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Abstract. In this article we consider Selmer groups and fine Selmer groups
of abelian varieties over a number field K. Following a classical approach
of Monsky for Iwasawa modules from ideal class groups, we give suffi-
cient conditions for the Iwasawa p-invariants of the fine Selmer groups
and the p-invariants of the Selmer groups to be bounded as one runs over
the Z,-extensions of K. Moreover, we describe a criterion for the bound-
edness of Iwasawa A-invariants of Selmer groups and fine Selmer groups
over multiple Z,-extensions which generalises a criterion of Monsky from
dimension 2 to arbitrary dimension.
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1. Introduction

Classical Iwasawa theory is concerned with the growth of class numbers in Z,-
extensions of number fields. To be more precise, let K, /K be a Z,-extension,
with intermediate fields K, n € IN, and let h,, denote the class number of K,.
By a famous result of Iwasawa (see [11]), we have

Up(hn) =p-p"+A-n+v (1)

for each sufficiently large n € IN. The so-called [wasawa invariants p > 0, A > 0
and v € Z do not depend on n, but they do depend on the chosen Z,-extension
K of K.
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Having fixed K and p, Greenberg studied in [8] whether the Iwasawa
invariants are bounded as one runs over the Z,-extensions of K, and he was
able to obtain first partial results. A few years later, Monsky and independently
Babaicev (see [1,26]) proved that the p-invariants of the Z,-extensions of a
fixed number field K are indeed bounded.

On the other hand, the corresponding question for the A-invariants is
still open. In [26, Theorem IV], Monsky obtained a necessary and sufficient
criterion for the boundedness of the A-invariants of the Z,-extensions of K
which are contained in any fixed Zi—extension of K.

It is the main aim of this article to prove analogous results in a more
general context. To be more precise, fix K and p, and let A be an abelian
variety defined over K. We let X IE‘K"") and YéK‘”) denote the Pontryagin duals
of the Selmer group and the fine Selmer group of A over a Z,-extension K
of K (see Sect. 2.2 for the definitions). The investigation of the Selmer groups
(respectively, the fine Selmer groups) has been introduced into Iwasawa theory
by Mazur (respectively, Coates and Sujatha), see [6,24]. This is probably the
most vital branch of modern Iwasawa theory.

One can attach p- and A-invariants to each XI(4K°°) and YIL(‘K‘”). Some
technical problems arise since these objects need not be torsion modules over
the Iwasawa algebra A = Z,[[T]]. The following theorem is our first main result
(see also Theorem 3.20 below).

Theorem 1.1. Let K be a number field. Suppose that YIL(‘K"O) is A-torsion for

all but finitely many Zy-extensions Koo of K. Then M(YAK“’)) is bounded.

An analogous statement holds for the Selmer groups, provided that A
has good ordinary reduction at the primes of K above p, and that the inertia
subgroup of Gal(lLoo/K) of every prime of K above p has Zy-rank at least
d—1.

In [5], Cuoco and Monsky proved a generalisation of Iwasawa’s growth
formula (1) for multiple Z,-extensions: If K, now denotes the nth layer in a
Z2-extension Ly /K, then

Up(hn) = mo - p™ + Il - np™ 7Y 4 O (pmtd=Y). (2)

We call the leading coefficients mg,ly > 0 of this asymptotic formula the
generalised Iwasawa invariants of the Zg—extension L./K.

In [26, Theorem IV], Monsky obtained the following criterion for the
boundedness of A-invariants: If Lo, /K is a Z-extension, then the A-invariants
of the Z,-extensions K, of K which are contained in L, are bounded if and
only if lp(ILeo/K) = 0.

The definition of the lg-invariant of an Iwasawa module is a bit compli-
cated (see Sect.2.2), and its meaning is mysterious. In this article we propose
the definition of a slightly modified invariant ZAO, which coincides with the orig-
inal lo-invariant of Cuoco and Monsky in the case of Z2-extensions (more
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precisely, for Iwasawa modules over the Iwasawa algebra Ay = Z,[[Th, 1)),
but may differ from [y for Zg—extensions with d > 2. Using this invariant lAO,
we can generalise Monsky’s criterion to the setting of Zg—extensions. For the
sake of simplicity, we do not state here in the introduction the best possible

formulation of our result (see also Theorem 3.22 below):

Theorem 1.2. Let Lo /K be a Z;‘f—ea:tension, d > 2, and suppose that YIL(\K"")
is A-torsion for each Z,-extension Koo C Lo of K. We assume that the de-
composition subgroup in Gal(LL. /K) of every prime of K above p is open, and
that Yf(lK‘”) does not contain any non-trivial pseudo-null Ay-submodules. Then
)\(YIL(XKC’C)) is bounded as one runs over the Zy,-extensions Ko C Lo of K if
and only if l/(\)(Y}(l]L”)) =0.

An analogous result holds for Selmer groups, provided that A has good
ordinary reduction at the primes of K above p, and that each of these primes
ramifies in Lo, /K.

In [18] the first-named author constructed an example of an imaginary-
quadratic number field K such that )\(X1(4K°°)) was unbounded as K., runs
over the Z,-extensions of K (here A was a suitable elliptic curve defined over
K). Since the composite of all Z,-extensions of K is a Z2-extension Lo of

K, we may use Theorem 1.2 to deduce that ZO(XSL“’)) > 0. To the authors’
knowledge, this yields the first known example of an Iwasawa module with a
non-trivial ly-invariant over an Iwasawa algebra of a Zg-extension with d > 1.
In the last section, we show how to derive examples of Zg—extensions Lo of

K with arbitrarily large d and ZT)(XSL"")) > 0. (For more information on the
relations between the invariants [y and le we refer the reader to the definitions
in Sect. 2.2 and to the end of Sect. 3.3, where we prove several results relating
lp and ZAO, see for example Proposition 3.25).

Let us briefly describe the structure of the article. In Sect. 2 we introduce
the general background on Iwasawa modules, (generalised) Iwasawa invariants,
Selmer groups and fine Selmer groups, and we describe a topology on the
set of Z,-extensions of K which is due to Greenberg. Section 3 contains two
preliminary subsections where we prove auxiliary results on Iwasawa modules,
and the control theorems which we need. Section 3.3 is devoted to the proofs
of our main results.

In Sect. 4, we derive several applications. First, we study the relations
between the variation of u- and A-invariants, and the weak Leopoldt conjecture.
Finally, we construct examples of Iwasawa modules with non-trivial [p- and lAO—
invariant.
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2. Notation

2.1. General Notation

Fix a number field K and a prime number p, and let 3 be a finite set of primes
of K. For any (possibly infinite) algebraic extension N of K, we denote by
Y(N) the set of primes w of N which divide some v € 3. Moreover, 3,(N)
will denote the subset of 3(NN) which consists of the primes above p (usually
our set X will contain all the primes of K above p).

We denote by G = Gal(K/K) the absolute Galois group of K, i.e. K is
a fixed algebraic closure of K. Moreover, Ky will denote the maximal algebraic
(non-necessarily abelian) extension of K which is unramified outside of 3.

For any abelian group G, we denote by G[p™] the subgroup of p-power
torsion elements of G.

2.2. Group Rings and Iwasawa Modules

For every Zg—extension K. /K, d € N, the completed group ring
Z,[|Gal(K/K)]] can be identified (non-canonically) with the ring

Ad = ZPHTh R 7Td]]

of formal power series in d variables over Z,. In [5], Cuoco and Monsky in-
troduced, in this setting, the generalised Iwasawa invariants of any finitely
generated and torsion Agz-module, d > 1, as follows: To each such module M,
one can attach an elementary torsion Agz-module of the form

Ey = @Ad/(p”“) @ @Ad/(g}”),

where all the exponents are natural numbers and the g; are irreducible ele-
ments of Ay which are coprime with p. Moreover, one has a Ag-module ho-
momorphism ¢: M — E}, the kernel and cokernel of which are pseudo-null
over Ay, i.e. annihilated by two relatively prime elements of the unique fac-
torisation domain Ag4. In fact, the kernel of any such homomorphism ¢ is the
maximal pseudo-null submodule of M, which we denote by M°. The element
Fy =TI, p™ - H;Zl g;” is called the characteristic power series of M. It is
determined uniquely by M up to multiplication by units of A4. In particular,
if Epr = {0} (this happens if and only if M = M*° is pseudo-null), then we set
Fy=1.

One then defines the generalised Iwasawa invariants of M as follows.
First, mo(M) = Y_.;_, m;. The definition of the second invariant is more
involved. Recall that Ay has been identified with the completed group ring
Z,[[Gal(K o /K)]]. We write Fpy = p™ M) . Gy, and we consider the image
G of Gy in the quotient ring Ag/pAy. We let Io(M) be the sum of the valua-
tions vy (Gar), where p runs over the primes of Ag/pAq of the form v — 1, with
v € Gal(K/K) not a pth power (since Ag/pA4 is again a unique factorisation
domain, this sum is in fact finite). Note that lo(M) = A(M) if d = 1.
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In this paper, we will also use an alternative definition of the ly-invariant,
which might be more appropriate for Ag-modules, d > 2, than the classical
lp-invariant (this is motivated by some results in Sect. 3). To this purpose, we
assume that d > 2, and we again write the characteristic power series Fi; € Ay
of a finitely generated Ag-module M as Fj; = me(M) -G, ie. pt Gy Now
we define

lo(M) =" v, (Gur),
P

where Gy € Q4 := Ay/pAy, and where now p runs over the prime ideals of Qg4
which are minimal over (Gs) and contained in a prime ideal of the form

’P:(o’l—l,...,O’d_l_l)v

where 01, ...,04-1 € Gal(K/K) generate a subgroup which is isomorphic to
Zg’l. Note that this coincides with the original definition of [y in the case d = 2
since the prime ideals of Q5 of the form (y — 1) have height 1. It is important
to restrict to minimal primes in the case d > 2 in order to guarantee that the
sum le(M) is finite.

In the special case of a Z,-extension, one has a more precise structure
theory (see [11]). In this case, we usually abbreviate A; to A. In fact, to any
(non-necessarily torsion) finitely generated Aj-module M, we can attach an
elementary Aj-module of the form

s t
Ev =N a@A/p™) e @A (57,
i=1 j=1

where the g; are now so-called distinguished polynomials, i.e. they are monic
polynomials, and each coefficient besides the leading one is divisible by p. We
let p(M) =3"7_ m; (ie. p(M) = mo(M) in the case of finitely generated and
torsion Aj-modules) and A(M) = Z;zl deg(g;lj). Using the fact that the g;
are distinguished, it is easy to see that \(M) = lo(M) for finitely generated
torsion Aj-modules. Again, one defines the characteristic power series Fiy € A
of M (which now differs from a polynomial only by some unit in A*) to be the
product of the powers of p and the distinguished polynomials g;” occuring in
the definition of E,y;.

Using the Weierstrafl Preparation Theorem (see [32, Theorem 7.3]), we
can define Iwasawa invariants of any non-zero element f € A, as follows: f can
be written uniquely as

f =u- pm - g,
where u € A, m € IN, and g € A is a distinguished polynomial. Then we let
w(EF) :=m and A(f) := deg(g). Under this point of view, the Iwasawa invari-

ants of a finitely generated A-module M are just the Iwasawa invariants of the
associated characteristic power series F;y € A of M.
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We conclude the current subsection with some remarks on Fitting ideals.
For a general summary on the properties of Fitting ideals, we refer to [32,
Section 13.6], [28, Chapter 3] and [13, Appendix A]. In this article, we will
restrict to the zero-th Fitting ideals of Iwasawa modules.

