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ABSTRACT

The relative alignment of the eigenvectors of pressure Hessian with reactive scalar gradient and strain rate eigenvectors in turbulent
premixed flames have been analyzed for Karlovitz number values ranging from 0.75 to 126 using a detailed chemistry three-dimensional
direct numerical simulations database of H2–air premixed flames. The reactive scalar gradient preferentially aligns with the most extensive
strain rate eigendirection for large Damk€ohler number and small Karlovitz number values, whereas a preferential collinear alignment
between the reactive scalar gradient with the most compressive strain rate eigendirection is observed in flames with small Damk€ohler number
and large Karlovitz number. By contrast, the eigenvectors of pressure Hessian do not perfectly align with the reactive scalar gradient, and the
net effect of the pressure Hessian on the evolution of the normal strain rate contribution to the scalar dissipation rate transport acts to reduce
the scalar gradient in the zone of high dilatation rate. The eigenvectors of pressure Hessian and the strain rate are aligned in such a manner
that the contribution of pressure Hessian to the evolution of principal strain rates tends to augment the most extensive principal strain rate
for small and moderate values of Karlovitz numbers, whereas this contribution plays an important role for the evolution of the intermediate
principal strain rate for large values of Karlovitz number. As the reactive scalar gradient does not align with the intermediate strain rate
eigenvector, the influence of pressure Hessian contributions to the scalar–turbulence interaction remains weak for large values of Karlovitz
number.

VC 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0095389

I. INTRODUCTION

In premixed flames, the flow acceleration across the flame due to
thermal expansion gives rise to a self-induced pressure gradient within
the flame front.1–3 This pressure gradientrp within the flame brush is
known to have significant influences on turbulent scalar flux,2,3 turbu-
lent kinetic energy,3–6 and enstrophy3,7–10 evolutions in premixed tur-
bulent combustion. In comparison, limited attention has been given to
the statistics of the pressure Hessian tensor P (i.e., Pij ¼ @2p=@xi@xj
are the components of the pressure Hessian tensor) and its alignment
with local principal strain rates in turbulent premixed flames although
this aspect was analyzed in detail for non-reacting turbulent flows,11–14

especially for homogeneous isotropic turbulence11,13 and homoge-
neous axisymmetric turbulence.14

To appreciate the importance of pressure Hessian, consider
the transport equation of the strain rate tensor with components Sij
¼ 0:5 @ui=@xj þ @uj=@xi

� �
; where ui is the ith component of fluid

velocity,

@Sij
@t

þ uk
@Sij
@xk

¼ �SikSkj �
xixj � dijxkxk
� �

4
þ 1
2q2

@p
@xi

@q
@xj

þ @p
@xj

@q
@xi

 !
�Pij

q

� 1
2q2

@p
@xi

@sjk
@xk

þ @p
@xj

@sik
@xk

 !
þ 1
2q

@2sik
@xj@xk

þ @2sik
@xi@xk

 !
: (1)

Phys. Fluids 34, 065120 (2022); doi: 10.1063/5.0095389 34, 065120-1

VC Author(s) 2022

Physics of Fluids ARTICLE scitation.org/journal/phf

https://doi.org/10.1063/5.0095389
https://doi.org/10.1063/5.0095389
https://www.scitation.org/action/showCitFormats?type=show&doi=10.1063/5.0095389
http://crossmark.crossref.org/dialog/?doi=10.1063/5.0095389&domain=pdf&date_stamp=2022-06-09
https://orcid.org/0000-0003-1690-2036
https://orcid.org/0000-0002-7828-7895
https://orcid.org/0000-0003-2637-2104
https://orcid.org/0000-0001-7080-1266
mailto:nilanjan.chakraborty@newcastle.ac.uk
http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1063/5.0095389
https://scitation.org/journal/phf


Here, q is density, xi ¼ �ijk@uk=@xj is the ith component of vorticity,
and sik ¼ 2lSik � 2ldikSll=3 is the component of the viscous stress
tensor with l being the dynamic viscosity. Equation (1) shows that the
pressure Hessian componentsPij play a role in the evolution of strain

rate components. In particular, P̂ ¼ ETPE was found to play a key
role in the evolution of principal strain rates in turbulent premixed
flames,15,16 where E ¼ ½̂ea êb êc� with êa (̂ec) being the eigenvector
associated with the most extensive (compressive) principal strain rate
and êb is the eigenvector corresponding to the intermediate strain rate.
Moreover, the dissipation rate of kinetic energy is given by e ¼ sikSik,
and thus, it can be understood from Eq. (1) that the inner product
between the pressure Hessian tensor and the strain rate tensor (i.e.,
PikSik) plays an important role in the evolution of e.

