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a b s t r a c t 

An integral form of the energy conservation equation has been derived from the first principle for low 

Mach number conditions for statistically steady premixed flame-wall interaction within turbulent bound- 

ary layers. The validity of this equation has been demonstrated based on three-dimensional Direct Nu- 

merical Simulation data of statistically stationary oblique quenching of a turbulent premixed V-shaped 

flame in a channel flow configuration as a result of its interaction with an inert isothermal wall. It has 

been found that the wall heat flux and the integral of chemical heat release in the wall normal direction 

within the turbulent thermal boundary layer are the major contributors in the energy integral equation, 

and their difference is accounted for by the advection contribution. The magnitudes of the wall heat flux 

increase, and integral of heat release rate across the thermal boundary layer decrease with increasing 

distance from the leading edge of the boundary layer as a result of flame quenching. The integral form 

of the energy conservation equation has been utilised to demonstrate that the Nusselt number (or Stan- 

ton number) for wall heat transfer is intrinsically related to the turbulent burning velocity in the case 

of flame-wall interaction within turbulent boundary layers. A Flame Surface Density based reaction rate 

closure, modified to account for the near-wall behaviour, has been utilised to estimate the mean Nusselt 

number in the case of flame-wall interaction within turbulent boundary layers, which revealed that the 

modelling limitations of the mean reaction rate closure may give rise to inaccuracies in the estimation of 

the mean Nusselt number. By contrast, the measurements of mean velocity, temperature, and wall heat 

flux can be utilised to estimate the turbulent burning velocity within the turbulent boundary layer using 

the newly derived energy integral equation. 

© 2022 The Author(s). Published by Elsevier Ltd. 

This is an open access article under the CC BY-NC-ND license 

( http://creativecommons.org/licenses/by-nc-nd/4.0/ ) 
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. Introduction 

Flame-Wall Interaction (FWI) in turbulent boundary layers 

TBLs) plays a pivotal role in the development of clean, fuel- 

fficient engine technologies across all transportation sectors in 

esponse to the call for combating climate change. Many indus- 

rial combustors are currently being redesigned for their use with 

lectric powertrains beyond 2035 [1] . To date, most analyses on 

remixed turbulent combustion have been conducted for flames 

ithout any wall effects, and recent advancements in experimen- 

al diagnostics [2–4] and computational simulations [5–19] have 

nabled insightful analyses of FWI for turbulent premixed com- 
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ustion. These analyses provided valuable insights into the flame 

tructure and flow dynamics [2,8,12,20] , wall heat flux [2–5,7,20–

4] , reactive scalar gradient [3,6,7,11,14–16,24–26] , kinetic energy 

9,13,27] , turbulent scalar flux [10,27] and displacement speed 

13,15,16,20,24,28] statistics close to the wall, and the resulting 

hysical insights were utilised to develop high-fidelity models in 

he context of Flame Surface Density (FSD) [3,11,25,27,29] and 

calar Dissipation Rate (SDR) [6,7,11] methodologies. However, 

ost of these analyses [3,5–12,25] were conducted for unsteady 

ead-on quenching (HOQ) configurations under decaying turbu- 

ence and not under a statistically steady-state condition for FWI 

n TBLs. Bruneaux et al. [21,29] pioneered the computational anal- 

sis of FWI in a channel flow configuration but under constant 

ensity assumption for unsteady conditions. Alshaalan and Rutland 

22,27] , Gruber et al. [23] , Ahmed et al. [15,16] and Jiang et al.
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19] analysed oblique wall flame-quenching (OWQ) of turbulent 

-shaped premixed flames due to their interaction with isother- 

al inert walls within TBLs under statistically stationary state us- 

ng three-dimensional Direct Numerical Simulations (DNS). Recent 

xperiments [3,4] also analysed OWQ of turbulent V-shaped pre- 

ixed flames in TBLs. These studies used the experimental data to 

ssess the performances of the FSD and mean reaction rate mod- 

ls in the near-wall region [3] . Recently, Ahmed et al. [15] also as-

essed the Bray-Moss-Libby (BML) based modelling framework in 

he context of OWQ of V-shaped premixed flames in TBLs using 

NS data. A semi-analytical derivation by Zhao et al. [20] demon- 

trated that the flame speed and wall heat flux are closely linked 

uring flame quenching in a configuration where the flame im- 

inges on an isothermal cold surface. However, the evolution of 

urbulent burning velocity with the progress of FWI in TBLs, and 

ts dependence on wall heat flux are yet to be analysed in detail. 

he present analysis addresses this gap in the existing literature by 

eriving an integral form of the energy conservation equation. The 

alidity of the integral energy equation derivation is verified us- 

ng three-dimensional DNS data of a turbulent V-shaped premixed 

ame interacting with an isothermal inert wall. This integral en- 

rgy equation is then utilised to establish the relation between tur- 

ulent burning velocity and wall heat flux and this relation in turn 

s utilised to illustrate the statistical behaviours of turbulent burn- 

ng velocity and wall heat flux magnitude with the evolution of 

WQ of V-shaped premixed flames in TBLs using DNS data. 

