases with increasing x/A, due
to the increase in wall heat flux magnitude as a result of flame
quenching. It can further be seen from Fig. 5 that T, remains neg-
ligible in comparison to T;,T; and T;. As the edge of the ther-
mal boundary layer in this configuration is always in the burned
gas where hs, = hoo = hyq, the term dhy/dx vanishes at all the lo-
cations. This gives rise to a vanishingly small value of T, in this
configuration. However, this may not be valid for other configura-
tions and thus this term is retained for the sake of completeness.
However, the contribution of T; in Eq. (7) will henceforth be ig-
nored in this analysis. The net contribution of (T} + T,) — (T3 + T3)
assumes vanishingly small values at x/A, =6.0,7.0,8.0,9.0 and
10.0, as expected under statistically stationary state according to
Eq. (5). The variations of Ty, (—Nuy/[RecPr]) and Ap,;St/[Asegliz,nr]
for four different streamwise segments between x/A, = 6.0 and
x/Ap, =10.0 along with the corresponding variations for 10.0 >
X/Ap > 6.0 are shown in Fig. 6 where the projected flame surface
area Apyj is estimated as Ly (L, —Ly)/cos¢p with ¢ =3.07° being
the angle of the ¢ = 0.94 contour with the x-axis. The value of ¢ is
chosen such that its iso-contour exists up to x/Ap > 10.0. The iso-
contours of smaller values of ¢ vanish before x/A;, < 10.0. How-
ever, the iso-contours of smaller values of ¢ make an angle in the
range of ¢ =4° to 5° with the x-axis. Therefore, there is a neg-
ligible variation in the estimation of projected flame surface area,
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boundary layer thickness §;. The flame holder location corresponds to x/A; = 0.83.

Aproj with different choices of ¢ due to the marginal variation in
the cos¢ values. It can be seen from Fig. 6 that the behaviours of
Ty, (—=(Nup)/[RecPr]) and Apo;St/[Aseglir nr] With x/Ay are quali-
tatively similar to those of Ty, T; and T, shown in Fig. 5.

It can further be seen from Fig. 6 that the net contribution of
—Nuy/[RerPr] + AprojSt/[Asegtiz ng] Temains almost equal to Ty be-
cause of the negligible value of T5;. In physical terms, a part of
the heat release due to combustion is lost through the wall due to
—Nu;/[Re,Pr] and the remaining part is accounted by the advec-
tion effects represented by Ty;. The results reported in Fig. 6 sug-
gest that the Nusselt number and turbulent burning velocity are
closely related in the case of FWI in TBLs. Therefore, evaluations
of ii and § distributions and the knowledge of the mean Nusselt
number enables the estimation of the turbulent burning velocity
in TBLs. Conversely, the knowledge of turbulent burning velocity,
i and § distributions in TBLs enables the estimation of the Nus-
selt number. Based on this, it is worthwhile to consider if S; can
be estimated using one of the existing closures of turbulent pre-
mixed combustion modelling. Sellmann et al. [25] proposed that
the mean reaction rate @ in the case of HOQ can be modelled
as = Io oSy Xgen Where Iy = 0.5[er f(y/8; — Peq) + 1] accounts for

y/A}L

Fig. 3. Distributions of (a) fi/u. g, (b) 0, (c) dii/dy xAp/u;ng and (d) 39/dy xA, with y/A, for x/A, = 6.0,7.0,8.0,9.0 and 10.0. Vertical lines represents the thermal

near-wall damping of reaction rate effects due to flame quenching,
where §; = ar, /S is the Zel'dovich flame thickness, Peq = 3¢ /6; is
the wall Peclet number for the laminar HOQ configuration (=2.19
for the present thermochemistry [15]) with e, and 8o being the
thermal diffusivity in the unburned gas and d; is the quenching
distance for HOQ of laminar premixed flames. The predictions of
IopoSy Xgen are compared to @, extracted from DNS data in Fig. 4,
which reveals that IpppS; Xgen captures the qualitative behaviour
of @, both in the vicinity as well as away from the wall at all
locations considered here. However, there is an underprediction
in the outer layer of the TBL at x/A, = 6.0 and the FSD model
overpredicts the mean reaction rate & in the near-wall region for
x/Ay, > 7.0. The discrepancy between the DNS data and model pre-
diction originates due to the limitation of the model for the stretch
factor I and the local discrepancies between the mean reaction
rate and the FSD-based reaction rate closure in the outer layer ex-
ist as well for other flows without boundary layers [25,37]. Alter-
native expressions of Iy for FWI were previously proposed for FWI
[21,27], but it was shown by Sellmann et al. [25] and Ahmed et al.
[15] that Iy = 0.5[er f(y/8; — Peq) + 1] provides more accurate pre-
diction of &, in comparison to other alternatives [21,27]. It is also
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DNS Model
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Fig. 4. Variations of @, xA,/pournr (lines) with y/A, for the bottom wall along
with the predictions of IppoS; Xgen x Ap/potirng (lines with symbols) where Iy =
0.5[erf(y/8; — Peq) + 1] for x/A, =6.0,7.0,8.0,9.0 and 10.0. Vertical lines repre-
sents the thickness of the thermal boundary layer thickness §;. The flame holder
location corresponds to x/Aj, = 0.83.
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Fig. 5. Variations of Ty, T,, - T3, =T, and (T} + T,) — (T3 + Ty) (see Eq. (5)) at x/A, =
6.0,7.0,8.0,9.0 and 10.0. The flame holder location corresponds to x/Aj, = 0.83.
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Fig. 6. Variations of Ty, T, = —(Nug)/[Re;Pr], Ta, = AprojSt/[Aseglicnr] and Tz + Ty
(see Eq. (7)) for 7.0 > x/A, > 6.0, 8.0 > x/A, > 7.0,9.0 > x/A, > 8.0, 10.0 > x/A; >
9.0 along with the corresponding variations for 10.0 > x/Aj, > 6.0. The flame holder
location corresponds to x/A, = 0.83.