Ahmed and Prosser17,18 demonstrated that the relative alignment
of the eigenvectors of the pressure Hessian tensorP with the flame nor-
mal vector N affects the evolution of the scalar–turbulence interaction
term (i.e., the normal strain rate aN ¼ NiNjSij contribution to the scalar

dissipation rate transport) q~Dc ¼ 2qDcNiNjSij rcj j2 ¼ 2qDcaN rcj j2 ;
where q is the gas density, c is the reaction progress variable, Dc is the
reaction progress variable diffusivity, and the overbar (tilde) suggests a
Reynolds (Favre) averaging/filtering operation, as appropriate. The
transport equation of ~Dc takes the following form:18

q
@~Dc

@t
þ ~uj

@~Dc

@xj

" #
¼� @

@xn
qDcun

@c
@xi

Sij
@c
@xj

 !

þ 2
@c
@xi

Sij
@

@xj

@

@xk
qD2

c
@c
@xk

� �� �

þ Dc
@c
@xi

@c
@xj

@

@xk

@sik
@xj

 !
þ F11 þ F12

þ F2 þ F3 þ F4: (2)

Here, F11 is the reaction rate contribution, F12 ¼ �2DcPijNiNj rcj j2
is the contribution of pressure Hessian, and the terms F2; F3; and F4
arise due to turbulent transport, dilatation rate, and turbulent strain-
ing, respectively. A positive value of F12 acts to increase (decrease) the
magnitude of the positive (negative) value of ~Dc, which is indicative of
the increased (decreased) extent of collinear alignment between N and
êa (̂ec). The remaining terms F11; F2; F3; and F4 are not important for
the current analysis and, thus, are not provided here, but interested
readers are referred to Ref. 18 for further information in this regard.
Gonzalvez and Parantho€en19,20 concluded from their inviscid flow
analysis that the anisotropy of vorticity and pressure Hessian is
responsible for the modification of the scalar gradient alignments with
strain rate eigenvectors from a preferential alignment of rc with êc in
the case of passive scalar mixing to a preferential alignment ofrc with
êa in turbulent premixed flames when the heat release effects over-
whelm turbulent straining.21 Moreover, Keylock22 argued that the
pressure Hessian is a major contributor to the non-local effects on the
vorticity and scalar gradient alignments in turbulent flows.

All the aforementioned information indicates that the statistics of
the alignment of pressure Hessian with strain rate eigenvectors and
reactive scalar gradient are important for the analysis of turbulent pre-
mixed flame physics, but this aspect is yet to be analyzed in detail.
This paper addresses this gap in the existing literature by analyzing the

pressure Hessian statistics using detailed chemistry Direct Numerical
Simulation (DNS) data of statistically planar H2–air flames with an
equivalence ratio of / ¼ 0:7 for different turbulence intensities across
different combustion regimes. The main objectives of the current anal-
ysis are (i) to demonstrate the effects of turbulence intensity and
regime of combustion on the alignment of pressure Hessian with local
principal strain rate eigenvectors, and rc; and (ii) to explain the
observed behavior based on physical principles and provide modeling
implications.

II. MATHEMATICAL AND NUMERICAL BACKGROUND

The components of P̂ ¼ ETPE in the strain rate eigendirections
(i.e., P̂a; P̂b; and P̂c) are given as16

P̂a ¼ Pacos
2 p̂a; êað Þ þPbcos

2 p̂b; êað Þ þPccos
2 p̂c; êað Þ; (3a)

P̂b ¼ Pacos
2 p̂a; êbð Þ þPbcos

2 p̂b; êbð Þ þPccos
2 p̂c; êbð Þ; (3b)

P̂c ¼ Pacos
2 p̂a; êcð Þ þPbcos

2 p̂b; êcð Þ þPccos
2 p̂c; êcð Þ; (3c)

where Pa;Pb, and Pc are the most extensive, intermediate, and the
most compressive eigenvalues of the pressure Hessian and p̂a; p̂b, and
p̂c are the corresponding eigenvectors. Similarly, the contribution of