. Derivation of the energy integral 

For small values of Mach number (i.e., Ma � 1 ), the pressure 

radient terms in the energy conservation equation can be ne- 

lected [30] and under this assumption the energy conservation 

quation for a flat plate boundary layer takes the following form: 

∂(ρh ) 

∂t 
+ 

∂(ρuh ) 

∂x 
+ 

∂(ρv h ) 

∂y 
= 

∂ 

∂x 
(λ

∂T 

∂x 
) + 

∂ 

∂y 
(λ

∂T 

∂y 
) + ˙ ω T . (1) 

Here, h is the specific sensible enthalpy, ρ is the gas density, T 

s the temperature, λ is the thermal conductivity, ˙ ω T is the heat re- 

ease rate, and the flow direction is taken to align with x -direction, 

hereas the wall-normal direction is taken to be y -direction. The 

elocity components in x - and y -directions are given by u and v ,
espectively. On Reynolds averaging Eq. (1) , the following expres- 

ion for a statistically steady-state is obtained: 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
+ 

∂( ̄ρ ˜ v ̃ h ) 

∂y 
= −∂q x 

∂x 
− ∂q y 

∂y 
+ ˙ ω T . (2) 

Here, Q̄ , ˜ Q = ρQ / ̄ρ and Q 

′′ = Q − ˜ Q are the Reynolds aver- 

ge, Favre-average, and Favre fluctuation of a general quantity 

, respectively. In Eq. (2) , q x = −λ( ∂ ̃  T / ∂x ) + ρu 
′′ 

h 
′′ 

and q y =
λ( ∂ ̃  T / ∂y ) + ρv ′′ h ′′ are mean heat fluxes in x - and y -directions,

espectively. Within the thermal boundary layer | − ∂ q y / ∂y | � | −
 q x / ∂x | and thus Eq. (2) can be simplified as: 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
+ 

∂( ̄ρ ˜ v ̃ h ) 

∂y 
= −∂q y 

∂y 
+ ˙ ω T . (3) 

Integrating Eq. (3) from the wall to the thermal boundary layer 

hickness δt (i.e., the wall normal distance where ∂ ̃  T / ∂y y = δt 
= 0 ) 

ields the following expression using Leibnitz’s theorem (see the 

ppendix for a detailed derivation): 

d 

dx 

∫ δt 

0 

ρ̄ ˜ u ( ̃ h − ˜ h ∞ 

) dy + 

d ̃ h ∞ 

dx 

∫ δt 

0 

ρ̄ ˜ u dy = q̄ w 

+ 

∫ δt 

0 

˙ ω T dy, (4) 

here ˜ h δt 
= ̃

 h ∞ 

is the specific sensible enthalpy of the freestream 

nd q̄ w 

= −λ( ∂ ̃  T / ∂y ) y =0 = (q y ) y =0 is the mean wall heat flux be-

ause ρv ′′ h ′′ is identically zero due to the impenetrability at the 
2

all. At y = δt , the heat flux q y = −λ( ∂ ̃  T / ∂y ) + ρv ′′ h ′′ vanishes,

hich has been verified by interrogating the DNS data used for 

his analysis (not shown). At the edge of the thermal boundary 

ayer (∂ ̃  T / ∂y ) vanishes by definition and at this location, there is 

o fluctuation of sensible enthalpy which leads to a vanishingly 

mall value of ρv ′′ h ′′ . The mean heat release rate can be expressed 

s ˙ ω T = − ˙ ω F (h ad − h 0 ) / (Y F u − Y F b ) where ˙ ω F , h 0 , h ad , Y F u and Y F b 
re the mean fuel reaction rate, specific enthalpy of reactants in 

he unburned gas, specific enthalpy of the fully burned products 

orresponding to the adiabatic flame temperature, fuel mass frac- 

ions in the unburned gas and fully burned products, respectively. 

he quantity ˙ ω c = − ˙ ω F / (Y F u − Y F b ) is the mean reaction rate of re- 

ction progress variable c = (Y F u − Y F ) / (Y F u − Y F b ) which upon using 

n Eq. (4) yields: 

d 

dx 

∫ δt 

0 

ρ̄ ˜ u ( ̃ h − ˜ h ∞ 

) 

ρ0 u τ,NR (h ad − h 0 ) 
dy 

 ︷︷ ︸ 
T 1 

+ 

1 

(h ad − h 0 ) 

d ̃ h ∞ 

dx 

∫ δt 

0 

ρ̄ ˜ u 

ρ0 u τ,NR 

dy ︸ ︷︷ ︸ 
T 2 

= 

q̄ w 

ρ0 u τ,NR (h ad − h 0 ) ︸ ︷︷ ︸ 
T 3 

+ 

1 

ρ0 u τ,NR 

∫ δt 

0 

˙ ω c dy ︸ ︷︷ ︸ 
T 4 

. 

(5) 

In Eq. (5) ρ0 is the unburned gas density, q̄ w 

is the mean wall 

eat flux, u τ,NR = 

√ 

(| τw,NR | /ρ0 ) is the friction velocity for the cor- 

esponding non-reacting flow with τw,NR = μ( ∂u / ∂y ) y =0 being the 

orresponding wall shear stress. Eq. (5) will henceforth be referred 

o as the energy integral equation. The term T 1 accounts for ad- 

ection effects, whereas T 2 addresses the effects of the freestream 

emperature variation. The term T 3 arises due to wall heat flux, 

hereas T 4 arises due to a chemical reaction within the TBL. Al- 

hough Eq. (5) is derived for TBL, the energy integral equation can 

e applied to laminar boundary layers in the case of premixed 

WI when the Favre-averaged and Reynolds-averaged values are 

eplaced by the corresponding instantaneous quantities. It is worth 

oting that T 3 can be expressed as: 