worth noting that Iy = 0.5[erf(y/8; — Peq) + 1] for FWI was pro-
posed for HOQ and here it is used for oblique flame quenching and
thus there is scope to improve the @, predictions by modifying I
for the oblique quenching.

The predictions of  smodel — (pgApg;) 7T fLLf 63‘

IopoSy XgenLwdxdy are compared to Sy = (,ooA,l,mj)‘1 fLL]Z (f‘
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Fig. 7. (a) Predictions of S7¢/S; along with Sr/S, extracted from DNS data for
7.0 >x/A, >6.0,80>x/A;>7.0,90>x/A, >8.0,10.0 > x/A, > 9.0 and also for
10.0 > x/Aj, > 6.0, (b) predictions of Nu;/[Re;Pr] by using S'T""de’ in Eq. (7) compared
to Nug/[Re.Pr] extracted from DNS data. The flame holder location corresponds to
x/Ap =0.83.

wclydxdy extracted from DNS data for four streamwise seg-
ments between x/A,=6.0 and x/A,=10.0 and also for
10.0 > x/A, > 6.0 in Fig. 7a. Fig. 7a indicates that Smodel/s;
underpredicts Sr/S; obtained from DNS data for 6.0 <x/A, <7.0
and SPodel overpredicts Sy for 8.0 > x/Ay > 7.0, 9.0 > x/Ap, > 8.0,
and 10.0 > x/Ap >9.0. This behaviour originates due to the
discrepancies between Ip0pS; Xgen and @ as can be noticed
from Fig. 4. However, S?”de’/SL predictions are found to be in
excellent agreement with S;/S; obtained from DNS data when
10.0 > x/A, > 6.0 is considered, as local overpredictions and
underpredictions cancel each other.

In principle, an accurate estimation of Sy by S?"de’ enables one
to estimate Nu; using Eq. (7). The Nu; values estimated using S?"de’
in Eq. (7) are compared to the corresponding value extracted from
DNS data in Fig. 7b. Fig. 7b shows that Nu; estimated using Sode!
does not agree with the corresponding value obtained from DNS
data for 6.0 <x/A, <7.0 and in fact an incorrect sign of Nuj is
obtained. This discrepancy originates due to the underprediction
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of Sy by SIModel at 6.0 < x/A < 7.0 (see Fig. 7a). Moreover, Nuj es-
timated using S’T""‘ie’ does not agree with the corresponding value
extracted from DNS data for 8.0 > x/A, > 7.0, 9.0 > x/A;, > 8.0,
and 10.0 > x/A, > 9.0, and this is consistent with the overpre-
diction of St by S?"de’ at these locations. However, in accordance
with Fig. 7a, Nu; predictions using SI' in Eq. (7) are found
to be in excellent agreement with Nu; obtained from DNS data
for 10.0 > x/A; > 6.0. Despite this agreement, the findings from
Fig. 7 suggest that it might be preferable to extract turbulent burn-
ing velocity based on the measurements of mean values of veloc-
ity, temperature and wall heat flux instead of predicting the mean
Nusselt number based on model expressions of turbulent burning
velocity. The measurement of wall heat flux in reacting gas flows is
well-established in the literature [38-40] and this can be utilised
in conjunction with the energy integral equation to estimate the
turbulent burning velocity within turbulent boundary layers dur-
ing FWL