F12 ¼ �2DcPijNiNj rcj j2 in the transport equation of ~Dc [see Eq. (2)]
can be expressed as18

F12¼�2DcPijNiNj rcj j2

¼�2Dc rcj j2½Pacos2ðp̂a;NÞþPbcos2ðp̂b;NÞþPccos2ðp̂c;NÞ�:
(4)

The flame normal vector N is defined as N ¼ �rc=jrcj, where the
reaction progress variable c is defined based on a suitable species mass
fraction Ya as c ¼ ðYa0 � YaÞ=ðYa0 � Ya1Þ, where subscripts 0 and
1 refer to the values in the unburned gas and fully burned products,
respectively. For the present analysis, a ¼ H2;O2; and H2O have been
used, but the qualitative nature of the pressure Hessian statistics does
not depend on the choice of the definition of c. It is also possible to
define a non-dimensional temperature cT as cT ¼ ðT � T0Þ=
ðTad � T0Þ, where T0 and Tad are the unburned gas temperature and
adiabatic flame temperature, respectively. In the context of multi-step
chemistry, c ¼ cT is not necessarily maintained, and this assumption
does not play any role in the analysis conducted in this paper.

It can be appreciated from Eqs. (3) and (4) that the relative align-
ments of pressure Hessian with strain rate eigenvectors and rc are
important for the analysis of fluid turbulence in premixed combustion.
These statistics have been explored in this paper for H2–air premixed
flames with an equivalence ratio / of 0.7 (i.e., / ¼ 0:7) using a three-
dimensional DNS database,10,23 which uses a detailed chemical mecha-
nism24 with 9 species and 19 chemical reactions. H2–air premixed
flames with an equivalence ratio / of 0.7 are thermo-diffusively neu-
tral in terms of stretch rate effects.25,26 Therefore, the effects of differ-
ential diffusion are relatively weak for / ¼ 0:7 in the case of H2–air
premixed flames. For this database, the unburned gas temperature T0

is taken to be 300K, which yields an unstrained laminar burning
velocity SL ¼ 135:6 cm=s under atmospheric pressure. Turbulent
inflow and outflow boundaries are considered in the direction of mean
flame propagation and are specified using the Navier–Stokes charac-
teristic boundary conditions technique, and transverse boundaries are

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 065120 (2022); doi: 10.1063/5.0095389 34, 065120-2

VC Author(s) 2022

https://scitation.org/journal/phf


taken to be periodic. High order finite-difference (eighth order for the
internal grid points) and third order explicit Runge–Kutta schemes are
used for numerical differentiation and explicit time advancement,
respectively, and the interested readers are referred elsewhere10,23 for
detailed information on numerical implementation. The mean inlet
velocity has been gradually modified as the simulation progresses to
match the turbulent burning velocity, so that a statistically stationary
state can be obtained. The inflow values of normalized root mean
square turbulent velocity fluctuation u0=SL, the most energetic turbu-
lent length scale to flame thickness ratio lT=dth, the Damk€ohler num-
ber Da ¼ lTSL=u0dth, the Karlovitz number
Ka ¼ q0SLdth=l0ð Þ0:5 u0=SLð Þ1:5 lT=dthð Þ�0:5; and the turbulent
Reynolds number Ret ¼ q0u

0lT=l0 for all cases are listed in Table I,
where q0 is the unburned gas density, l0 is the unburned gas viscosity,
dth ¼ ðTad � T0Þ=max rTj jL is the thermal flame thickness, and the
subscript “L” is used to refer to the unstrained laminar flame quanti-
ties. The longitudinal integral scale L11 is a factor of 2.5 smaller than
the most energetic scale lT , and thus, the values of Ka (Da) in Table I
increase (decrease) by a factor of 1.6 (2.5) if L11 instead of lT is used
for their definitions. For cases A and B (case C), the domain size is
taken to be 20� 10� 10mm3 (8� 2� 2mm3), which has been dis-
cretized by a uniform Cartesian grid of dimension 512� 256� 256
(1280� 320� 320). The simulation time corresponds to
f2:5; 17; 16:75gL11=u0 for cases A–C, respectively, and is comparable
to several previous analyses.2,4,5,27,28 The cases investigated here belong
to the corrugated flamelets (i.e., case A with Ka < 1), thin reaction
zones (i.e., case B with 1 < Ka < 100), and broken reaction zones
(i.e., case C with Ka > 100) regimes according to Peters.29 Whether
the broken reaction zones combustion is realized in case C is not the
focus of this analysis, and without doubt, cases A–C allow for the anal-
ysis of the effects of Ka on the pressure Hessian statistics. In this
regard, it is worthwhile to note that most practical combustion devices
operate within the corrugated and thin reaction zones combustion
regimes,30 and the upper range of Ka in conventional engines remains
about 13.0.31 However, in lean premixed prevaporized (LPP) gas tur-
bine combustors32 and some laboratory-scale configurations33 using
lean hydrocarbon flames, Ka values can be high especially under ele-
vated pressure and can locally reach close to the Ka ¼ 100 boundary.
The Ka > 100 conditions are also likely in next generation combus-
tors involving NH3 combustion.34