 3 = 

q̄ w 

ρ0 u τ,NR (h ad − h 0 ) 
= 

−H t,x 

ρ0 u τ,NR C P0 

= −St τ = 

−Nu x 

Re τ P r 
, (6) 

here H t,x = C P0 | q w 

| / (h ad − h 0 ) is the local heat transfer coeffi-

ient, St τ is the Stanton number, Re τ = ρ0 u τ,NR �h /μ0 is the fric- 

ion velocity based Reynolds number and Nu x = H t,x �h /λ0 is the 

ocal Nusselt number with C P0 , μ0 and λ0 being the unburned 

as specific heat capacity, unburned gas viscosity, and unburned 

as thermal conductivity, respectively and �h is a reference length 

cale which is taken to be the channel half height for the cur- 

ent analysis. Integrating Eq. (5) between x = L 1 and x = L 2 yields:
 L 2 
L 1 

(T 1 + T 2 ) L W 

dx = 

∫ L 2 
L 1 

(T 3 + T 4 ) L W 

dx with L W 

being the width of

he flat plate. These relations lead to: 

 1 L + T 2 L = 

−Nu L 

Re τ P r 
+ 

A proj S T 

A seg u τ,NR 

, (7) 

here T 1 L = (L 2 − L 1 ) 
−1 

∫ L 2 
L 1 

T 1 dx , T 2 L = (L 2 − L 1 ) 
−1 

∫ L 2 
L 1 

T 2 dx , A proj is

he projected flame surface area, A seg = (L 2 − L 1 ) L W 

is the area 

f the segment, N u L = (L 2 − L 1 ) 
−1 

∫ L 2 
L 1 

N u x dx is the mean Nusselt

umber, and S T = (ρ0 A proj ) 
−1 

∫ L 2 
L 1 

∫ δt 
0 

˙ ω c L W 

d xd y is the turbulent 

urning velocity [31] , subject to the assumption that the flame is 

ontained within the thermal boundary layer, which suggests that 

˙  c vanishes at y = δt . Eq. (7) indicates that Nu L and S T are not in-

ependent of each other in the case of premixed FWI in TBLs, and 

herefore upon evaluating one of these quantities the other can be 

ound, provided the variations of ˜ u and 

˜ h with the wall normal di- 

ection are obtained. 
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Fig. 1. (a) Schematic diagram of the simulation domain along with the c = 0 . 5 

isosurface with the normalised vorticity magnitude ( 
√ 

(ω i ω i ) × �h /u τ,NR in the 

z/ �h = 4 . 0 plane, (b) distribution of ˜ θ = ( ̃ T − T 0 ) / (T ad − T 0 ) with the contour lines 

of ˜ c = 0 . 1 , 0.5 and 0 . 9 superimposed. 
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. DNS database 

The newly derived energy integral equation for premixed FWI 

n flat plate TBL has been validated using three-dimensional DNS 

f a turbulent V-shaped flame interacting with an isothermal in- 

rt wall in a channel flow configuration. A detailed discussion on 

he numerical implementation of the DNS database including the 

alidation of the non-reacting channel flow solution can be found 

lsewhere [15,16] . Only a brief discussion is provided here. The 

imulation has been carried out using a uniform Cartesian grid- 

ased compressible DNS code SENGA+ [6–12,14–16,24,25,28] where 

ll the spatial derivatives are evaluated using a high-order finite- 

ifference scheme (10th order central difference scheme for the 

nternal grid points but the order of accuracy gradually reduces to 

nd order at the non-periodic boundaries) and time advancement 

as been carried out using a low storage 3rd order Runge–Kutta 

cheme. A non-reacting turbulent plane channel flow driven by a 

onstant streamwise pressure gradient (i.e. −∂ p / ∂x = ρu 2 τ,NR / �h , 

here p is the pressure) has been conducted in order to ob- 

ain the initial condition for the reacting flow simulation and for 

nlet boundary condition specifications. The bulk Reynolds num- 

er for this simulation is taken to be Re b = 2 ρ0 u b �h /μ0 = 3285 ,

here u b = (1 / 2�h ) 
∫ 2�h 

0 
udy is the bulk mean velocity, which 

orresponds to a friction velocity based Reynolds number Re τ = 

0 u τ,NR �h /μ0 = 110 . This simulation ensures that the maximum 

alue of y + = ρ0 u τ,NR y/μ0 for the grid points adjacent to the 

all remains approximately 0.6 following Moser et al. [32] . This 

rid spacing ensures that the domain of L x × L y × L z = 10 . 69�h ×
�h × 4�h is discretised by 1920 × 360 × 720 , which accommo- 

ates 8 grid points within the thermal flame thickness δth = (T ad −
 0 ) / max |∇T | L (where T 0 , T ad and T are the unburned gas temper-

ture, adiabatic flame temperature and instantaneous temperature, 

espectively). Here, S L /u τ,NR is taken to be 0.7 with S L being the 

nstretched laminar burning velocity. 

The chemical processes are taken to be representative of sto- 

chiometric methane-air premixed flames preheated to T 0 = 730 K 

ollowing previous analyses [15,16,22,23,27] , yielding a heat release 

arameter αH = (T ad − T 0 ) /T 0 = 2 . 3 . A single step chemical reac-

ion (i.e., 1.0 unit mass of fuel+ s unit mass of Oxygen = ( 1 + s )