Let M be a finitely generated Agz-module, d € IN. Recall the definition of
the Fitting ideal Fy,(M): Take a presentation

AS Lo AL — M, (3)

and let A be a ¢ x l-matrix with entries in Ay which describes the map p. If
M is torsion, then we must have g > I. Then we let Fp,(M) be the ideal of
A4 generated by all the [-minors of A if M is torsion, and we define it to be
the zero ideal if ¢ < . We summarise all the facts on the Fitting ideal which
we will need in the following

Proposition 2.1. Let M be a finitely generated Ag-module, and let Ann(M) C Aq
denote its annihilator ideal. Then the following statements hold.

(1) The definition of Fa,(M) does not depend on the choice of the presenta-
tion (3) of M.
(2) If M can be generated over Ayg by l elements, then
Ann(M)! C Fp, (M) C Ann(M).

In particular, if M is not a torsion Ag-module, then Fp,(M) = (0).

(3) Suppose that M is Ag-torsion. Let M° C M be the mazimal pseudo-null
Ag-submodule, and let Ey; be an elementary Ag-module which is pseudo-
isomorphic to M. If M can be generated over Ay byl elements, then

Ann(M°)Ann(Ejy;) C Ann(M)
and
Ann(M°) Ann(Ey)! C Fa, (M).
(4) Ifi < d and w: Ay — A; denotes a surjective ring homomorphism, then
Fa, (M ker(r)) = m(Fx, (M)).
(5) Suppose that M is Ag-torsion. Then we can write
Faa(M) = (Fnr) - I,

where the ideal Jy; of Ag is not contained in any height one prime ideal
Of Ad.
(6) Now suppose that d =1, and that M is torsion. Then

Fuy (M) = (Far) - Fa, (M)
Proof. The first statement follows from [7, Corollary 20.4], and (2) is [7, Propo-

sition 20.7].
The first statement in (3) follows from the exact sequence

0— M° — M — Ey,
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and the second part of (3) follows by combining the first part with (2).

Assertion (4) follows from [13, Lemma A.6]. Now we turn to the proof of
(5). Choose a presentation as in (3) and let A be the corresponding matrix. We
will show that the greatest common divisor of the [ x [-minors of A is equal
to Fy; this proves the assertion.

To this purpose, we will argue prime-by-prime. Let g be an irreducible
element of A4 (which may or may not divide the characteristic power series
Fyr of M). In the following, we localise at g. Note that (Ag)(, is a flat Ag-
module and that Ny = N ®p, (Ag)(y) for any finitely generated A-module N.
Therefore we obtain from the exact sequence

0— M°— M — Ey — C—0,
with Fj; elementary and C pseudo-null over Ay, an exact sequence
0 — (M?)(g) — Mg) — (En)(g) — Cly)

of finitely generated (Ag)(g)-modules. Since both M° and C' are pseudo-null
over Ay, there exists an element h which is coprime with ¢ and annihilates both
Me° and C. Since h is a unit in (Ag)(g), we may conclude that both (M°),
and C(, are zero.

We therefore obtain an isomorphism

M) = (En)(g)-

Note that (Ag)(g) is a discrete valuation ring with maximal ideal (g). Writing

Ey = @Ad/(fi)

with f; € Ay (here f; may be equal to p), we obtain that
Mg = D Aa))/ (f:). (4)
i=1
In particular, M, = 0 if each f; is coprime with g.
On the other hand, it follows from the presentation (3) that we have an
exact sequence

(Aa)y) = (M) — Mg — 0.

Let A be the matrix representing the map p. Then F(4,) , (M(g)) is the ideal
generated by the images of the [ x [-minors of A under the natural map
Aa — (Aa)(g)-

It follows from [2, Theorem 2.9.6] that the greatest common divisor of
the ! x [-minors of the matrix A (considered as a matrix over the principal
ideal domain (Aq)(4)) is equal to the product of the first I principal divisors of
Mgy In view of (4), we may conclude that

U(Q)(}-(Ad)(g)) = vg(FM)'
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This concludes the proof of (5).

Now suppose that d = 1. The theory of Fitting ideals over A := Ay is
better understood. One of the reasons is that a finitely generated torsion A-
module M has projective dimension 1 if and only if it does not contain any non-
trivial pseudo-null (i.e. finite) A-submodules (see e.g. [29, Proposition 5.3.19]).
We therefore may proceed as follows.

We start from the usual exact sequence

0— M° — M — Ep — 0,

where E v C Ey. Sin~ce E; does not contain any non-trivial finite A-submod-
ules, the submodule Ej; has projective dimension at most 1. Therefore we can
use [28, Chapter 3, Theorem 22] in order to deduce from the exact sequence
that

Fa(M) = Fa(Ear) - Fa(M°).

Moreover, since E; has projective dimension at most one, it follows from [13,
Lemma A.7] that Fa(Ep) equals the characteristic ideal of Epy. As E)py is
pseudo-isomorphic to Fy; and M, we may conclude that

Fa(En) = (Far).
This concludes the proof of the proposition. O

2.3. Selmer Groups and Fine Selmer Groups
Fix a number field K, a prime number p, and let A be an abelian variety
defined over K. Also fix a finite set X of primes of K which contains the
primes above p and the set Xy, (A) of primes where A has bad reduction. If
p = 2, then we assume that K is totally imaginary. For any number field L
and a prime w of L, we denote by L,, the completion of L at w.

Let K be a Zg—extension of K, d > 1, with intermediate fields K, (i.e.,
Gal(K,,/K) is isomorphic to (Z/p"Z)? for every n € IN). Then we define the
Selmer group of A over K, as

Sela(Ky) :=ker | H'(Ks/Kn, Ap™) — ] H'(Knw, Ap™] ],
vEX(Kny)
where Ky, is defined as in Sect. 2.1 (note that K., C Ky because ¥ contains
the primes above p by assumption). This definition does not depend on the
choice of ¥, as long as ¥ contains ¥, (K) and X,am(A) (see [25, Corollary 6.6]).
Moreover, we define the fine Selmer group of A over K, as

Selao(Ky) :=ker [ H' (Ks/Kn, Ap™)) — [[ H'(Kn., AP™])
veX(K,)
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This definition does not depend on the set X, for it can be seen that for any
finite set ¥ containing the primes above p and the set ¥, (A) we have an exact
sequence

0 — Selao(Ky) — Sela(Ky,) — [[ H' (Knv, Ap™)).
vlp
Now let
X4 = Sela(K,)
and
Y5 = Selao(Kn)Y
be the Pontryagin duals. Finally, we define
XU =
and
V)= v
n
where the projective limits are taken with respect to the dual of the restric-

tion maps from cohomology. It is well-known that both XIE,K‘”) and YIL(‘K"O)

are finitely generated Ag-modules (as in the previous subsection, we identify
Z,][Gal(K~ /K)]] with Ag).

2.4. A Topology on the Set of Z,-Extensions of K

For any Zg—extension Lo of a number field K, we let £<L= (K) denote the set
of Z,-extensions of K which are contained in L. In the following we assume
that d > 2, so that the set £<L= (K) is infinite. It follows from [8, p. 208] that
this set is compact with respect to the following topology (which we will call
Greenberg’s topology). A basis of this topology is given by the following sets:
For any K, € <%= (K) and every n € N, we define

E(Kse,n) = {fcoo € £ (K) | [(Rae N K o) : K] > pn}.

In other words, £(K,n) contains the Z,-extensions of K which are subex-
tensions of L, and which coincide with K, at least up to the nth layer. Two
Z,-extensions of K are close with respect to Greenberg’s topology if they have
a large intersection, i.e. if they share a large number of common layers.

For any K, € £Sl=(K), the restriction map Gal(ILo. /K) — Gal(Ko/K)
on the Galois groups induces a canonical surjection

Ti.: Mg =Zp[[Th, ..., Ty)] » A = Z,[[S]],
and the kernel of this map is the ideal of A, generated by the elements

0’1—1,...,0'01,1—17
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where o01,...,04_1 are topological generators of the subgroup
Gal(Loo/K) C Gal(Ly /K)
fixing K. For every finitely generated Agz-module M, the quotient
Mg, =M/(c1—1,...,00-1 —1)M (5)

is a finitely generated Z,[[S]]-module.
Now we focus on the case d = 2. Fix topological generators o1 and oo of
G := Gal(Lo /K) = Z2. For any Z,-extension Ko, € ES=(K), let ok be a
topological generator of Gal(Ko/K) = Z,. We consider the surjective map
i, Gal(Le/K) — Gal(Kw/K).
Then
T (01) = 0%, Tk (02) =0
for suitable a1, a2 € Z,, and not both of a; and ag are divisible by p (since
7k, is surjective). In fact, K, € £SL>~(K) may be identified with the class
[a1 : ag] of the pair (a1, az) in a projective space, since the topological generator
of Gal(K /K) is unique only up to raising to a power with a unit exponent.
Note that the tuple [a1 : az] uniquely determines the kernel Gal(Lo,/K ) of
7k... Therefore the set €<%~ (K) can be identified with the projective one-
dimensional space P*(Z,,) over Z,.

More generally, if L, /K is a Zg—extension with d > 2 arbitrary and
Ko C Ly is a Zp-extension of K, then the images of a fixed set of topo-

logical generators o1,...,04 of Gal(L/K) = Z¢ under the map mg are of
the form
O s O
where a1, ...,aq € Z, are not all divisible by p. As in the special case d = 2,
we can identify K, with the element [a; : - - - : aq] € P47Y(Z,).
Let T; = o;—1foreach i € {1,...,d}. Moreover, we will use the notation
TKoo = 0Ky — 1.

Then the restriction map
7'1'KDO : Ad —» A1

maps T; to (Tx_, +1)% —1, respectively. In [26], Monsky usually denotes the im-

age of an element f € Ay under mx__ by fo, wherea = [a1 : -+ : aq) € P4"1(Z,)
corresponds to the Z-extension K, of K, as above.
In particular, if the topological generators o1, ..., 04 of Gal(IL,, /K) have

been chosen such that o1, ..., 041 generate the subgroup Gal(IL,, /K ) fixing
Ko, then the kernel of mx__ is generated by 11, ..., Ty_1, i.e. with this choice of
topological generators of Gal(L,/K), the Z,-extension K, of K corresponds
to

a=[0:---:0:1] € P?71(Z,).
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Therefore
MKO@ = M/(kel’(’]TKoo) . M)
for every finitely generated Ag-module M, where My__ is defined as in (5).

Remark 2.2. Choosing a different topological generator of Gal(K/K) = Z,
does not change the Iwasawa invariants of an element of Z,[[Gal(K /K)]] = A;.
In particular, such a change of variables does not affect the u- or A-invariant
of a quotient module Mg __.

Using the above notation, the Z,-extensions Ky € E(Kso,n), n € N, cor-
respond to surjections 7z that map the topological generators of Gal(LLeo / Koo)

to elements in Gal(Ko /K)P". Recall that in the above, Ko, € £t (K) has
been identified with [a : - - - : ag] € P?"*(Z,). Then the Z,-extensions K, in
the neighbourhood & (K, n) of K, correspond to elements [by : - - - : by] € P41
(Z,,) such that

bi =a; (mod p™)

for every i.