III. RESULTS AND DISCUSSION

The distributions of vorticity, flow topology, and scalar gradient
within the flame-front for cases A–C are presented elsewhere3,10,23

and, thus, will not be repeated here. However, the distribution of the
logð

ffiffiffiffiffiffiffiffiffi
SijSij

p
� dth=SLÞ at the central mid-plane is shown in Figs.

1(a)–1(c) for cases A–C, respectively, and the contours of
cT ¼ 0:15; 0:3; 0:5; 0:7, and 0.85 (left to right) are superimposed on

top of it. The distributions of
ffiffiffiffiffiffiffiffiffi
SijSij

p
in cases A–C are markedly differ-

ent. In case A, occasional local augmentations of
ffiffiffiffiffiffiffiffiffi
SijSij

p
from the

unburned to the burned gas side of the flame front can be discerned,
whereas the strain rate magnitude drops significantly from the
unburned to the burned gas side of the flame front in cases B and C.
Moreover, the strain rate magnitudes change significantly in a short
span of space in the unburned gas region in cases B and C, whereas
the length scale associated with the variation of

ffiffiffiffiffiffiffiffiffi
SijSij

p
in case A is

much greater than in cases B and C.
It is worthwhile to note that cases B and C have higher values of

Ret than in case A, and thus, they exhibit a larger range of length scales
than in case A. Note that lT is identical in cases A and B, but the

Kolmogorov length scale g � lTRe
�3=4
t is smaller in case B than in

case A because of the higher Ret value in case B. Moreover, lT in case
C is smaller than that in case A, and thus, the Kolmogorov length scale

g � lTRe
�3=4
t in case C is smaller than in case A due to the much

higher Ret value in case C. As the Karlovitz number Ka scales as
Ka � d2th=g

2;29 the flame thickness dth remains smaller than the
Kolmogorov length scale g in case A (where Ka < 1), but dth > g is
obtained for cases B and C. Thus, the scale separation between dth and

TABLE I. List of inflow turbulence parameters.

Case u0=SL lT=dth Ret Da Ka

A 0.7 14.0 227 20.0 0.75
B 5.0 14.0 1623 2.8 14.4
C 14.0 4.0 1298 0.29 126

FIG. 1. Distributions of logð
ffiffiffiffiffiffiffiffiffi
SijSij

p
� dth=SLÞ in the central midplane for (a)–(c)

cases A–C (note the different scale for case C). The white broken lines indicate
c ¼ 0:15; 0:3; 0:5; 0:7; and 0.85 from left to right.
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g is greater in case C than in case B due to the greater Ka value for
case C. As a result, the inner flame structure in cases B and C gets
affected by turbulent fluctuations, and this is reflected in the local
flame thickening in these cases, which can, indeed, be verified from
the lack of the parallel nature of the contours of cT in Figs. 1(b) and
1(c). By contrast, the contours of cT remain parallel to each other in
case A as the inner flame structure is not affected by turbulent fluid
motion in this case. From the foregoing discussion, it can be appreci-
ated that the strain rate distribution and the flame–turbulence interac-
tion are significantly affected by the Karlovitz number, which will be
reflected in the alignment statistics of pressure Hessian eigenvectors
with strain rate eigenvectors and reaction scalar gradient (or flame
normal vector N).