nit of products with s = 4 . 0 ) is considered for the sake of com-

utational economy. It is worthwhile to note that previous anal- 

ses [11,12] demonstrated that wall heat flux, quenching distance 

nd near-wall vorticity dynamics obtained from detailed chemistry 

NS for hydrocarbon-air premixed FWI are adequately captured 

y single-step chemistry and the FWI models developed by single 

tep chemistry remain valid for detailed chemistry DNS. Interested 

eaders are referred to Refs. [9,11,15,16] for further information in 

his regard. Moreover, several previous analyses [5–12,14–16,20–

2,24,25,27,29,33] provided important insights into premixed FWI 

sing simple chemistry and the same approach has been adopted 

ere. Note that the derivation of Eqs. (4) –(7) does not depend on 

he choice of chemical mechanism, and thus the chemical repre- 

entation of this DNS data does not alter the conclusions drawn in 

his paper. Standard values are chosen for the Zel’dovich number 

i.e. βZ = T ac (T ad − T 0 ) /T 2 
ad 

= 6 . 0 where T ac is the activation tem-

erature), Prandtl number (i.e. P r = 0 . 7 ), ratio of specific heats

i.e. γ = 1 . 4 ) and Lewis numbers for all species are considered

o be unity. The pressure gradient terms in the energy conser- 

ation equation in both boundary layers and channel flows can 

e dropped when the Eckert number is small (i.e. Ec � 1 . 0 ) [30] .

or the current channel flow configuration, the Eckert number can 

e defined as: Ec = u 2 τ,NR / (h ad − h 0 ) = (γ − 1) M a 2 /αH where M a =
 τ,NR /a 0 is the Mach number with a 0 being the acoustic speed in 

he unburned gas. For the present analysis, Ma = 3 × 10 −3 which 

uggests an Eckert number of Ec = 1 . 56 × 10 −6 for the case consid-

s

3 
red here. This justifies the usage of the form of the energy con- 

ervation equation given by Eq. (1) . For the reacting flow simula- 

ion, the flame holder is placed within the fully-developed chan- 

el flow at a location such that the centre of the flame holder is 

 . 83�h from the inlet and 0 . 5�h (i.e. corresponds to y + = 55 ) from

he bottom wall. The flame holder was intentionally kept closer 

o the bottom wall than to the top wall because it ensures FWI 

or the bottom wall takes place within the domain, whereas the 

op branch of the V-flame does not interact within the computa- 

ional domain. The location of the flame holder centre is chosen 

n such a manner that the flame holder does not influence the vis- 

ous sublayer. The species mass fractions, velocity components and 

emperature are specified using a Gaussian function following Dun- 

tan et al. [34] and further details are provided elsewhere [15,16] . 

he radius of the flame holder is taken to be 0 . 5 δth . The turbu-

ent inflow with specified density and velocity components from 

on-reacting flow simulations, and partially non-reflecting outflow 

oundaries are specified in the x -direction. Isothermal inert walls 

ith the same temperature as the unburned gas temperature (i.e. 

 y =0 = T y =2�h 
= T 0 ) are considered for y -boundaries. This implies 

hat the fluid-dynamic boundary layer exists throughout the simu- 

ation domain in this configuration, whereas the thermal boundary 

ayer forms only in the region of the simulation where the FWI 

akes place. The boundaries in the z-direction are considered to be 

eriodic. All the boundaries are specified using an improved ver- 

ion of the Navier–Stokes Characteristic Boundary condition [35] . 

he simulation has been continued for 3.0 flow through times (i.e., 

 . 0 L x /u b ), and statistics have been extracted after one flow through

ime once the initial transience has decayed. The Reynolds/Favre 

veraged quantities are evaluated by time-averaging and subse- 

uently by spatial averaging in the statistically homogeneous z- 

irection. 

. Results and discussions 

The c = 0 . 5 isosurface with the normalised vorticity magnitude 
 

(ω i ω i ) × �h /u τ,NR (where ω i is the i th component of vorticity) 

n the central midplane is provided in Fig. 1 a, which shows the vi- 

ual representations of wall ejections, flame wrinkling and quench- 
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Fig. 2. (a) Instantaneous distribution of normalised wall heat flux magnitude 
w = 

| q w | / [ ρ0 S L (h ad − h 0 )] on the bottom wall, (b) variation of 
w with x/ �h . 
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ng near the bottom wall. The distribution of the Favre averaged 

alues of the non-dimensional temperature ˜ θ = ( ̃  T − T 0 ) / (T ad − T 0 ) 

re shown in Fig. 1 b with the contour lines of Favre averaged val-

es of reaction progress variable ˜ c = 0 . 1 , 0 . 3 , 0 . 5 , 0 . 7 and 0 . 9 su-

erimposed. It is worth noting that in the configuration analysed 

ere the fluid-dynamic boundary layer exists throughout the do- 

ain, whereas the thermal boundary layer starts only when the 

ame-wall interaction takes place because the walls are kept at the 

ame temperature as that of the unburned gas. A major part of the 

hannel in the region of the flame-wall interaction is occupied by 

he fully burned gas where there is no variation of temperature. It 

s evident from Fig. 1 a and b that the flame surface interacts with

he bottom wall within the simulation domain, and the validity of 

he energy integral equation (i.e., Eq. (5) ) is assessed for the TBL on

he bottom wall over which the thermal boundary layer develops 

n this configuration. 