3. Analogues of Monsky’s Boundedness Results

In [26], Monsky proved that the p-invariants of the Z,-extensions of a number
field K are bounded, and he obtained sufficient criteria for the A-invariants to
be bounded as one runs over the Z,-extensions of K which are contained in
some fixed Zg—extension of K.

In this section, we prove analogues of Monsky’s results in the setting
of fine Selmer groups and Selmer groups. The module-theoretic results from
[26, Sections 2 and 3] carry over immediately; we therefore state these results
without proof in the first subsection. One of these results is then generalised
from the d = 2 case to arbitrary d > 2. The second subsection contains the
control theorems which we need, and in the final subsection we focus on the
remaining parts of Monsky’s proof, which have to be adapted to the Selmer
group setting.

3.1. Auxiliary Results on Iwasawa Modules Over Zg-Extensions

Fix a Zg-extension L../K. As in Sect.2.4, we write <L~ (K) for the set
of Zy-extensions of K which are contained in L. Let M be a finitely gen-
erated torsion Ag-module (as usual, we identify Z,[[Gal(L/K)]] with Ag),
and let F; be the characteristic power series of M. We recall that for every
Ko € ESU=(K), the quotient My = M/(ker(mx_)- M) (see Sect.2.4) is a
finitely generated, but not necessarily torsion, Z,[[Gal(K /K)]]-module.
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Lemma 3.1. There exist non-trivial elements o1, . ..,0; € Gal(Lo /K) such that
for every Z,-extension Ko, € ESV=(K) of K such that 0|k, # 1 for each i,
the quotient My __ is a torsion Ai-module and satisfies

WM, ) =mo(M).
Proof. This is [26, Theorem 3.2]. O
In the next lemma we restrict to the case d = 2.

Lemma 3.2. Let Loo /K be a Z2-cxtension, let Koo € ESV(K) correspond to
a=lay: as] € PY(Zy) (as in Sect.2.4), and let mr,, = ma: Ao — Ay be
the canonical surjection induced by the restriction map on the Galois groups.
Choose a topological generator o of Gal(Loo /K ), and let T = o — 1. We as-
sume that M. = M/(ker(ni_ ) M) is a torsion A-module, and we write
Fyr = pmo M) Gor, where pt Gy

Then

AMk..) = M(Gm)a)
is unbounded in any neighbourhood of K. if and only if the image Gy € Ao /pAs
of Gy 1s divisible by T'.
Proof. See [26, Theorem 3.3]. O

Monsky’s Lemma 3.2 can be generalised to Zg—ex‘uensions7 d > 2 arbitrary
(see Lemma 3.5 below). In order to prove this generalisation, we first prove
two auxiliary lemmas.

Lemma 3.3. Let oo /K be a Z-extension, d > 2, and identify Z,[[Gal(Lo / K)]]
with Ag.Let M be a finitely generated and torsion Ag-module. Let Ko, € £V (K)
correspond to a = [ay : -+ : ag) € P4YZ,), and let

T, =Tq: Ng — A

be the canonical surjective map induced by the restriction map on the Galois
groups. If Mg = M/(ker(wg_ ) - M) is a torsion A-module, then there exists
a neighbourhood £(K,n) such that for all K, € £(Koo,n), MK is a torsion
A-module.

Proof. Tt follows from Proposition 2.1(4) that the Fitting ideal of the quotient
Mg, in A = Ag/ker(mg, ) is given by the image of Fu, (M) under mx__. By
hypothesis, there exists an element F' # 0 in the annihilator ideal of Mg __ . If
Mp__ can be generated as a A-module by [ elements, then H' := F ! is contained
in the Fitting ideal of My __ by Proposition 2.1(2). Since

TKeo - fAd(M) —’]:A(MKOC)

is surjective, we can choose a pre-image H € Fj,(M) of H' under the map
k., In particular, H' = mg_ (H) is non-zero. By the Weierstrass Preparation
Theorem, we may assume that H' = p* - G for some distinguished polynomial

G.
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Let m € IN be large enough such that m >z and p™ > deg(G), and
choose n = 2m. Since

(T+1)?" —1=0 mod (p™,TP"),
we may conclude that
mi_(H)=H' mod (p™,T"")
is non-zero for each K, € &€ (Koo, n) (we identify each quotient

Aa/ker(mg ) = Zyp[[Gal(Koo /K]

with A = Z,[[T]], and therefore this congruence makes sense as a statement in
A). Since 7z (H) is contained in Fy(Mg_ ) C Anny (Mg _ ), this proves the
lemma. U

Lemma 3.4. Let G € Ayg be such that the coset G of G in the quotient alge-
bra Qg = Ag/pAg = F,[[11, ..., T4]] is non-trivial (i.e., pt G), and recall that
d > 2. Then A(G,) is unbounded in any neighbourhood of [0 :---:0: 1] if and
only if G € (Ty,...,Ty_1) (recall that G, = 74(G)).
Proof. Let Ky = L Ta ) e

Ge(T,...,Ty_1) ifand only if 7x_(G)=0 (mod p).
Suppose first that G ¢ (T1,...,Ty_1), and recall that

Z,[[Gal(K o/ K)]) = A = Z,([T]].

Then 7,(G) = G(0,...,0,T) is not divisible by p, i.e. G(0,...,0,T) does not
vanish identically. Let r be its T-order. It is then easy to see that \(G,) <r

on any sufficiently small neighbourhood of [0:---:0: 1].

Now suppose that G € (Ty,...,T;_1) and let U be a neighbourhood of
K as in Lemma 3.3, which we identify with a neighbourhood of [0 : ---: 0 : 1].
Choose a = [pt : -+ : pli-1 : 1] € U, with j; large for all 4. Since

(T+1)” —1=T" (mod p)

for every j € IN, it follows that 7. (T;) € (p, iji) for each i € {1,...,d — 1}.
Since G is a Ag-linear combination of p and Ti,...,Ty_1 by assumption, it
follows that

G = 7a(G) € (p,T7),

where j = min(jy, ..., j4_1). In particular, if G, # 0 in Qg, then A\(G,) > j.

It remains to prove that G, # 0 for a = [p/t : - - : pfa-1 : 1] and arbitrar-
ily large j;. We prove this claim via induction on d > 2. Let first d = 2, and
let m > 0 be given (we look for some j > m for which our claim holds true).
We may write

G(T,Tp) =T{ - (Fi + F,),
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where F} is divisible by Ty and F» € F,[[T2]]\{0} (i.e. we are factoring out 77,
the largest power of T} dividing G in the unique factorisation domain ).

If F; =0, then clearly G, # 0 for any a = (p/,1). Now assume that
Fy #0, and let s be the largest power of T' dividing (F3)[o.1, so that

(F2)j0:1) = ¢- T® + higher order terms,

with ¢ # 0. Note that (F3):.1] = F» in the ring IF,[[T3]]. Let j > m be ar-
bitrary such that p/ > s, and let a = [p’ : 1]. Since Ty divides Fy, the ex-
ponent of T in every term in (Fy), € F,[[T]] is larger than s. Moreover,
since Fy € F)[[T5]] C F,[[T1, T3]] does not depend on the variable T, we have
(F2)a = (F2)[0:1]- Therefore

(F1)a + (F2)a = (F1)a + (F2)[0:1] = ¢TI + higher order terms,
and thus G, # 0. This proves our claim for d = 2.

Now suppose that the claim holds for all ¢ < d, and let m > 0 be given.
As in the base step, we may write

G(Ty,...,Ty) =T} - (Fy + Fy),
where F is divisible by Ty and Fh € F),[[Ts,...,T4]]\{0}. By the inductive

step, we have (Fy), #0 for a = [p/2 :---: pli-1: 1] € P42(Z,) if all j; >m
are sufficiently large.
If F; =0, then we let b= [p/1 : ---: pli-1 : 1] € P4=Y(Z,) for any j;. In

this case we clearly have Gy, # 0, and we are done. Otherwise we have F; # 0.
Let s be the largest power of T dividing (F),, so that

(F3)q = ¢+ T? + higher order terms,

with ¢ # 0. Now choose j; > min(jo, ..., jq_1) large enough such that p* > s.
Let b=[p?t :---:pJa-1 : 1]. Since T} divides F}, the exponent of T in each
term of (F1)p is larger than s. Therefore

(F1)p + (F2)p = (F1)p + (F2)q = ¢- T? + higher order terms.
It follows that G # 0, which completes the proof. O

Lemma 3.5. Let L /K bea Zg—extension, d > 2, and identify Zp[|Gal(Loo / K)]]
with Agq. Let Fyy be the characteristic power series of the finitely generated tor-
sion Ag-module M, and write Fyy = p™ M) . Gy with p1Gar.

Let Ko, € ESV(K) correspond toa = [ay : -+ : ag] € P4=Y(Z,), and let

T, =Tg: Ng — A

be the canonical surjective map induced by the restriction map on the Galois
groups. We assume that My = M/(ker(rg_)- M) is a torsion A-module.

(a) If k. (Gpr) =0 (mod p), then A(Mg__) is unbounded in any neighbour-
hood of K.
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(b) Suppose that there exists an element H € Ag such that p® - H annihi-
lates the mazimal pseudo-null submodule M° of M for a sufficiently large
s € N, and such that 7 (H) Z 0 (mod p).
Then the reverse conclusion also holds, i.e. if k. (Gp) Z0 (mod p),
then AN(Mg_,) is bounded in a sufficiently small neighbourhood of K.

Remark 3.6. If d = 2, then the additional assumption on the maximal pseudo-
null submodule in Lemma 3.5 is always satisfied (cf. also the proof of [26,
Theorem 3.3]).

Remark 3.7. In Lemmas 3.2 and 3.5 there is a statement that A\(Mg_) is
unbounded (or bounded) in a neighbourhood of K. Implicit in this statement
is the fact that there is a neighbourhood of &£(Ku,n) such that Mg, is a
torsion A-module for all K. € £(K,n). This is true by Lemma 3.3.

Proof of lemma 3.5. Without loss of generality, we may choose the topological
generators of Gal(Leo /K) = Z% such that a = [0 : - -+ : 0 : 1] (see also Sect. 2.4).
As in [26], we work with the zero-th Fitting ideal Fu,(M) of M. Recall from
Proposition 2.1(4) that

Fuy(Ma) = ma(Fa,(M)).

Suppose first that Gas € (Ty,...,T4_1). Assume that M, is a torsion A-
module. Since (Gjy) divides Fp, (M), the ideal ((Gar)q) of A divides Fp, (M),
= Fa, (M,). Therefore A((Gar)a) < A(M,). It follows from Lemma 3.4 that
A(Gar)a) and consequently also A(M,) are unbounded in any neighbourhood
Uof[0:---:0:1] in which M, is a torsion A-module for each a € U. Such a
neighbourhood exists by Lemma 3.3.

Now suppose that we are in the setting of assertion (b), and that A(M,,)
is unbounded in any neighbourhood of [0 : --- : 0 : 1]. Suppose that M is
generated by [ elements as a Ag-module. Then Proposition 2.1(3) implies that

phmoD+s gt G e Fu (M),

so p'moMIFS HL (G )l € Fa, (M) Tt follows that (M) < A(HL - (Gar)?,).-
Since H is not contained in the prime ideal (71,...,Tg—1) of Qg4, it follows
from Lemma 3.4 that G € (Th,...,Ty_1). O

Remark 3.8. It follows from the proof of Lemma 3.5 that in the statement
of Lemmas 3.5 and 3.2 unbounded in any neighbourhood may be replaced by
unbounded in some neighbourhood, i.e. these statements are equivalent.