The mean values of normalized principal strain rates
fsa; sb; scg � dth=SL (with sa > sb > sc) conditional upon cT are
shown in Figs. 2(a)–2(c) for cases A–C, respectively, along with the
mean normalized dilatation rate r � u� dth=SL ¼ fsa þ sb þ scg
�dth=SL. It is evident from Fig. 2 that the individual principal strain
rates tend to increase from case A to case C, which is consistent with
the observations made from Figs. 1(a)–1(c). However, the magnitudes
ofr � u remain comparable. Figures 2(a)–2(c) also show that the peak
mean value of r � u is obtained for 0:2 < cT < 0:4 for all cases
because the effects of heat release are strong in this region of the flame
for H2–air flames with / ¼ 0:7, for which the maximum heat release
rate occurs at cT � 0:3 under laminar conditions. Figures 2(a)–2(c)
further reveal that the magnitude of the most extensive principal strain
rate sa remains greater than the magnitudes of the intermediate and
the most compressive principal strain rates (i.e., sb and sc) in case A,
whereas the mean values of sa and sc are of similar magnitude in case
C, and the behavior in case B is somewhere in between cases A and C.
This suggests that the preferential augmentation of the magnitude of
sa weakens with increasing (decreasing) Ka (Da) (i.e., from cases A
and C), and this behavior affects the statistics of the scalar–turbulence
interaction term q~Dc, which can be expressed as18,21

q~Dc ¼ 2qDc rcj j2 sacos2 êa;N þ sbcos2 êb;Nð Þ þ sccos2 êc;Nð Þ�:
��

(5)

Equation (5) suggests that a preferential alignment between N and êa
(̂ec) yields a positive (negative) value of ~Dc, which is indicative of
destruction (generation) of the reactive scalar gradient by flame nor-
mal straining.18,21

The relative alignment of N and ê i (with i ¼ a;b; and c) can
be quantified by Ca ¼ jcosðN ; êaÞj, Cb ¼ jcosðN ; êbÞj, and Cc

¼ jcosðN ; êcÞj, so that a unity value of these quantities (i.e., Ci

¼ cos 0� ¼ 1 for i ¼ a;b; and c) signifies a perfect collinear align-
ment, whereas a zero value (i.e., Ci ¼ cos 90� ¼ 0 for i ¼ a; b; and c)
represents a perpendicular alignment. The mean values of Ca, Cb, and
Cc conditional upon cT are shown in Figs. 3(a)–3(c) for cases A–C,
respectively, for c based on H2 mass fraction, but the same qualitative
behavior has been observed for reaction progress variables using O2

and H2O mass fractions. It is seen from Figs. 3(a)–3(c) that the flame
normal vector N preferentially aligns collinearly with êa in case A for
most of the flame front except for the burned gas side, where an
increase in the collinear alignment between N and êc is observed. In
case C, N exhibits a predominant collinear alignment with êc for a
major part of the flame, but an increase in the collinear alignment

between N and êa is observed in the burned gas region. In case B, N
also collinearly aligns with êa, but the extent of this alignment is
weaker (stronger) than in case A (case C). In contrast, the extent of
collinear alignment of N with êc in case B is stronger (weaker) than in
case A (case C). It has been shown elsewhere3,21 that N (or rc)

FIG. 2. Profiles of mean values of fsa; sb; sc; and r �~ug � dth=SL (with
sa > sb > sc) conditional upon cT for (a)–(c) cases A–C. Note that sa; sb; and sc
are multiplied by 0.1 in case C.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 065120 (2022); doi: 10.1063/5.0095389 34, 065120-4

VC Author(s) 2022

https://scitation.org/journal/phf


preferentially aligns with êa for Tad � T0ð ÞDal=T0 	 1 (where Dal
¼ L11SL=dthu0 is the Damk€ohler number based on the longitudinal
integral length scale L11), which signifies that the strain rate induced
by flame normal acceleration arising from thermal expansion

overwhelms turbulent straining. On the contrary, N (or rc) preferen-
tially aligns with êc similar to non-reacting flows, for
Tad � T0ð ÞDal=T0 
 1 when turbulent straining dominates over the
strain rate due to thermal expansion. The values of Tad � T0ð ÞDal=T0

FIG. 3. Profiles of mean values of Ca (blue solid), Cb (red broken), and Cc

(magenta chain dotted) conditional upon cT for (a)–(c) cases A–C. N is calculated
based on c definition based on H2 mass fraction in Figs. 3 and 4. Horizontal green,
orange, and purple lines indicate cos 30�; cos 45�; and cos 60�, respectively, in
Figs. 3–7.