Fig. 1 a shows that the flame surface starts to interact with 

he bottom wall at around x/ �h = 5 . 0 and completely quenches at

round x/ �h = 10 . 5 in this configuration, which can be substanti- 

ted from the instantaneous distribution of normalised wall heat 

ux magnitude 
w 

= | q w 

| / [ ρ0 S L (h ad − h 0 )] on the bottom wall,

hown in Fig. 2 a. It can be seen from Fig. 2 a that the non-zero

alues of 
w 

are predominantly obtained for x/ �h > 5 . 0 . More- 

ver, the distribution of ˜ θ in Fig. 1 b shows that the flame sur- 

ace starts to interact with the inert isothermal bottom wall at 

/ �h = 4 . 0 and the flame completely quenches at around x/ �h = 

0 in a mean sense. This can be confirmed from Fig. 2 b where 

he variation of mean normalised wall heat flux magnitude 
w 

= 

 ̄q w 

| / [ ρ0 S L (h ad − h 0 )] = St τ (u τ,NR S L ) with x/ �h is shown. It can be

een from Fig. 2 a and b that the FWI is intermittent for 5 ≤ x/ � ≤
h 

4 
 and the flame is fully quenched by x/ �h = 10 and thus includ- 

ng 10 ≤ x/ �h ≤ 10 . 69 does not provide any extra insights. Further- 

ore, the energy integral equation is valid only where the bound- 

ry layer assumption is valid so examining where the boundary 

ayer assumption [36] is not valid does not add much value to the 

iscussion, and thus the terms of Eqs. (5) and (7) will be analysed 

or 10 . 0 ≥ x/ �h ≥ 6 . 0 . The locations x/ �h = 6 . 0 and 10 correspond

o a disctance of 5 . 17�h and 9 . 17�h from the flame holder in the

tremwise direction. 

The distributions of ˜ u /u τ,NR and 

˜ θ with y/ �h are shown in 

ig. 3 a and b, respectively for x/ �h = 6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and 10 . 0 and

he corresponding values of ∂ ̃  u / ∂y ×�h /u τ,NR and ∂ ̃  θ/ ∂y ×�h are 

hown in Fig. 3 c and d, respectively. The wall normal distance to 

he location where | ∂ ̃  θ/ ∂y | × �h ≤ 10 −3 is taken to be the ther- 

al boundary layer thickness δt , which is shown by the vertical 

ines in Fig. 3 . It can be seen from Fig. 3 that the velocity gradient

 ̃  u / ∂y also almost vanishes at the edge of the thermal boundary 

ayer (i.e. y = δt ). It can be seen from Fig. 2 a, b that the thermal

oundary layer starts at around x/ �h ≈ 5 and the resulting ther- 

al boundary layer thickness remains smaller than the channel 

alf-height �h (i.e. δt / �h < 1 . 0 , see Fig. 3 ) within the simulation

omain. Fig. 3 further shows that ∂ ̃  u / ∂y remains small at the edge 

f the thermal boundary layer for 6 ≤ x/ �h ≤ 10 and ∂ ̃  θ/ ∂y dis- 

ppears at the edge of the thermal boundary layer, by definition. 

hese combinations resemble the classical picture of the thermal 

oundary layer in unconfined boundary layer flows. It is also worth 

oting from Fig. 3 that ˜ θ assumes a value of unity at the edge of 

he thermal boundary layer (i.e. y = δt ), which suggests that the 

ean reaction rate of reaction progress variable ¯̇
 ω c also vanishes 

t the edge of the thermal boundary layer. This can be seen from 

he variations of ¯̇
 ω c ×�h /ρ0 u τ,NR with y/ �h for the bottom wall 

n Fig. 4 , which shows that the mean reaction rate vanishes in 

he vicinity of the wall because of flame quenching as a result of 

all heat loss and low wall temperature. Fig. 4 also demonstrates 

hat ¯̇
 ω c ×�h /ρ0 u τ,NR vanishes at the edge of the thermal boundary 

ayer because of the complete consumption of fuel in the burned 

as. 

The variations of T 1 , T 2 , (−T 3 ) , (−T 4 ) and (T 1 + T 2 ) − (T 3 + T 4 ) at

/ �h = 6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and 10 . 0 are shown in Fig. 5 . It can be seen

rom Fig. 5 that T 4 remains positive but its magnitude decreases 

ith increasing x/ �h with the progress of flame quenching. The 

erm T 3 (alternatively −T 3 ) assumes negative (alternatively posi- 

ive) values and its magnitude increases with increasing x/ �h due 

o the increase in wall heat flux magnitude as a result of flame 

uenching. It can further be seen from Fig. 5 that T 2 remains neg- 

igible in comparison to T 1 , T 3 and T 4 . As the edge of the ther-

al boundary layer in this configuration is always in the burned 

as where ˜ h δt 
= ̃

 h ∞ 

= h ad , the term d ̃ h ∞ 

/dx vanishes at all the lo-

ations. This gives rise to a vanishingly small value of T 2 in this 

onfiguration. However, this may not be valid for other configura- 

ions and thus this term is retained for the sake of completeness. 

owever, the contribution of T 2 L in Eq. (7) will henceforth be ig- 

ored in this analysis. The net contribution of (T 1 + T 2 ) − (T 3 + T 4 )

ssumes vanishingly small values at x/ �h = 6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and

0 . 0 , as expected under statistically stationary state according to 

q. (5) . The variations of T 1 L , (−Nu L / [ Re τ P r] ) and A proj S T / [ A seg u τ,NR ]

or four different streamwise segments between x/ �h = 6 . 0 and 

/ �h = 10 . 0 along with the corresponding variations for 10 . 0 ≥
/ �h ≥ 6 . 0 are shown in Fig. 6 where the projected flame surface 