Remark 3.9. The additional hypothesis on the existence of H in assertion (b)
is also necessary, as the following example shows which we take from [17].

Suppose that d =3 and M = A3/(T1,T> + p). Then M is a pseudo-null
As-module, and therefore Fyy = Gy = 1, i.e. Gy is not contained in (T3, Tb).
However, we have seen in [17, Example 6.3] that A(M,) is unbounded in a
neighbourhood of [0 : 0 : 1]. Each annihilator H of M° = M is contained in
the ideal (p, T17 TQ) of A3.
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It will be one of our tasks in the next section to derive natural hypothe-
ses which are sufficient for the existence of the element H in Lemma 3.5 (of
course, it will be sufficient if M does not contain any non-trivial pseudo-null
submodules, i.e. M° = {0}, but we try to do better, so also Remark 3.23 be-
low).

3.2. Control Theorems

For the remainder of this section, we fix a number field K and an abelian
variety A of dimension g defined over K. If p = 2, then we assume that K
is totally imaginary. Let ¥ be a finite set of primes of K which contains the
primes above p and the primes where A has bad reduction.

Lemma 3.10. Let G = Zg and let M be a discrete G-module that is cofinitely
generated over Z,. Let m = coranky, (M). Then H*(G, M) and H*(G, M) are
cofinitely generated over Z, with

corankz, (H'(G,M)) < md
and
corankz, (H*(G,M)) < md(d —1)/2.

Proof. First we prove the result for H!(G, M) by induction on d. For d = 1 we
have that H*(G, M) = M /(o0 — 1)M where o is a topological generator of G.
Therefore coranky, (H'(G,M)) < m. Now assume that the result is true for
d— 1. Let H be a subgroup of GG that is isomorphic to ngl with G/H = Z,.
The desired result then follows from the Hochschild-Serre spectral sequence
HY{(G/H,HI(H,M)) = H™*I (G, M).

Now we prove the result for H?(G, M) by induction on d. Since cd,(Z,) =
1, the result is true for d = 1. Now assume that the result is true for d — 1.
Let H be a subgroup of G that is isomorphic to ngl with G/H = Z,. By
the Hochschild-Serre spectral sequence H*(G/H, H?(H, M)) = H'™ (G, M),
it will suffice to show that

coranky, (H*(G/H,H°(H,M)) + corankz, (H'(G/H,H"'(H,M))
+ coranky, (H°(G/H, H*(H, M)) < md(d —1)/2.

The first term is zero because cd,(G/H) = 1. Using the result just proven
for the first cohomology group we get that coranky, (H*(G/H, H*(H,M)) <
m(d—1). By the induction hypothesis we get coranky, (H°(G/H, H*(H, M)) <
m(d—1)(d—2)/2. Therefore, as desired, the sum is at most md(d —1)/2. O

Now we can prove a control theorem for fine Selmer groups.

Lemma 3.11. Let A be an abelian variety of dimension g defined over K. Let
Loo/K be a Z3-extension (d > 2), Ko € ESY(K) and write Y = YIL(‘E"") for
brevity. Consider the dual of the restriction map

PV Vi, — v,
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We have

(a) cokerfY is a finitely generated Z,-module with
ranky, (cokerf") < 2g(d — 1)

(b) Let my = >_,, my where the sum runs over the primes of K above p
and m, is defined to be zero if v splits completely in K and equal to
the number of primes of Ko above v otherwise. Then ker fV is a finitely
generated torsion A-module with

Aker f¥) < 2g(d—1)my + g(d — 1)(d — 2).

Proof Let T'y, = Gal(ILoo /K ) and consider the following canonical commu-
tative diagram:

0 —— Selao(Koo) —— H'(Kx/Koo, Alp™]) —— @exi) H' (Koo, Ap™])

. ’

0 —— Selao(Loo)"™™ —— H'(Ls/Loo, Ap™)"™ —— (B ey B (Loo,w, AP™)))

oo

By the snake lemma we have an exact sequence
0 — ker f — ker f' — ker f”” Nimg py — cokerf — cokerf’.  (6)

According to the inflation-restriction exact sequence and Lemma 3.10 we have
that

corankz, (ker f') = corankz, (H'(T's, A(Loo) [p™])) < 2g(d — 1).
Therefore from the exact sequence (6),
corankyz, (ker f) < corankg, (ker f') < 2¢(d —1).

This proves (a).

By the inflation-restriction sequence and Shapiro’s lemma it follows that
we can write ker f” = @,ex(x) By where By, = @yp H (Too 05 A(Loo,w) [p™)).
In the definition of B,, the sum runs over all primes w of K, above v. For each
such w we have also written w for a fixed prime of L, so that I'c ,, denotes
the corresponding decomposition group.

Assume that v € 3(K) splits completely in K, /K. Then for any prime
w of L, above v we have that H(T s, A(Loo ) [p™]) = A(K,)[p™] is finite.
Therefore by [19, Lemma 6.2] we have that H' (T u, A(Loo.w)[p™]) is finite
and this order does not depend on the prime w of IL,, above v. It follows that
p" annihilates B, for some n.

Now assume that v € X(K) does not split completely in Ko./K. If v
does not lie above p, then any prime w of K, above v splits completely in
Lo /Koo so in this case B, = 0. Now suppose that v € £,(K) and let w be
a prime of L, above v. According to Lemma 3.10 H*(Too 1, A(Loo ) [p™]) is
cofinitely generated over Z, with corank at most 2 g(d —1). It follows that B,
is cofinitely generated over Z, with corankz, (B,) < 2g(d — 1)m,,. Putting all
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of this together, we get that the Pontryagin dual of ker f” is A-torsion with
A-invariant at most 2¢g(d — 1)m,,.
By the inflation-restriction sequence cokerf’ injects into H?(T' s, A[p™]).
So by Lemma 3.10 we have
coranky, (cokerf’) < corankz, (H*(Te, A[p™])) < 2g(d — 1)(d — 2)/2.

It therefore follows from the exact sequence (6) and the above observa-
tions that ker fV is a finitely generated torsion A-module with
Aker f¥) < 2g(d — 1)my, + 2g(d — 1)(d — 2)/2.

This completes the proof. O

Corollary 3.12. Let K, be as in Lemma 3.11, then we have
(a) ranky (Vi) = ranky (V5))
(b) Let ¥5(K) be the set of all primes v € X(K) that split completely in
Loo/K. If ranka(Yk, ) = rankA(YflK"")) =0, then
(i) p(Yr,) > M(Yf(‘K‘x’)) with equality if no prime v € B(K) \ Ts(K)
splits completely in K /K.
(ii) If no prime v € X,(K) splits completely in K,/ K, then there exists
a neighbourhood (Koo, n) such that
o for all K. € £(Koo,n) we have

rankA(YKéo) = rankA(YIL(‘K;C)) = O7
o [AYg: ) — )\(Yf(lKlw))| is bounded as K. runs over £(Kqo,n).
Proof. Statement (a) follows directly from Lemma 3.11. Now assume that

both Yk _ and Yf(lK“J) are A-torsion. From Lemma 3.11 we see that pu(Yx_ ) >

,u(Yf(lK‘”)). The proof reveals that p(ker f¥) = 0 if no prime v € 3(K)\X,(K)
splits completely in K, /K. This proves (b)-i.

Now assume that no prime v € ¥,(K) splits completely in K, /K. Then
we can choose a neighbourhood £(K ., n) such that for any K. € £(K,n) we
have #%,(K.) = #X,(K~). By Lemma 3.3 we can reduce our neighbourhood
if necessary so that for all K/ € £(K,n) we have rankA(Yﬁ(‘K;”)) = 0. Then
(b)-ii follows from Lemma 3.11. O

In fact, the cokernels of f¥ can be bounded in a more general setting
(this will prove useful below).

Corollary 3.13. Let Lo/K be a Zg-ea:tension, and let Koo C Ly be a Z;-

extension of K,1 > 1. WewriteY = YXL(‘]L“) and H = Gal(LLoo / Koo ) for brevity.
Then the cokernel of the natural map

FVe Yy — y{E)

is a finitely generated Z,-module of rank at most 2g(d — 1).
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Proof. The proof of the first part of Lemma 3.11, using Lemma 3.10, goes
through without changes. O

Now we turn to a control theorem for Selmer groups.

Lemma 3.14. Let A be an abelian variety of dimension g defined over K. Let
Loo/K be a Zi-extension (d > 2), Ko € ESV(K) and write X = XSLO").
Assume that A has good ordinary reduction at the primes of K above p, and
that each v € ,(K) is ramified in Lo /K. We define r to be zero if each
v € X,(K) is ramified in Koo/K and equal to one otherwise. Consider the
dual of the restriction map
FY X, — X
We have
(a) cokerfY is a finitely generated Z,-module with

ranky, (cokerf") < 2gr(d —1).

(b) Let my = >_,, My where the sum runs over the primes of K above p
and m, is defined to be zero if either v splits completely or ramifies in
K /K, and equal to the number primes of Ko, above v otherwise. Then
ker fV is a finitely generated torsion A-module with

Aker fY) < gdm, + gr(d — 1)(d — 2).
Proof. We proceed as in the proof of Lemma 3.11. Let I'oy = Gal(Loo/Koo)

and consider the following canonical commutative diagram:

0 —— Sela(Koo) —— H'(Kx /Koo, Ap™]) —"— @pexx..) H' (Koo, A)p™]

! ! 2

0 —— Selz“i(]LOO)FoC — Hl(]LZ/]LoovA[poo])Fx — (@UQE(LM) Hl(]Loo,wvA)[poo])Fm

By the snake lemma we have an exact sequence
0 — ker f — ker f' — ker f”” Nimg py — cokerf — cokerf’.  (7)

If every prime v € ¥,(K) ramifies in K, /K, then by [9, Prop. 3.2(ii)] we
have that A(K.)[p™] is finite. Therefore by [19, Lemma 6.2] H'(T o, A(Lso)
[p]) is finite. From this observation and Lemma 3.10 we conclude that

coranky, (ker f') = corankyz, (H'(I's, A(Loo) [p™])) < 2g7(d — 1).
Therefore from the exact sequence (7),

corankz, (ker f) < corankg, (ker f') < 2gr(d —1).
This proves (a).

Now we deal with (b). We can write ker f” = ©,cx(x)By, where B, =
Bujv ker fl and 1] HY (Koo w, A)[p™°) — H'(Loo,w, A)[p™] is the restriction
map. In the definition of B, the sum runs over all primes w of K, above v.
For each such w we have also written w for a fixed prime of L.
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First, assume that v € X(K) does not lie above p. Let w be a prime of
K, above v and fix a prime of Lo, above it which we also denote by w. Since
A(Koow) @ Qp/Zp = 0 and A(Loow) ® Qp/Zy = 0 we have isomorphisms
H (Koo, A)[p™] 2 H' (Koo w, Alp™]),
H' (Log,uw, A) [p™] = H' (oo w, A[p™]).
It follows that ker /) = H' (T w 1w, A(LLoow)[p°°]). Therefore the same observa-
tions as those in the proof of Lemma 3.11 apply to B,,.