FIG. 4. Profiles of mean values of Wa (blue solid), Wb (red broken), and Wc

(magenta chain dotted) conditional upon cT for (a)–(c) cases A–C.
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are 45.68, 6.40, and 0.66 in cases A, B, and C, respectively, and thus, N
(orrc) predominantly aligns with êa (̂ec) in cases A and B (case C).

Based on the above information, it will be useful to consider the
relative alignment between N and p̂i (for i ¼ a;b; and c) in order to
understand how the pressure Hessian contribution (i.e., F12) affects
the evolution of q~Dc within the flame front [see Eqs. (2) and (4)].
Based on the close relation of the pressure Hessian P with the evolu-
tions of ~Dc and si (for i ¼ a;b; and c), the alignments of p̂ i (for
i ¼ a;b; and c) with N and with ê i (for i ¼ a; b; and c) will be
analyzed next.

The mean values of Wa ¼ jcosðN ; p̂aÞj, Wb ¼ jcosðN ; p̂bÞj; and
Wc ¼ jcosðN; p̂cÞj conditional upon cT are shown in Figs. 4(a)–4(c)
for cases A–C, respectively, where N is evaluated based on c using H2

mass fraction, but the same qualitative behavior has been observed for
c definitions using O2 and H2O mass fractions (not shown here).
Figures 4(a) and 4(b) suggest that the mean values ofWa andWc con-
ditional upon cT remain comparable, and both remain greater than
the mean value ofWb in cases A and B. In contrast, the mean value of
Wc assumes greater values than that of Wa and Wb toward the
unburned gas side (cT < 0:4) in case C. Figures 4(a)–4(c) indicate that
the mean values of Wa;Wb, and Wc are sufficiently different from
unity, suggesting that p̂a and p̂c remain in imperfect alignment with
N (and rc), and p̂b does not collinearly align with N (and rc) in all
cases considered here.

The pressure gradientrp remains imperfectly aligned withN for
high values of u0=SL such as in cases B and C (not shown here),
whereasrp aligns with N for small values of u0=SL (e.g., case A) simi-
lar to that in laminar flames. As shown in Fig. 3, N preferentially colli-
nearly aligns with êa in case A, and also in the region of intense heat
release in case B, whereas a predominant alignment between N and êc
is obtained in case C. Therefore, it is of interest to consider the relative
alignments between p̂i (for i ¼ a;b; and c) and êk (for k ¼ a;
b; and c).

The mean values of Uij ¼ jcosðp̂i; êjÞj (for i ¼ a; b; and c and
j ¼ a; b; and c) conditional upon cT are shown in Fig. 5 for case A.
The corresponding variations for cases B and C are shown in Figs. 6
and 7, respectively. Figure 5(a) shows that the mean value of Uaa

(Uab) assumes the highest (smallest) value among the mean values of
Uaa;Uab; andUac in case A. However, all of these mean values remain
comparable and smaller than cos 45� ¼ 0.707, suggesting an imperfect
alignment of p̂a for all strain rate eigenvectors êa; êb; and êc. A com-
parison between Figs. 5(a) and 5(c) reveals that the profiles of the
mean values of Uca;Ucb, and Ucc remain qualitatively similar to that
of Uaa;Uab, and Uac, respectively, which also suggests an imperfect
alignment of p̂c with êa; êb, and êc. In contrast, the mean values of
Ubb and Ubc remain greater than that of Uba and assume values close
to 0.6 throughout the flame front, suggesting an imperfect alignment
of p̂b with êb and êc, and a very little alignment between p̂b with êa.
Under homogeneous isotropic non-reacting turbulent flows, p̂b has a
tendency to align collinearly with êb;

11,13 whereas in homogeneous
axisymmetric non-reacting flows, p̂c preferentially aligns, collinearly
with êb.

14 Figure 5 suggests that the presence of heat release in case A
alters the collinear alignment of êb with either p̂b or p̂c.