rea A proj is estimated as L W 

(L 2 − L 1 ) /cosφ with φ = 3 . 07 o being

he angle of the ˜ c = 0 . 94 contour with the x -axis. The value of ˜ c is

hosen such that its iso-contour exists up to x/ �h ≥ 10 . 0 . The iso-

ontours of smaller values of ˜ c vanish before x/ �h ≤ 10 . 0 . How- 

ver, the iso-contours of smaller values of ˜ c make an angle in the 

ange of φ = 4 ◦ to 5 ◦ with the x -axis. Therefore, there is a neg-

igible variation in the estimation of projected flame surface area, 
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Fig. 3. Distributions of (a) ˜ u /u τ,NR , (b) ˜ θ , (c) ∂ ̃  u / ∂y ×�h /u τ,NR and (d) ∂ ̃  θ/ ∂y ×�h with y/ �h for x/ �h = 6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and 10 . 0 . Vertical lines represents the thermal 

boundary layer thickness δt . The flame holder location corresponds to x/ �h = 0 . 83 . 
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 proj with different choices of ˜ c due to the marginal variation in 

he cosφ values. It can be seen from Fig. 6 that the behaviours of 

 1 L , (−(Nu L ) / [ Re τ P r] ) and A proj S T / [ A seg u τ,NR ] with x/ �h are quali-

atively similar to those of T 1 , T 3 and T 4 shown in Fig. 5 . 

It can further be seen from Fig. 6 that the net contribution of 

Nu L / [ Re τ P r] + A proj S T / [ A seg u τ,NR ] remains almost equal to T 1 L be-

ause of the negligible value of T 2 L . In physical terms, a part of

he heat release due to combustion is lost through the wall due to 

Nu L / [ Re τ P r] and the remaining part is accounted by the advec- 

ion effects represented by T 1 L . The results reported in Fig. 6 sug- 

est that the Nusselt number and turbulent burning velocity are 

losely related in the case of FWI in TBLs. Therefore, evaluations 

f ˜ u and 

˜ θ distributions and the knowledge of the mean Nusselt 

umber enables the estimation of the turbulent burning velocity 

n TBLs. Conversely, the knowledge of turbulent burning velocity, 

˜  and 

˜ θ distributions in TBLs enables the estimation of the Nus- 

elt number. Based on this, it is worthwhile to consider if S T can 

e estimated using one of the existing closures of turbulent pre- 

ixed combustion modelling. Sellmann et al. [25] proposed that 

he mean reaction rate ¯̇
 ω c in the case of HOQ can be modelled 

s ¯̇
 ω c = I 0 ρ0 S L �gen where I 0 = 0 . 5[ er f (y/δz − Pe Q ) + 1] accounts for
5 
ear-wall damping of reaction rate effects due to flame quenching, 

here δz = αT 0 
/S L is the Zel’dovich flame thickness, Pe Q = δQ /δz is 

he wall Peclet number for the laminar HOQ configuration ( = 2.19 

or the present thermochemistry [15] ) with αT 0 
and δQ being the 

hermal diffusivity in the unburned gas and δQ is the quenching 

istance for HOQ of laminar premixed flames. The predictions of 

 0 ρ0 S L �gen are compared to ¯̇
 ω c extracted from DNS data in Fig. 4 ,

hich reveals that I 0 ρ0 S L �gen captures the qualitative behaviour 

f ¯̇
 ω c both in the vicinity as well as away from the wall at all

ocations considered here. However, there is an underprediction 

n the outer layer of the TBL at x/ �h = 6 . 0 and the FSD model

verpredicts the mean reaction rate ¯̇
 ω c in the near-wall region for 

/ �h ≥ 7 . 0 . The discrepancy between the DNS data and model pre- 

iction originates due to the limitation of the model for the stretch 

actor I 0 and the local discrepancies between the mean reaction 

ate and the FSD-based reaction rate closure in the outer layer ex- 

st as well for other flows without boundary layers [25,37] . Alter- 

ative expressions of I 0 for FWI were previously proposed for FWI 

21,27] , but it was shown by Sellmann et al. [25] and Ahmed et al.

15] that I 0 = 0 . 5[ er f (y/δz − Pe Q ) + 1] provides more accurate pre-

iction of ¯̇
 ω c in comparison to other alternatives [21,27] . It is also 
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Fig. 4. Variations of ¯̇
 ω c ×�h /ρ0 u τ,NR (lines) with y/ �h for the bottom wall along 

with the predictions of I 0 ρ0 S L �gen × �h /ρ0 u τ,NR (lines with symbols) where I 0 = 

0 . 5[ er f (y/δz − Pe Q ) + 1] for x/ �h = 6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and 10 . 0 . Vertical lines repre- 

sents the thickness of the thermal boundary layer thickness δt . The flame holder 

location corresponds to x/ �h = 0 . 83 . 

Fig. 5. Variations of T 1 , T 2 , −T 3 , −T 4 and (T 1 + T 2 ) − (T 3 + T 4 ) (see Eq. (5) ) at x/ �h = 

6 . 0 , 7 . 0 , 8 . 0 , 9 . 0 and 10.0. The flame holder location corresponds to x/ �h = 0 . 83 . 