Now let v € 3,(K) and let w be a prime of K, above v and fix a prime
of L., above it which we also denote by w. Let

Fk e AlBso,w) ® Qp/Zp — H' (Koo, A[p™)),
Klog,w P ALoo,w) ® Qp/Zy — H' (Loo,w, A[p™])
be the Kummer maps. Then the map [/ is
[l HY (Koo,w, Alp™))/ img ki w — H'(Loo,w, A[p™])/img kr.__ ,

Now let C,, = F(m)[p>] where m is the maximal ideal of K, and F is
the formal group over Ok, attached to the Néron model of A over O,. The
inclusion Cy, C A[p™] induces maps

>\Koo,w : Hl(Koo,wy Ow) — Hl(Koo,wa A[poo])a

)\]Loo,w . Hl(]Loo,wa Cw) B Hl(]Loo,wa A[poo])
Since v ramifies in Lo /K, the extension L /K, is deeply ramified in the
sense of [4]. Therefore by [4, Proposition 4.3] and the discussion proceeding it

we have imgxr,, , = imgAr, , and imgrg_ , C imgAk_ . Therefore f;
can be viewed as the composition of the following maps:

Ay : Hl(Koo’w,A[poo])/img KK eow — Hl(Koo,w,A[p‘X’])/img MK
by Hl(KOQwvA[pDOD/img Aoy — Hl(]LomwaA[pOOD/img AL -

We will now determine corankz, (ker a,,) and corankz, (ker by,).

First we deal with ker byw Let A be the reduction of A over the residue
field of an algebraic closure K,, of K,,. The exact sequence

0 — Cp — APp™] — A[p™] — 0
induces an exact sequence
0 — img A, — H' (Koo, Alp™]) — H' (Koo,uw, A[p™])
Similarly, we have an exact sequence
0 — imgAr,, , — H'(Loo,w, AP™]) — H' (Lo, Alp™])

It follows that ker b, is a subgroup of H*(Gal(ILeo v/ Koo )s Allso.w) [p™])
where [ o, is the residue field of IL__ ,,. If either v splits completely or ramifies
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in Ko /K, then H(Gal(Loo.w/Koow), Alloo,, ) [p™]) = A(koow)[p™] is finite
(here koo is the residue field of K 4,). Therefore by [19, Lemma 6.2]

H' (Gal(Loo,w/ Koow), A(lm,w) [p™1)

is finite, whence kerb,, is finite. On the other hand when w does not split
completely in K, /K we have by Lemma 3.10

corankz, (ker b,,) < corankz, (H (Cal(Loo ./ Koow)s Alloe.w)[p%])) < g(d — 1).

Now we deal with kera,, = imgAk_ ,/imgrg, . Let L be finite ex-
tension of K, contained in Ko . First we note that Tate local duality [29,
Theorem 7.2.6] together with the Weil pairing yields a non-degenerate pairing

(1) HY (L, T, (Cu)) x HO(L, A'p™]) — Qp/Zy,

where T},(C,,) is the p-adic Tate module of C,, and A’ is the dual abelian va-
riety. If L’/ L is a finite extension, let res : H2(L,T,(Cy)) — H*(L',T,(Cy))
be the restriction map and cor : HO(L', At[p>]) — HO(L, A*[p>]) be the
corestriction (norm) map. For a € H2(L,T,(C,)) and b € HO(L', A[p>]) a
property of Tate local duality gives (resa,b) = (a,corb). As above, we have
maps

kr s A(L) ® Qp/Zy — H'(L, A[p™]),

Ap:t HY(L,Cy,) — H'(L, A[p™]).

Recall that for any Hausdorff abelian locally compact topological group

M, we denote by MV its Pontryagin dual. Taking into account [4, Proposition
4.5], the proof of [4, Proposition 4.6] shows that we have an isomorphism

0[, : img)\L/imgHL = At(kL)[poo]va

where ky, is the residue field of L. Taking into account the property of Tate
local duality above and the description of the map 6;, we have an isomorphism

img Ak, ./ img ., , = limimg A/ img kg 2 (lim A (kL) [p™])".

The limits are taken over all finite extensions L/ K, inside Ko, .,/ K, ; the direct
limits are taken with respect to restriction and inverse limits are taken with
respect to corestriction.

If either v splits completely or ramifies in K,/K, then A(koo,u,)[poo]
is finite. Then from the above imgAg_ ,/imgrg, , = (linfit(kL)[p"o])v
is finite, so kera,, is finite in this case. Since for any L as above we have
At(kp)[p| = (Z/pZ)t with i < g, therefore in the general case we have

corankgz, (ker a,,) = corankgz, ((lim At(kp)[p™®])Y) < g.
We have f]] = b, 0 a,, so we have an exact sequence
0 — kera,, — ker fI! — ker by,.

Therefore corankz, (ker f)) < corankg, (ker a,,) 4- corankz,, (ker b,,). From this
and the above observations we see that if v either splits completely or ramifies
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in K /K, then ker f!/ is finite. The order of this group does not depend on the
prime w of L, above v. It follows that in this case B, is annihilated by some
power of p. Otherwise when v does not split completely or ramify in Ko /K
the above observations show that we have corankz, (B,) < g(d—1)m,+gm, =
gdm,.

By the inflation-restriction sequence cokerf’ injects into H? (s, A[p™°]).
So as in the proof of (a) using [9, Prop. 3.2(ii)] and Lemma 3.10 we have

corankyz, (coker f’) < corankz, (H*(Po, A[p™])) < 2gr(d — 1)(d — 2)/2.

It therefore follows from the exact sequence (7) and the above observa-
tions that ker fV is a finitely generated torsion A-module with

Aker V) < gdmy, + 2gr(d — 1)(d — 2) /2.
This completes the proof. O

Corollary 3.15. With the same setup and conditions as in Lemma 3.14, we
have

(a) rankp (Xg_ ) = rankA(XgK‘x’)),
(b) Let Xs5(K) be the set of all primes v € X(K) that split completely in
Loo/K. If rank (X ) = ranks (X)) = 0, then
(i) p(Xk.,) > u(XI(L‘K"")) with equality if no prime v € B(K) \ L4(K)
splits completely in K /K.
(ii) If no prime v € X,(K) splits completely in K, /K, then there exists
a neighbourhood €(Koo,n) such that
o for all K. € (Koo, n) we have

ranky (Xg7_ ) = rankA(XgK;"’)) =0
o [N Xk )— )\(XgKé"))| is bounded as K. runs over £(Ks,n).
Proof. The proof is identical to that of Corollary 3.12 using Lemma 3.14. [
Again, we can prove a generalisation of the result for the coranks of fV.

Corollary 3.16. Let Lo./K be a Zg-ea:tension, and let Koo C Ly be a Z;-

extension of K, for some i > 1. We write X = XSLOC) and H = Gal(Lo /K )
for brevity. Suppose that A has good ordinary reduction at the primes of K
above p, and that each v € X,(K) is ramified in Lo. We define r to be zero if
the inertia subgroup of each v € X,(K) is open in Gal(K«/K), and equal to
one otherwise.

Then the cokernel of the natural map

Vi Xy — XI(4K°°)

is finitely generated over Z, and of rank at most 2gr(d — i).
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Proof. We proceed as in the proof of Lemma 3.14(a). Note that in the case
r =0 the result [9, Prop. 3.2(ii)] can be applied; in the case r =1 we use
Lemma 3.10 instead. O

For later use, we also state the following

Lemma 3.17. Let Z denote either X orY. If Z = X, we assume that A has
good ordinary reduction at the prime of K above p, and that each v € ¥,(K) is
ramified in Lo /K. Let Lo /K be a Zg—emtension, and suppose that there exists
a Zy-extension Ko, C Lo of K such that ZI(4K°°) 1s A-torsion. Then ZSL"") 18
a Ag-torsion module.

Proof. We let Z = Zf4]L°°). By [22, Lemma 4.7], it will suffice to show that
Zk., is A-torsion. The result now follows from Lemmas 3.11 or 3.14. O

3.3. The Main Results

Now we turn to the proofs of analogues of Monsky’s Theorems I, II, III and
IV from [26]. Since the results hold for Selmer groups as well as for fine Selmer
groups, we introduce the following notational convention. In the following, Z
will stand both for X and for Y (this enables us to formulate the results for
Selmer groups and for fine Selmer groups simultaneously).

Lemma 3.18. Let Lo /K be a Zg—extension, d > 2. We assume that ZI(LX]L“) 18
a torsion Ag-module. If Z = X, we assume that A has good ordinary reduction
at the primes of K above p, and that each v € X,(K) is ramified in Loo /K.

Then ZE4K°°) is a A-torsion module and y(ZI(L‘K"")) < mO(ZSL“)) for all
elements Ko, € £t (K) which are not contained in a finite number of Zg_l-
subextensions of Lo /K.

Proof. Choose o1, ...,0; as in Lemma 3.1 (applied to M:YIL(‘]Lm) or M:XSL“’)),
let Ko, € EST=(K), and let
v: Gal(Ly/K) = Gal(Ko/K)

be the corresponding restriction homomorphism. Then ~(o;) = 1 if and only
if K is contained in the fixed field of o;. Therefore the condition v(o;) # 1
for all 4 holds for all Z,-extensions of K which are not contained in one of the

Zg_l—extensions ]Lég”, . 7]L<<>g’> of K. The statement of the lemma follows by
combining this observation with Corollaries 3.12 and 3.15. O

Remark 3.19. Let X be any finite set of primes of K which contains the primes
above p and the primes where A has bad reduction. If p = 2, then we assume K
to be totally imaginary. It follows from [22, Lemma 7.1] that YIL(‘]LO") is a torsion
Ag-module if and only if H?(Ky, /ILso, A[p™]) = 0 (here we recall from Sect. 2.1
that Ky denotes the maximal algebraic extension of K which is unramified
outside of 3). The validity of either statement is known as the weak Leopoldt
conjecture for A over L. No example is known where this conjecture fails.
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On the other hand, by a conjecture of Mazur (see [24, p. 104]), XI(L‘K;’) should
be a torsion A-module if A has good ordinary reduction at the primes above
p (here K< denotes the cyclotomic Z,-extension of K). This is known to be
true for abelian K, by the work of Kato and Rohrlich (see [12,30]). It can
be deduced from Lemma 3.17 that in this case, XSL‘”) is Ag-torsion for each
Zg—extension L of K which contains K& .

Theorem 3.20. Let L, be a Zg—eztension of K, d > 2. We assume that ZI(LXK“)
is A-torsion for all but finitely many Ko, € E<V~(K). If Z = X, we assume
that A has good ordinary reduction at the primes of K above p, and that the
inertia subgroup of each v € ¥£,(K) has Zy-rank at least d — 1.

Then ,LL(Z;KOO)) is bounded on £V~ (K).