It was demonstrated earlier3,21 that the strength of the strain rate
induced by thermal expansion in comparison to turbulent straining
processes weakens with increasing (decreasing) Ka (Da), and the same
is also valid for this database (i.e., from case A to case C).3,21 Thus, the

alignments between p̂ i (for i ¼ a;b; and c) and ê j (for
j ¼ a; b; and c) change from case A to case C. In case B, the mean val-
ues of Uaa;Uab, and Uac assume comparable values [see Fig. 6(a)],
and the mean values of Uba and Uca remain the highest among

FIG. 5. Profiles of mean values of (a) Uaa (blue solid), Uab (red broken), and Uac

(magenta chain dotted); (b) Uba (blue solid), Ubb (red broken), and Ubc (magenta
chain dotted); and (c) Uca (blue solid), Ucb (red broken), and Ucc (magenta chain
dotted) conditional upon cT for case A.
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Uba;Ubb; and Ubc and Uca;Ucb, and Ucc, respectively [see Figs.
6(b) and 6(c)]. The mean value of Uba is the smallest among
Uba;Ubb, and Ubc in case B, which is qualitatively similar to case
A. This indicates that heat release effects in case B induce

a misalignment between pressure Hessian (i.e., p̂i for
i ¼ a;b; and c) and strain rate eigenvectors (i.e., ê j for
j ¼ a; b; and c). The alignment statistics between pressure
Hessian eigenvectors (i.e., p̂ i for i ¼ a;b; and c) and strain rate

FIG. 6. Profiles of mean values of (a) Uaa (blue solid), Uab (red broken), and Uac

(magenta chain dotted); (b) Uba (blue solid), Ubb (red broken), and Ubc (magenta
chain dotted); and (c) Uca (blue solid), Ucb (red broken), and Ucc (magenta chain
dotted) conditional upon cT for case B.

FIG. 7. Profiles of mean values of (a) Uaa (blue solid), Uab (red broken), and Uac

(magenta chain dotted); (b) Uba (blue solid), Ubb (red broken), and Ubc (magenta
chain dotted); and (c) Uca (blue solid), Ucb (red broken), and Ucc (magenta chain
dotted) conditional upon cT for case C.
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eigenvectors (i.e., êj for j ¼ a; b; and c) in cases A and B is consis-
tent with previous findings based on simple chemistry DNS data.16

A comparison among Figs. 5–7 reveals that the alignment statis-
tics between p̂a and strain rate eigenvectors (i.e., ê j for j ¼ a; b; and c)
in case C is significantly different from that in cases A and B [see

Figs. 5(a), 6(a), and 7(a)]. In case C, the mean values of Uab and Uac

remain greater than the mean value of Uaa for a major part of the
flame front except for the burned gas side of the flame. The mean
value of Ubb remains the cosine magnitude with the highest value for
a major part of the flame front except for the burned gas side among
Uba;Ubb; and Ubc in case C, but their values remain comparable. The
mean value of Ubb in case C is smaller than that obtained in cases A
and B. The mean value of Uca remains the highest among Uca;Ucb,
and Ucc in case C, which is qualitatively similar to the behavior
observed for cases A and B [see Figs. 5(c), 6(c), and 7(c)]. The observa-
tions from Fig. 7 also indicate that the heat release effects within the
high Karlovitz number flames remain strong enough to exhibit differ-
ences from the predominant alignment between p̂b (p̂c) and êb in
homogeneous isotropic (axisymmetric) non-reacting turbulence.11,13,14

The imperfect alignments between p̂ i (i.e., p̂ i for i ¼ a; b; and c) and
strain rate eigenvectors (i.e., ê j for j ¼ a;b; and c) and comparable
values of Uaa;Uba; and Uca (Uab;Ubb, and Ucb) [Uac;Ubc; and Ucc]

reveal that P̂a ðP̂bÞ ½P̂c� is determined by the eigenvalues of the pres-
sure Hessian (i.e., Pa;Pb; and Pc) according to Eq. (3). Similarly,
comparable values of Wa and Wc indicate that the behavior of F12 is
driven by the relative magnitudes of Pa and Pc [see Eq. (4)]. It has
been found that the mean values of Wa remain comparable to that of
Wc for a major part of the flame front in cases A–C [see Figs.
4(a)–4(c)], and the mean value of the trace of pressure Hessian ðPa

þPb þPcÞ is determined by the mean value of ðPa þPcÞ (not

shown here). The mean values of fP̂N ¼ ðPacos2Wa þPbcos2Wb

þPccos2WcÞ, P̂a, P̂b, P̂cÞg � d2th=q0S
2
L conditional upon cT for

cases A–C are shown in Figs. 8(a)–8(c), respectively.
Figures 8(a)–8(c) show that the mean value of P̂N assumes nega-

tive values for 0:1 < cT < 0:4 where the effects of the dilatation rate
are the strongest (see Fig. 2). Equation (4) suggests that a negative
value of P̂N tends to induce positive values of F12, which acts to
increase the positive value of ~Dc [see Eq. (2)], indicating an increased
(a reduced) extent of collinear alignment between êa (̂ec) and N .