5. Conclusions

A newly derived integral form of the energy conservation equa-
tion has been derived for statistically steady premixed FWI within
TBLs under low Mach number conditions. The validity of this equa-
tion is assessed at different locations of TBL in the case of sta-
tistically stationary oblique quenching of a turbulent premixed V-
shaped flame in a channel due to its interaction with an inert
isothermal wall based on three-dimensional DNS data. It has been
found that the wall heat flux and the heat release rate remain the
leading order contributors to the integral form of the energy con-
servation equation and their net contribution is balanced by the
contribution arising from the advection process. The magnitudes
of the wall heat flux increase and the contribution of heat release
rate integral in the wall normal direction decrease with increasing
distance from the leading edge of the thermal boundary layer as
a result of flame quenching. The integral form of the energy con-
servation equation has been utilised to demonstrate that the Nus-
selt number (or Stanton number) for wall heat transfer is closely
related to the turbulent burning velocity within TBLs. A method-
ology using the FSD based reaction rate closure revised to account
for near-wall behaviour [15,25] has been shown to reasonably cap-
ture the behaviour of the turbulent burning velocity within the TBL
only when a sufficiently large span of distance is considered. Thus,
the modelling limitations in the mean reaction rate closure may
give rise to significant inaccuracies in the estimation of the mean
Nusselt number. This suggests that the measurements of mean ve-
locity, temperature and wall heat flux can be utilised to estimate
the turbulent burning velocity within TBLs. Although the validity of
the current analysis does not depend on the choice of the chem-
ical mechanism, the analysis conducted in this paper needs to be
repeated in the presence of detailed chemistry and transport for
further validation. Moreover, the usefulness of the newly derived
energy integral equation needs to be explored further for other
FWI configurations including unconfined spatially evolving turbu-
lent boundary layers as well as flows with higher values of Re;.
Some of these issues will form the basis of the future investiga-
tions.

Declaration of Competing Interest

The authors declare that they have no known competing finan-
cial interests or personal relationships that could have appeared to
influence the work reported in this paper.

International Journal of Heat and Mass Transfer 196 (2022) 123230
CRediT authorship contribution statement

Sanjeev Kr. Ghai: Formal analysis, Investigation, Visualization,
Writing - review & editing. Umair Ahmed: Supervision, Visualiza-
tion, Writing - review & editing. Markus Klein: Funding acquisi-
tion, Writing - review & editing. Nilanjan Chakraborty: Concep-
tualization, Formal analysis, Investigation, Supervision, Writing -
original draft, Writing - review & editing.

Data Availability

Data will be made available on request.

Acknowledgements
The authors are grateful for the financial and computational
support from the Engineering and Physical Sciences Research

Council (Grant: EP/V003534/1, EP/R029369/1), CIRRUS, SuperMUC-
NG (Grant: pn69ga, pn34xu), and ROCKET HPC facility.

Appendix A

Integrating Eq. (3) from the wall to the edge of the thermal
boundary layer y = §; gives rise to:

8 3 (piih) 8 3 (pih) b 3q -
d dy=— [ vy / d
/0 ox “/o ay /o ay V), er

(A1)
Eq. (A1) leads to:
& 9 (piih -

[P by iy = TR+ [ty (82

The contribution of (pv"h");, is expected to be negligible at the
edge of the thermal boundary layer, and thus it can be neglected
(and it is confirmed using DNS data in this analysis but not shown
for the sake of brevity). Using the Leibnitz theorem one can write:

d % _ - 3 (piih) ds;
& [ gy = [ X0 gy ¢ g, h, 2

(A3)

d % _ - 8 3 (piiha) - o= ddy
a/o (PUhm)dy:/(; TdY'*‘péfu&hooa (A4)

Using Eq. (A.4) and hs, = fi, the last term on the right-hand
side of Eq. (A.3) can be eliminated in the following manner:

8 - 8¢ Siih
& / (pibydy = [ 26
(puhw)dy / 3(””h°°) (AS)
This leads to:
d (% __ - = 3 9 (piiha) 5 9 (piih)
i/ pu(h—hoo)dy-i—/o A _/0 P4y (A6)

The first term on the left-hand side of Eq. (A
pressed using Eq. (A.6) in the following manner:

d % __ . . 3% 9 (piihs)
= /0 pii(h — hoo)dy + /0 APE) gy

.2) can be ex-

o

+05, U5, s, = Gu + A ardy (A7)
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Using the chain rule for the second term on the left-hand side
of Eq. (A.7) provides:

8¢ ~ - - 8¢ 11
i/ ﬁﬁ(h—hm)dy+hm/ 9(Pm 4
dx 0 0 0x
. (A.8)
dhoo 8 . o~ _ 8 —
i A (pi)dy + ps, U5, hs, =qy + | ordy

The steady-state mass conservation equation o(pi)/0x +
d(p1)/dy =0 can be used to rewrite Eq. (A.8) as:

d o__ - - R I01))
L SR - hy)d —hoof d
dxfo p ( )y o 0x Y (A.9)

dhe % . S b
+ W / (ﬁu)dy + ﬁ&tv&h& = QW + a)Tdy
0
Eq. (A.9) leads to:
d [o%__. - _ = dhe % __
o / pi(h — hyo)dy — 05, s, hoo + v / (pu)dy
0 . 0 (A10)
+ 05 Us.hs, =Gy + | rdy
Using hs, = hs in Eq. (A.10) gives rise to:
d (% __ . = dhe (% . _ &
i | pndi—hody+ = [ idy =g+ [ ray
(A11)
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