Proof. The assertion is proved via induction. For the fine Selmer groups,
it follows from Lemma 3.17 that YIL(‘]L"") is a torsion Ag-module. Therefore
Lemma 3.18 implies that the /.L(YIL(‘KOC)) are bounded (by mo(YéL“))) for all
Zy-extensions of K which are not contained in a finite number of ngl—
extensions of K. Again, Lemma 3.17 implies that for each of these Z;‘f’l—

extensions Lo, /K, the Twasawa module YIL(‘L‘”) is torsion over Ay_1. By the

inductive hypothesis, the py-invariants of the YIL(,K“’) are bounded as K, runs
over the Z,-extensions contained in any of these Zg’l—extensions Lo/K.
For the Selmer groups, the same proof goes through (note that in any
given Zg—extension of K inside of L, every prime v € ¥, will ramify in view
of our condition on the inertia subgroups. This is needed for the first inductive
step). O

Now we turn to the study of [y-invariants. Since we do not want to restrict
to the case d = 2 (as in Monsky’s paper), we consider the invariants ZAO which
have been introduced in Sect.2.2. Recall that for any finitely generated Ag4-
module M, M° C M denotes the maximal pseudo-null submodule. We also
recall that each statement that the A-invariant is bounded or unbounded in a
neighbourhood U C £l (K) always involves that Z &, 18 A-torsion for each

Ko € U, see also Remark 3.7.

Lemma 3.21. Let Lo /K bea Zg—extensionfor somed > 2, let Ko, € ESV>(K)
be such that no prime v € X,(K) splits completely in Ko /K, and let

Tio  Zp[[Gal(loo / K)]] — Zp[[Gal(K oo/ K)]]

be the canonical restriction map. We assume that ZSL“’) is Ag-torsion.
Write Z = ZSL"") for brevity, let F; be the characteristic power series of

Z and write Fy = p™%) . G5, with pt G.

(i) Then )\(ZI({(C’Q)) is unbounded in any neighbourhood of K if the image
of Gz under T, s divisible by p.
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(ii) On the other hand, suppose that wi_ (G z) is not divisible by p, and that
there exists an element H € Ay such that p® - H annihilates Z° for some
s € N, and such that k., (H) is also coprime with p.

Then )\(ZI(LXK‘”)) is bounded in a sufficiently small neighbourhood of K.

We stress that the additional assumption in (ii) is automatically satisfied
in the case d = 2, see Remark 3.6.

Proof. Let [ay : -+ : ag—1] € P?1(Z,) correspond to some fixed Z,-extension
Ko € EST=(K) of K. Tt follows from Lemma 3.5 that under our assumptions,
i (Fz) = 0(mod p) if and only if A(Zk_ ) is unbounded in any neighbour-
hood of [ay : -+ : ag). It follows from Corollary 3.12 or Corollary 3.15 that this

is in turn equivalent to )\(ZI(4K°°)) being unbounded on any sufficiently small

neighbourhood of K. O

Theorem 3.22. Let Lo, be a Zg—extension of K, and suppose that the decom-
position subgroup in Gal(L.,/K) of each prime v above p is open.

Let Z = ZSL‘”), and suppose that Z is a Ag-torsion module. For the first
part of the theorem, we assume that ZgK*) is a A-torsion module for each
Zy-extension Koo C Lo of K, and that the annihilator ideal of the maximal
pseudo-null submodule Z° of Z is not contained in any prime ideal of height at
mostd— 1. If Z = X, then we also assume that A has good ordinary reduction
at the primes v € ¥,(K), and that each such prime ramifies in L.

Then the following statements are equivalent:

(i) the )\(ZI(L‘K‘”)) are bounded as K, runs over the elements from E<l= (K),
(i) Io(2) = 0.
Now suppose that ZI(4K°°) is not A-torsion for some K., € ESV~(K). Then
both statements (i) and (ii) are wrong.
Proof. Suppose first that ZI(LXK“’) is A-torsion for each K. It follows from
Lemma 3.17 that Z is a torsion Ag-module. Let F; = p"™(%) . G, be the char-
acteristic power series of Z, as usual. If

lo(Fz) = o(Z4>)) > 0,

then there exist generators o1, ..., 04 of Gal(ILoo/K) and a prime ideal p such
that

GZ gp c (p,(fl 717"'70(1—1 *1)
Then the image of Gz under the map mx_ is divisible by p, where
Koo = L{Z 70 € €50 (K).
In this case, we may deduce from the previous lemma that )\(ZilK"")) is un-
bounded as K., runs through the elements in a neighbourhood of K.
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On the other hand, if ZT)(FZ) = 0, then Lemma 3.21 implies that )\(ZE{(""))
is locally bounded on €<% (K). Indeed, since the annihilator ideal of Z° is not
contained in any prime ideal of height at most d — 1, we can deduce the exis-
tence of the element H € A4 needed in Lemma 3.21 for each K., € £Ste< (K)
as follows (this extends an idea used by Monksy in the proof of [26, Theo-
rem 3.3]). Let

J*={weAs|p’ we Ann(Z°) for some s € IN}.

Then multiplication by p is injective on the quotient Ay4/J* by construction.
Therefore p is not contained in any minimal prime ideal p of J* by [21, Chap-
ter X, Proposition 2.9] and [7, Theorem 3.1,a.].

Now suppose that p is a minimal prime ideal of J* such that

JTCpC(pTh,. .. Ta),

for any choice of variables 77, ..., T4. Then p contains also the annihilator ideal
of Z°, and therefore the height of p must be at least d by our general assump-
tion. But this implies that p = (p,T1,...,T4—1). Since we have seen above

that p cannot be contained in any minimal prime ideal of J*, we can con-
clude that p can not be contained in the ideal (p, Ty, ...,Ty_1), for any choice
of variables. By the definition of J*, this proves the existence of an element
H e A\(p,T1,...,Ty—1) such that p° - H annihilates Z° for some sufficiently
large s € IN.

We have thus shown that if lAO(FZ) = 0, then )\(ZI(LXK“’)) is locally bounded
on ET=(K) for each K., € £%<(K). Since this space is compact (see [8,
p. 208]), it follows that the A-invariant is bounded globally on £t (K).

Now we turn to the proof of the last statement of Theorem 3.22. Fix some
Ko € ESL=(K) such that ZﬁlK"") is not A-torsion. In view of Corollary 3.12(a),
respectively, Corollary 3.15(a) this is equivalent to Zk_ not being A-torsion.

Now we use the notion of Fitting ideals. Let mx_ be the canonical sur-
jection between the Iwasawa algebras. Proposition 2.1(5) implies that we can
write Fa,(Z) = (Fz) - Jz, where the ideal Jz is not contained in any height
one prime ideal of A4. Since Fa,(Z) is contained in the annihilator ideal of Z
and as Zg__ is not torsion as a A-module, we must have wx_ (Fa,(Z)) = (0).
We show that this implies that 7x__ (Fz) = 0. Indeed, suppose that this was
not true. It follows from the above that there exists some H € Ay such that
p® - H € Ann(Z°) and nx_(H) # 0 (in fact, mx_ (H) is not divisible by p).
But then Proposition 2.1(3) implies that mx__ (Fa,(Z)) # (0).

Therefore ng__ (Fz) = 0. Writing F; = p™°(%) . G5 with Gz coprime with
p, it follows that mx__ (Gz) = 0. In particular, 7x__ (Gz) is divisible by p, and
therefore l/(;(F z) > 0 from the definition.

On the other hand, it follows from [14, Lemma 4.23] that A(7z_ (Gz))
is unbounded in a neighbourhood of K,. Indeed, let n € IN be arbitrary. It
follows from Lemma 3.1 that we can find a Z,-extension Ko, in (Kuo,n)
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(i.e. the first n layers of K, and K, are equal) such that Zf_ is a torsion
A-module and

w(Zg ) =mo(Z) =mo(Fz).

We claim that this implies that 7z (Gz) is not divisible by p. Indeed, other-
wise

Wi (Fz)) > mo(2);
but

(Fze ) Fan((Zg)°) = Fa (i) = (mi [(F2)) -7 (Jz)  (8)

in view of Proposition 2.1. Since (Z;_)° is a pseudo-null Aj-module, the an-
nihilator ideal of this module is not contained in any prime ideal of height
one. In view of Proposition 2.1(2), the same holds true for the Fitting ideal
Fa,((Zg_)°)- Therefore the equality (8) implies that the characteristic power
series FZROO € Ay of Zg is divisible by 7z (Fz), and thus the above as-
sumption would contradict the fact that

M(ZROC) =mo(2)

by the choice of K.
We have shown that mz (Gz) is not divisible by p. On the other hand,

k. (Gz) =7z _(Gz) (mod p,T"").

But 7k (Fz) = 0 by the above. Therefore the degree of mz_ (G z) must be at
least p™. This concludes the proof of the theorem. O

Remark 3.23.

(1) It follows from Remark 3.9 that the assumption on the annihilator ideal of
Z° is also necessary: In the module-theoretic example M = A3/(T1,T> + p)
given there, the height of the annihilator ideal of M = M° is equal to
2=d-1.

(2) Of course the most important special case is the case where Z° = {0}.
However, this is a strong assumption, in particular for the fine Selmer
groups. In fact, by a well-known conjecture of Coates and Sujatha (see
[6, Conjecture B], which was formulated for an elliptic curve A = E),
YA(,]L“) = (YIL(,]L“))O should be pseudo-null if Ly, is any multiple Z,-extension
which contains the cyclotomic Z-extension KZ¥¢ of K, provided that the
fine Selmer group of A over KZ¥¢ is cofinitely generated over Z,. That’s
why we worked hard in order to extend the theorem to a more general
setting.

For Selmer groups, the case X° = {0} occurs a little more frequently (cf.
also [10] and the proof of Theorem 4.4).
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Now we prove a generalisation of the last assertion from Theorem 3.22
which will be used in the next section for the construction of Iwasawa modules
with non-trivial lp-invariant.

Theorem 3.24. Let Lo, /K be a Zg—extension and suppose that L, contains

a Z;-extension K of K. For brevity, we let Z = Zﬁlﬂ“‘x’). We assume that Z
is a torsion Ag-module. If Z = X, then we assume that A has good ordinary
reduction at p and that each v € £,(K) ramifies in L.

Suppose that ZJ(LXK“) is not torsion as a A;-module, and that the annihi-
lator ideal of the maximal pseudo-null Ag-submodule Z° of Z is not contained
i any prime ideal of height at most d — 1.

Then l/(;(Z) > 0.

Proof. Let m: Ay — A; be the canonical surjection induced by the restriction
map
Gal(Lo /K) — Gal(K« /K),

and let Z, = Z/(ker(w) - Z), as usual. It follows from Corollaries 3.13 and 3.16
that the cokernel of the natural map

Vi Zy — ZI(L‘K“’)

is cofinitely generated over Z,. In particular, the quotient Z, is a non-torsion
A;-module.

Therefore Fa,(Z;) = (0). On the other hand, it follows from Proposi-
tion 2.1(4) that

Fai(Zx) = m(Fra(2))-

We claim that this implies that 7(F) = 0. Indeed, fix generators vy, .. .,
va—i of Gal(Leo /K ) and write T = ; — 1 for each such j. Then n(Fz) =0
if and only if

Fz e (Tl, A ,Td,i).
On the other hand, since the annihilator ideal of the maximal pseudo-null Ay4-
submodule Z° of Z is not contained in any prime ideal of height d — 4, it follows
that there exists an element H € A such that H annihilates the Az-module Z°,
and H & (T1,...,Tq—;). Moreover, if Z can be generated as a Ag-module by [
elements, then Proposition 2.1(3) implies that
H'-Fl, € Fr,(2).

If 7(Fz) was non-zero, then this would imply that 7(Fu,(Z)) # (0), in con-
tradiction to our assumptions.