Figure 8 also demonstrates that P̂a assumes the highest magnitude
among the quantities P̂a, P̂b, and P̂c in cases A and B, indicating
that P influences particularly the evolution of sa in these cases.
Furthermore, Eqs. (1) and (3) suggest that the predominantly negative
values of P̂a act to increase sa in cases A and B, but both sb and sc in
these cases are not severely affected by the pressure Hessian due to
small magnitudes of P̂b and P̂c in comparison to P̂a. However, P̂b

assumes the highest magnitude among the quantities P̂a, P̂b, and P̂c

in case C, and thus, the pressure Hessian does not significantly influ-
ence the evolutions of sa and sc. However, the mean value of P̂a

remains predominantly negative in case C and, therefore, acts to
increase sa, but the influences of P on sa and sc weaken with increas-
ing Ka (i.e., from case A to case C). The above findings suggest that
the influence of pressure Hessian could be important for flames with
small (large) values of Ka (Da), which is consistent with recent find-
ings by Kasten et al.16 in the context of simple chemistry DNS and
experimental findings by Steinberg et al.15 The current analysis sug-
gests that P may play a key role in the alteration of rc (or ~N ) align-
ment with strain rate eigenvectors in high Da and low Ka turbulent
premixed flames in comparison to that in the case of passive scalar
mixing, as previously conjectured by Gonzalez and Parantho€en.19,20

FIG. 8. Profiles of the mean values of fP̂N; P̂a, P̂b, P̂cg � d2th=q0S
2
L conditional

upon cT for (a)–(c) cases A–C.

Physics of Fluids ARTICLE scitation.org/journal/phf

Phys. Fluids 34, 065120 (2022); doi: 10.1063/5.0095389 34, 065120-8

VC Author(s) 2022

https://scitation.org/journal/phf


IV. CONCLUSIONS

The alignment statistics of the eigenvectors of pressure Hessian
P with rc and strain rate eigenvectors in turbulent premixed flames
has been analyzed for Ka (Da) values ranging from 0.75 to 126 (0.29
to 20.0) using a detailed chemistry three-dimensional DNS database of
fuel-lean H2–air premixed flames with / ¼ 0:7. It was found that rc
preferentially aligns with the eigenvector corresponding to the most
extensive principal strain rate with large Da and small Ka, but the
reactive scalar gradient in flames with small Da and large Ka exhibits a
preferential collinear alignment with the eigenvector corresponding to
the most compressive principal strain rate. It was also found that the
eigenvectors of P exhibit imperfect alignment with rc. However, the
net contribution of the pressure Hessian to the evolution of the sca-
lar–turbulence interaction term (i.e., normal strain rate contribution to
the scalar dissipation rate transport) in the zone of high dilatation rate
acts to increase the normal strain rate and, thus, to reduce jrcj.
Moreover, the relative collinear alignments ofP and strain rate eigen-
vectors have been found to be different from those in the non-reacting
turbulent flows. Furthermore, the relative alignments of the eigenvec-
tors ofP and the strain rate are such that the contribution ofP to the
evolution of principal strain rates tends to augment the most extensive
principal strain rate for small and moderate values of Ka, but this
behavior weakens for Ka � 100 where the contribution of P plays an
important role for the evolution of the intermediate principal strain
rate.

The findings of the current analysis suggest that the contribu-
tions of P to the evolution of scalar–turbulence interaction and
principal strain rates weaken with increasing the Karlovitz number,
but these effects might play significant roles for small and moderate
values of Ka. The results further indicate that the contributions of
P might be pivotal to the alteration of rc alignment with strain
rate eigenvectors in comparison to that in the case of passive scalar
mixing in turbulent premixed flames with high Da and low Ka, as
conjectured previously based on analytical studies19,20 on inviscid
flows.
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