Fig. 6. Variations of T 1 L , T 3 L = −(Nu L ) / [ Re τ Pr] , T 4 L = A proj S T / [ A seg u τ,NR ] and T 3 L + T 4 L 
(see Eq. (7) ) for 7 . 0 ≥ x/ �h ≥ 6 . 0 , 8 . 0 ≥ x/ �h ≥ 7 . 0 , 9 . 0 ≥ x/ �h ≥ 8 . 0 , 10 . 0 ≥ x/ �h ≥
9 . 0 along with the corresponding variations for 10 . 0 ≥ x/ �h ≥ 6 . 0 . The flame holder 

location corresponds to x/ �h = 0 . 83 . 

w  

p

t

f

I

Fig. 7. (a) Predictions of S model 
T /S L along with S T /S L extracted from DNS data for 

7 . 0 ≥ x/ �h ≥ 6 . 0 , 8 . 0 ≥ x/ �h ≥ 7 . 0 , 9 . 0 ≥ x/ �h ≥ 8 . 0 , 10 . 0 ≥ x/ �h ≥ 9 . 0 and also for 

10 . 0 ≥ x/ �h ≥ 6 . 0 , (b) predictions of Nu L / [ Re τ Pr] by using S model 
T in Eq. (7) compared 

to Nu L / [ Re τ Pr] extracted from DNS data. The flame holder location corresponds to 

x/ �h = 0 . 83 . 
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orth noting that I 0 = 0 . 5[ er f (y/δz − Pe Q ) + 1] for FWI was pro-

osed for HOQ and here it is used for oblique flame quenching and 

hus there is scope to improve the ¯̇
 ω c predictions by modifying I 0 

or the oblique quenching. 

The predictions of S model 
T 

= (ρ0 A proj ) 
−1 

∫ L 2 
L 1 

∫ δt 
0 

 0 ρ0 S L �gen L W 

d xd y are compared to S T = (ρ0 A proj ) 
−1 

∫ L 2 
L 

∫ δt 
0 
1 

6 
˙  c L W 

d xd y extracted from DNS data for four streamwise seg- 

ents between x/ �h = 6 . 0 and x/ �h = 10 . 0 and also for

0 . 0 ≥ x/ �h ≥ 6 . 0 in Fig. 7 a. Fig. 7 a indicates that S model 
T 

/S L 
nderpredicts S T /S L obtained from DNS data for 6 . 0 ≤ x/ �h ≤ 7 . 0

nd S model 
T 

overpredicts S T for 8 . 0 ≥ x/ �h ≥ 7 . 0 , 9 . 0 ≥ x/ �h ≥ 8 . 0 ,

nd 10 . 0 ≥ x/ �h ≥ 9 . 0 . This behaviour originates due to the

iscrepancies between I 0 ρ0 S L �gen and 

¯̇
 ω c , as can be noticed 

rom Fig. 4 . However, S model 
T 

/S L predictions are found to be in 

xcellent agreement with S T /S L obtained from DNS data when 

0 . 0 ≥ x/ �h ≥ 6 . 0 is considered, as local overpredictions and 

nderpredictions cancel each other. 

In principle, an accurate estimation of S T by S model 
T 

enables one 

o estimate Nu L using Eq. (7) . The Nu L values estimated using S model 
T 

n Eq. (7) are compared to the corresponding value extracted from 

NS data in Fig. 7 b. Fig. 7 b shows that Nu L estimated using S model 
T 

oes not agree with the corresponding value obtained from DNS 

ata for 6 . 0 ≤ x/ �h ≤ 7 . 0 and in fact an incorrect sign of Nu L is

btained. This discrepancy originates due to the underprediction 
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s

p

f S T by S model 
T 

at 6 . 0 ≤ x/ �h ≤ 7 . 0 (see Fig. 7 a). Moreover, Nu L es-

imated using S model 
T 

does not agree with the corresponding value 

xtracted from DNS data for 8 . 0 ≥ x/ �h ≥ 7 . 0 , 9 . 0 ≥ x/ �h ≥ 8 . 0 ,

nd 10 . 0 ≥ x/ �h ≥ 9 . 0 , and this is consistent with the overpre-

iction of S T by S model 
T 

at these locations. However, in accordance 

ith Fig. 7 a, Nu L predictions using S model 
T 

in Eq. (7) are found 

o be in excellent agreement with Nu L obtained from DNS data 

or 10 . 0 ≥ x/ �h ≥ 6 . 0 . Despite this agreement, the findings from

ig. 7 suggest that it might be preferable to extract turbulent burn- 

ng velocity based on the measurements of mean values of veloc- 

ty, temperature and wall heat flux instead of predicting the mean 

usselt number based on model expressions of turbulent burning 

elocity. The measurement of wall heat flux in reacting gas flows is 

ell-established in the literature [38–40] and this can be utilised 

n conjunction with the energy integral equation to estimate the 

urbulent burning velocity within turbulent boundary layers dur- 

ng FWI. 

. Conclusions 

A newly derived integral form of the energy conservation equa- 

ion has been derived for statistically steady premixed FWI within 

BLs under low Mach number conditions. The validity of this equa- 

ion is assessed at different locations of TBL in the case of sta- 

istically stationary oblique quenching of a turbulent premixed V- 

haped flame in a channel due to its interaction with an inert 

sothermal wall based on three-dimensional DNS data. It has been 

ound that the wall heat flux and the heat release rate remain the 

eading order contributors to the integral form of the energy con- 

ervation equation and their net contribution is balanced by the 

ontribution arising from the advection process. The magnitudes 

f the wall heat flux increase and the contribution of heat release 

ate integral in the wall normal direction decrease with increasing 

istance from the leading edge of the thermal boundary layer as 

 result of flame quenching. The integral form of the energy con- 

ervation equation has been utilised to demonstrate that the Nus- 

elt number (or Stanton number) for wall heat transfer is closely 

elated to the turbulent burning velocity within TBLs. A method- 

logy using the FSD based reaction rate closure revised to account 

or near-wall behaviour [15,25] has been shown to reasonably cap- 

ure the behaviour of the turbulent burning velocity within the TBL 

nly when a sufficiently large span of distance is considered. Thus, 

he modelling limitations in the mean reaction rate closure may 

ive rise to significant inaccuracies in the estimation of the mean 

usselt number. This suggests that the measurements of mean ve- 

ocity, temperature and wall heat flux can be utilised to estimate 

he turbulent burning velocity within TBLs. Although the validity of 

he current analysis does not depend on the choice of the chem- 

cal mechanism, the analysis conducted in this paper needs to be 

epeated in the presence of detailed chemistry and transport for 

urther validation. Moreover, the usefulness of the newly derived 

nergy integral equation needs to be explored further for other 

WI configurations including unconfined spatially evolving turbu- 

ent boundary layers as well as flows with higher values of Re τ . 