Therefore Fz, and thus also GGz, lie in the kernel of the map 7. This
means that

GZ € (p7 T17 B Td*i)'
But then lo(G) > 0 by the definition. O
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We conclude the current section with the proof of a natural property
concerning the connection between the [y-invariants and the invariant lT). More
precisely, we will consider the following situation. Let L., /K be a fixed Zg—
extension, and consider the set of Zf,—extensions Lo /K with Lo, C Ly, which

we abbreviate to £2 in what follows. Let Z be either XSL“) or Ylgﬂ“‘”). Recall
that the Fitting ideal of Z can be written as

FaaZ) = (Fz) - Jz,
where the ideal Jz of Ay is not contained in any prime ideal of height one.
In the following result we want to relate the following statements to each
other:
(1) lo(Z..) = 0 for all but finitely many L., € &2,
(2) lo(mr (Fz)) = 0 for all but finitely many Lo, € £2 (here mp,__: Ay — A
and Lo, = ]LEE‘"(”OO), respectively),
(3) lo(Fz) =0,
(4) lo(mr, (Fz)) =0 for each 7p,__
(5) lo(Zy_.) = 0 for each L, € 2,
(6) 1o(25>)) = 0 for each Lo, € £2.

Proposition 3.25. Let Lo./K be a Zg—e:ﬂtension, d > 2, and let £ be as above.

We let Z = XSL‘”) orZ = YA(‘]LW), and we assume that Z is a Agq-torsion mod-
ule.
(a) We have implications (2) = (3) = (4), (4) = (2) and (5) = (1). In
particular, the conditions (2), (3) and (4) are equivalent.
(b) If Z =Y, then (5) = (6). If Z = X, then the same holds true, provided
that the abelian variety A has good ordinary reduction at the primes of
K above p, and that each such prime ramifies in Lo, /K.
(c) Suppose that the annihilator ideal of the mazimal pseudo-null Ag4-submo-

dule Z° of Z is not contained in any prime ideal of height at most d (i.e.
we assume Z° to be finite). Then (4) = (5) and (2) = (1).

Proof. We start with the proof of (a). It is obvious that statement (5) implies
statement (1) and that (4) implies (2).

For the implication (2) = (3), write Fy; = p™0 () . G for some element
Gz which is coprime with p, and suppose that lAO(FZ) # 0. Then v,(Gz) > 0,
where p is a prime ideal which is contained in some ideal of the form

(p) + Aug(H).
Here H = Zg’l, and Aug(H) means the augmentation ideal. In fact, p is the
pre-image under the canonical projection Ay — Qg of a minimal prime ideal
of Gz which is contained in the image Aug(H) C Q4 of Aug(H).
Since H contains infinitely many rank d — 2 subgroups H’, there exist
infinitely many Z2-extensions Lo, = L2 of K such that lo(mp_ (Fz)) > 0 for
the corresponding maps 7y,_ .
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Finally, the implication (3) = (4) follows directly from the definitions.
Now we turn to the proof of (b). Under our assumptions we can apply
Corollaries 3.13 and 3.16 in order to bound the cokernels of the maps

Y Zr., — 1(4L°°).

Indeed, it follows from these corollaries that the cokernels are finitely generated
over Z, and thus do not contribute to the lyp-invariant. Therefore the impli-
cation (5) = (6) follows from the multiplicity of characteristic power series in
short exact sequences of finitely generated torsion Az-modules.

In order to prove (c), suppose that the additional hypothesis on the an-
nihilator ideal of Z° is satisfied. Now suppose that (4) holds, and fix some
Lo € 2. Then lg(mr (Fz)) = 0. Assume that lo(Zy_ ) > 0. Then there ex-
ists 0 € Gal(Loo/K) such that

Fa:(Zr.) € (pyo = 1),

We write the subgroup of Gal(L./K) fixing L as (o1,...,04-2). It
follows from the hypothesis in (c) that there exists an annihilator H of Z°
which is not contained in the prime ideal

pi=(c1—1,...,04-2—1,0—1,p).

Moreover, Proposition 2.1(3) implies that
H'-F, € Fa,(2).
Since lg(mr. (Fz)) =0 by (4), we may conclude that the element
H:=H'F, € Fu,(Z)

satisfies H ¢ p. This contradicts to the fact that

Fas(Zr.,) =m(Fa,(Z)) C (p,o—1)
and thus Fa,(Z) C p. O

Corollary 3.26. Let L/K be a Zg—extension, d>2, and let £ be as above.
We assume that Z is Ag-torsion. Suppose that the annihilator ideal of the
mazximal pseudo-null submodule Z° of Z is not contained in any prime ideal
of height at most d. If Z = X, then we assume that the abelian variety A has
good ordinary reduction at the primes of K above p, and that each such prime
ramifies in Lo /K.

If l/(\)(Z) =0, then ZO(ZAL“)) =0 for each Lo, € E2.
Proof. Use Proposition 3.25 in order to conclude that
(3) = (4) = (5) = (6).
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4. Applications

We start with an application concerning the weak Leopoldt conjecture (see also
Theorem 4.2 below). Since the underlying proof works both for fine Selmer
groups and for Selmer groups, we will formulate the key result for both these
objects simultaneously.

Theorem 4.1. In the following, we let Z be either X or'Y (the choice of Z is
fized throughout the theorem).

Let Lo /K be a Zg—e:ctension, and suppose that rankA(Zj(L‘L“)) = 0 for
some Zy,-extension Lo, € ESL=(K) of K. If Z = X, then we assume that A
has good ordinary reduction at each prime v € ¥,(K) and that each such prime
ramifies in Lo C L. If d > 2, then we assume that the annihilator ideal of
the mazimal pseudo-null submodule Z° of Z is not contained in any prime
ideal of height at most d.

(a) Suppose thatd = 2. Then rankA(ZgK“’)) = 0 for all but finitely many Z,-
extensions Ko, C Lo, of K.
(b) Let now d € N be arbitrary again. If, in addition,

bh(Z3~)) =0,
then rankA(Zl(LlK“’)) =0 holds for each Ko, € ESt=(K).

Proof. For the first statement, we note that it follows from Lemma 3.17 that

ZSL"") is a torsion As-module. By Lemma 3.1, the quotient (ZSLW))KOo is a

torsion A-module for all but finitely many K., € £<I=(K). On the other hand,

our control Theorems 3.11 and 3.14 imply that the cokernels of the maps
f\/ (Z(]L ) —_ Z,(alKOO)

K

are A-torsion for all K., € £ (K). This proves (a).

For (b), we first consider the case d = 2. Let K, € £<L=(K) be arbitrary.
We write Ay = Z,[[S, T, where Gal(L /Ko ) = (T'+ 1), and we abbreviate
7\ o 7.

Let Fz € Ay denote the characteristic power series of Z. As in the proof
of [26, Theorem 3.3], we can choose an element H € Ay such that the image H
of H in Qs = Ay/p is not divisible by T and p™o(Z)ts . F, . H annihilates Z
for sufficiently large s € IN. Since Iy(Z) = 0 by assumption, Fz € €25 is also co-
prime with 7. Therefore the same holds true for Fiy - H, and Zy_ = Z/(T - Z)
is a torsion A = Z,[[S]]-module. In view of Lemmas 3.11 and 3.14 the same
holds true for ZI(LXK‘X‘).

Now let d € N be arbitrary, and let K., € £<%~(K). We consider the
Z:2-extension

L? := Ko - Lo
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of K, where L is the Zy-extension of K from the hypotheses of the theorem.
(L2

It follows from Corollary 3.26 that lo(Z, > ") = 0. Therefore the first part of
the proof of (b) implies that rankA(ZgK‘”)) =0. O

Let Lo,/K be a Zg—extension, and let A be an abelian variety defined

over K. Recall from Remark 3.19 that Y;(,]L“) being a torsion Ag-module is
known as the weak Leopoldt conjecture holds for A over L.,. Therefore we
may derive from Theorem 4.1 the following

Theorem 4.2. Let Lo, /K bea Zg—emtension, and suppose that the weak Leopoldt
conjecture holds for some Z,-extension Lo, € ESV>(K) of K. If d > 2, then
we assume that the annihilator ideal of the maximal pseudo-null submodule of
Y = YEL(”) s not contained in any prime ideal of height less than d.

(a) Ifd =2, then the weak Leopoldt conjecture holds for A over all but finitely
many Z,-extensions of K which are contained in Lo.

(b) Let d > 2 be arbitrary. If, in addition, lAO(Y}(l]L“"’)) = 0, then the weak
Leopoldt conjecture holds in fact for all Z,-extensions K, € ESL>(K)
of K.

Remark 4.3. In [23], Lim proved a special instance of this result. To be more
precise, Lim considered abelian varieties over Zg-extensions of K which contain
the cyclotomic Z,-extension K¥¢ of K. The assertion (a) of Theorem 4.2 then

follows from [23, Theorem 3.9], and Lim proved the assertion of (b) under the

potentially stronger assumption that YIL(‘]L“’)

Proposition 3.8]).

is pseudo-null over Ay (see [23,

In the case of Selmer groups, we can actually go one step farther.

Theorem 4.4. Let Lo./K be a Zg—e:ctension, and suppose that

(i) rankA(XgL“)) = 0 for some Lo € ESL(K) such that each v € ¥,(K)
ramifies in Lo,
(ii) for any v € L,(K) its decomposition subgroup of Gal(Le/K) is open,
(i) A has good ordinary reduction at each v € ¥,(K),
(iv) K is totally imaginary, and
(v) A(LLoo)[p] is finite.
If d > 2, then we moreover assume that the annihilator ideal of the mazimal
pseudo-null Ag-submodule of XI(AE‘”) is not contained in any prime ideal of
height at most d. Then the following statements hold.
(a) The following are equivalent:
(1) lo(X{~) =0,
(2) XI(LXK"") is A-torsion for each K, € E<L=(K), and ;L(XgK”)) is con-
stant as one runs over the Z,-extensions Ko, € ESV>~(K) of K.
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3) MX &)Y is bounded as K, runs over the Z.,-extensions of K which
A P
are contained in L.

(b) In particular, if lAO(XSLW)) =0 and /L(XI(L‘K‘”)) =0 holds for any K., €
ESL=(K), then the same holds in fact true for every Ko, € E<Tte=(K).

Proof. We start with the proof of (a).

(1) = (2): Suppose that lB(XSL“)) = 0. Then Theorem 4.1 implies that
XI(L‘K"") is A-torsion for each K, € ESV=(K). We will show that u(XI(qK“)) =
u(XgL“)) for each K., € ES%=(K). To this purpose, let K., € ESL=(K) be
arbitrary, and consider the Zf,—extension

L® =L, Ky

of K, where L, is from hypothesis (i) of the theorem.
It follows from Corollary 3.26 and Theorem 3.22 that /\(XI(L‘KC"’)) is bounded
on £SL (K); let C be an upper bound. The additional hypothesis that

A(LLoo)[p™] is finite implies that A(K)[p™] is finite and of bounded order

as Ko runs over the elements of £ (K). Tt follows from the main result of
[10] (see [20, Theorem 3.4] for more details) that the cardinality of the maximal

finite A-submodule (X1(4K°°))o of XgK”) is bounded by some constant C' € IN
as Ko runs over the elements in £SE<’ (K).