ome of these issues will form the basis of the future investiga- 

ions. 
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ppendix A 

Integrating Eq. (3) from the wall to the edge of the thermal 

oundary layer y = δt gives rise to: 

 δt 

0 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
dy + 

∫ δt 

0 

∂( ̄ρ ˜ v ̃ h ) 

∂y 
dy = −

∫ δt 

0 

∂ q y 
∂y 

dy + 

∫ δt 

0 

˙ ω T dy 

(A.1) 

Eq. (A.1) leads to: 

 δt 

0 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
dy + ρ̄δt ̃

 v δt 
˜ h δt 

= q̄ w 

− ( ρv ′′ h 

′′ ) δt 
+ 

∫ δt 

0 

˙ ω T dy (A.2) 

The contribution of ( ρv ′′ h ′′ ) δt 
is expected to be negligible at the 

dge of the thermal boundary layer, and thus it can be neglected 

and it is confirmed using DNS data in this analysis but not shown 

or the sake of brevity). Using the Leibnitz theorem one can write: 

d 

dx 

∫ δt 

0 

( ̄ρ ˜ u ̃

 h ) dy = 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
dy + ρ̄δt ̃

 u δt 
˜ h δt 

dδt 

dx 
(A.3) 

d 

dx 

∫ δt 

0 

( ̄ρ ˜ u ̃

 h ∞ 

) dy = 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ∞ 

) 

∂x 
dy + ρ̄δt ̃

 u δt 
˜ h ∞ 

dδt 

dx 
(A.4) 

Using Eq. (A.4) and 

˜ h δt 
= ̃

 h ∞ 

, the last term on the right-hand 

ide of Eq. (A.3) can be eliminated in the following manner: 

d 

dx 

∫ δt 

0 

( ̄ρ ˜ u ̃

 h ) dy = 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
dy 

+ 

d 

dx 

∫ δt 

0 

( ̄ρ ˜ u ̃

 h ∞ 

) dy −
∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ∞ 

) 

∂x 
dy (A.5) 

This leads to: 

d 

dx 

∫ δt 

0 

ρ̄ ˜ u ( ̃ h − ˜ h ∞ 

) dy + 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ∞ 

) 

∂x 
dy = 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ) 

∂x 
dy (A.6) 

The first term on the left-hand side of Eq. (A.2) can be ex- 

ressed using Eq. (A.6) in the following manner: 

d 

dx 

∫ δt 

0 

ρ̄ ˜ u ( ̃ h − ˜ h ∞ 

) dy + 

∫ δt 

0 

∂( ̄ρ ˜ u ̃

 h ∞ 

) 

∂x 
dy 

+ ̄ρδt ̃
 v δt 

˜ h δt 
= q̄ w 

+ 

∫ δt 

0 

˙ ω T dy (A.7) 

https://doi.org/10.13039/501100000266
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Using the chain rule for the second term on the left-hand side 

f Eq. (A.7) provides: 

d 

dx 

∫ δt 

0 

ρ ˜ u 

(
˜ h − ˜ h ∞ 

)
dy + ̃

 h ∞ 

∫ δt 

0 

∂ ( ρ ˜ u ) 

∂x 
dy 

+ 

d ̃ h ∞ 

dx 

∫ δt 

0 
( ρ ˜ u ) dy + ρδt ̃

 v δt 
˜ h δt 

= q w 

+ 

∫ δt 

0 

˙ ω T dy 

(A.8) 

The steady-state mass conservation equation ∂ ( ̄ρ ˜ u ) / ∂x + 

 ( ̄ρ ˜ v ) / ∂y = 0 can be used to rewrite Eq. (A.8) as: 

d 

dx 

∫ δt 

0 

ρ ˜ u 

(
˜ h − ˜ h ∞ 

)
dy − ˜ h ∞ 

∫ δt 

0 

∂ ( ρ ˜ v ) 
∂x 

dy 

+ 

d ̃ h ∞ 

dx 

∫ δt 

0 
( ρ ˜ u ) dy + ρδt ̃

 v δt 
˜ h δt 

= q w 

+ 

∫ δt 

0 

˙ ω T dy 

(A.9) 

Eq. (A.9) leads to: 

d 

dx 

∫ δt 

0 

ρ ˜ u 

(
˜ h − ˜ h ∞ 

)
dy − ρδt ̃

 v δt 
˜ h ∞ 

+ 

d ̃ h ∞ 

dx 

∫ δt 

0 
( ρ ˜ u ) dy 

+ ρδt ̃
 v δt 

˜ h δt 
= q w 

+ 

∫ δt 

0 

˙ ω T dy 

(A.10) 

Using ˜ h δt 
= ̃

 h ∞ 

in Eq. (A.10) gives rise to: 

d 

dx 

∫ δt 

0 

ρ̄ ˜ u ( ̃ h − ˜ h ∞ 

) d y + 

d ̃ h ∞ 

d x 

∫ δt 

0 

( ̄ρ ˜ u ) d y = q̄ w 

+ 

∫ δt 

0 

˙ ω T d y 

(A.11) 
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