Since Xng) is A-torsion for each K., € £<F~ (K), the quotient XI(L‘K“’)/f
will be finite for every f € A which is coprime with the characteristic power

series of XI(LXK""). We make a concrete choice: We choose n large enough such
that

C<n and n-C+C<p'tt—pr,

and we consider the polynomial
w2
Vann = w—" € Zy[T),

n

where w, = w,(T) = (T + 1)?" — 1. The polynomial Von.n 1S a product of
irreducible factors of degrees equal to p**! — pi for i € {n,...,2n — 1}. In par-
ticular, since )\(XI(AK"")) < p™tl —p" for each K, € gerl (K) by the choice
of n, the characteristic power series of each XI(L,K“) is coprime with each of the
irreducible factors of vy, ,,, and therefore also coprime with vy, ,. Therefore

Koo Koo Koo
rank,,, (X)) == 0, (IX{) /v2nn X))

is finite for every K., € £l (K).
It follows from Lemma 3.1 and Corollary 3.15 that

L
u(X) = mo(x ="
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for all but finitely many L € ESL¥(K) (indeed: Using the notation from
Corollary 3.15(a), if v € X(K)\E4(K), i.e. v is not completely split in the Z2-

extension ]Lg%) of K, then the Z,-rank of the decomposition group is at least

one, i.e. there exists at most one Z,-extension L of K in LY

completely in L). Suppose that ,u(XI(L‘K“)) # mO(XSLg))) for some fixed K.
Since A(Lwo)[p©] is finite by assumption, it follows that A(K)[p>] is finite.
Therefore we can apply [16, Theorem 4.5 and Corollary 3.8] in order to con-
clude that there exists a Greenberg neighbourhood U = &(K o, m) N ESLL (K)
of K, such that

such that v splits

rank (Xj(f)) = rank (X1(4K°°)) (9)

V2n,n V2n,n

for each L € U, with the above choice of vay, 1.
We may assume that m has been chosen large enough to ensure that
L L3
(X)) = mo(x =)
holds for each L € U which is different from K. It is a general fact that
rank (XI(L‘L)) = rank,,Qn’n(EXgL)) + rank,,zn,n((XgL))o) (10)

Van,n

for each L (see the proof of [15, Theorem 3.10(iii)]). Since |(X£1L))°| <Cis
bounded as L runs over the elements in U C gL (K), we may conclude that
<C (11)

[rank,,, , (EXE‘L) ) —rank,,, . (EX;KOO)

for every L € U. Now
ranky%m(EXLKoo)) — u(XI(qKoo)) (P —p) - >\(X1(4K°°)),

and an analogous formula holds for L. Indeed, the vy, ,-rank of the ‘\’-part
@;:1 A/(g;Lj) of Ey (x) (i.e. the sum over all the Z,-free quotients occuring
A
in EX(KOO)) is given by
A

> u(F(¢ - 1)),
¢

where F' = H;zl g;” , and where ( runs over the roots of unity of exact orders
p', i€ {n+1,...,2n}, which are contained in some fixed algebraic closure of

Q,- Since deg(F) < p™*! — p™ by the choice of n, it follows that
deg(F) _ A(X{™))
pitl — pi - pitl — pi
for each ¢ of exact order p'™1, because )\(XI(L‘K“)) = deg(F) by the definition.
A similar formula holds for rank,,, , (E,. ), L € U arbitrary, since
’ A

up(F(C—1)) =

)‘(X,(4L)) <C< pn+1 —pn
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by our choices of C' and n.
Therefore inequality (11) implies that

(B = wx ) - 02 =) 0 (M) —ax ) < ¢

In view of the choice of n, this shows that the p-invariants must be equal,

@)
i.e. the assumption ,u(XI(L‘K’”)) # 17”L0(X1(4]L°i )) cannot hold. Moreover, we may

conclude that
Koo L
AXY) = ax )

for each L € U C ESL¥ (K), since n > C.

(2) = (3): Now we assume that M(XIE‘K‘X’)) = ,u(X[(qLC"’)) for each K, €
ESLe<(K). Then [16, Theorem 4.11] implies that for each K., € ESte<(K)
there exists a neighbourhood £(K ., n) such that

L K
AX Py < ax e

for each L € £(K oo, n), i.e. the A-invariants are locally bounded. Since the set
<L~ (K) is compact with respect to Greenberg’s topology, we see that the
fact that u is constant implies that A is bounded on £l (K).

(3) = (1): This follows from Theorem 3.22.

Therefore we have proven statement (a). Assertion (b) is a direct special
case. O

In [18], we have constructed families of elliptic curves F over imaginary-
quadratic number fields K (see Theorem 4.5 for the details) such that )\(XI(EKm))
is unbounded as K, runs over the Z,-extensions of K (note that the composite
of all the Zj,-extensions of an imaginary-quadratic field K is a Z2-extension
Lo of K). In this example, E had good ordinary reduction at the primes above
p. Therefore the results from Sect. 3 are applicable, and we may deduce the
following

Theorem 4.5. Let E be an elliptic curve of conductor N defined over Q, and
let K be an imaginary quadratic field such that O = {£1}. We assume that
(1) the rational prime p does not divide 6 Ndisc(K )h|E/E°|, where hy de-
notes the class number of K, disc(K) denotes the discriminant, and E | E°
means the set of connected components of the Néron model of E over
SpeC(OK)7
(2) E has good ordinary reduction at each v € ¥,(K),
(3) the Galois representation

pp: Gal(Q/Q) — Aut(E[p™])
18 surjective,
(4) E(ky,)[p>] = {0} for each v € £,(K) (here k, denotes the finite residue
field at v),
(5) |E(F,)| # —1 (mod p) if p splits in K/Q, and
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(6) every prime q | N splits in K/Q.

Then lO(XEE]Kx)) > 0, where Ko, denotes the composite of all Z,-extensions of
K.

Proof. The hypotheses (1)—(6) ensure that X g{&) is non-torsion as a A-module,
where K& denotes the anticyclotomic Z,-extension of K.

Since E has good ordinary reduction at the primes above p, it follows from
the results of Kato and Rohrlich that XEK;) is A-torsion, where K¢S denotes
the cyclotomic Z,-extension of K. Since each prime of K above p ramifies in

K¢S /K, it follows from Lemma 3.17 that Xg{m) is a torsion As-module. The
result follows from Theorem 4.1.

Alternatively, it has been shown in [18, Corollary 1.2] that )\(XEEK‘”)) is
unbounded as K, runs over the Z,-extensions of K, provided that p(X g{"/")) =
0. Therefore, under this additional hypothesis, Theorem 3.22 can be applied

to deduce the result (see also Remark 3.6). O

In [18, Example 7.14], we have given a concrete example where all the
hypotheses from this theorem are satisfied: Let K = Q(+/—7), and consider
the elliptic curve E defined by

E:y?+y=2a®—2%—10x — 20.

Then the hypotheses from Theorem 4.5 are satisfied for the two primes 37 and
43, both of which are split in K/Q. To the authors’ knowledge, this provides
the first known example at all of an Iwasawa module having a non-trivial
lo-invariant.

Remark 4.6. In the situation of Theorem 4.5, the Iwasawa module X,(EK‘”) is

Ao-torsion. Theorem 4.1 implies that XEEK‘”) is A-torsion for all but finitely

many Zp-extensions K, of K. Therefore Theorem 3.20 implies that the pu-

invariants of the Iwasawa modules X;EK‘”) are bounded as K, runs over
the Z,-extensions of K. One can in fact say more: If ,u(XéK"C)) = 0 in

the setting of Theorem 4.5, and as XJ(EK:") is a A-torsion module by the re-
sults of Kato and Rohrlich, [16, Theorem 1.1] implies that the A-invariants

)\(X](EK”)) are bounded as K, runs over the Zj,-extensions of K which are
contained in some sufficiently small neighbourhood of K . Now the main re-
sult of [20] (more precisely, Proposition 2.6 and the implication (e) = (b)
from Theorem 1.1 of loc.cit.) implies that mo(X,(EMW)) = 0. We may deduce
from Lemma 3.1 and Corollary 3.15(a) and (b) that M(XEEK“’)) = 0 for all but
finitely many K, € £<¥~(K). Note that we cannot apply Theorem 4.4, since
rankA(Xj(LlKg")) > 0.

Now we derive from Theorem 4.5 the existence of a Z;‘f—extension Lo/L,

d > 2, such that lT)(XgL"")) # 0. To this purpose, we first enlarge the base field,
since the imaginary quadratic number field K has not enough Z,-extensions.
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Lemma 4.7. Let E, p and Ko /K be as in Theorem 4.5, and let L/K be a fi-

nite normal p-extension with Galois group H. We assume that N(XJEEK;)) =0,
where K denotes the cyclotomic Z,-extension of K. We assume that

LNKo=K. Let Loo = Koo - L. Then lo(X ")) £ 0.

Proof. As we have seen in Remark 4.6, we can choose a neighbourhood U =
E(KZ ,n) of the anticyclotomic Z-extension of K such that

ranka (X ) = p(X)) = 0

for each K& # K, € U. Moreover, since each prime above p ramifies in K&,
we may assume that U has been chosen small enough to ensure that the same
is true for each K, € U. Finally, by hypothesis (6) of Theorem 4.5, each prime
of K of bad reduction splits in K/Q. It then follows from [3, Theorem 2] that
each such prime is finitely split in the anticyclotomic extension K& of K. Since
p # 2, we can assume that ¥\X,, contains exactly the primes of bad reduction,
and we may thus assume that each v € X is finitely split in every K., € U.

To each such K, we consider the finite p-extension K. = K. - L of
K, and we identify Gal(K. /K ) with H.

Now we consider the commutative diagram

0 —— Sel(E/Ky) —— H'(Ky /Ko, E[p>®]) —— [lyes Jo(E/Kx)

ls L b

0 —— Sel(B/K\ )" —— H'(Ks/KL, Ep=)" —— [l,es Jo(E/KL),

where J,(E/Kx) =1lim&,,, HY(F,, E)[p™] and the limit is taken over all
finite subextensions Fy,/K, of K .. Moreover, J,(E/K.)) is defined in an
analogous manner.

We want to show that the Pontryagin duals of ker (), coker() and ker(~y)
are finite, since this will show that also ker(«) and coker(«) are finite.

Since ker(8) = H*(H, E(K.,)[p>=]) and coker(8) = H%(H, E(K.,)[p>])
are both cofinitely generated over Z, and annihilated by some power of p (the
latter holds true since H is finite), their Pontryagin duals are also annihilated
by the same power of p. Therefore ker(/3)" and coker(3)" are finite.

Now we consider the kernel of 7. Since each prime of K above p ramifies in
the Zp-extension Ko, both Ko, /K and K/ /K’ are deeply ramified extensions
in the sense of Coates and Greenberg (see [4, Theorem 2.13]). Therefore the
kernel of v may be written in the form C' x D, where

C= 1T H'(H, BE(K, ,,)[p™])
WER(Koo)\Ep(Koo)
and
D= [ H'(Hu E(k,,)Pp>).

weB,(Ko)
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Here we have fixed, by abuse of notation, a prime w of K/_ above w € ¥(K ),
respectively, and H,, C H denotes the corresponding decomposition subgroup.
Moreover, k., ,, denotes the residue field of K7 ,, and E is the reduction of E
over the residue field.

Again, each of these cohomology groups is cofinitely generated over Z,
and annihilated by a power of p and hence is finite. Since no prime v € X
is totally split in K,/K, it follows that 3(K) is finite, and therefore the
Pontryagin dual of the kernel of + is finite.

We have shown that the kernel and the cokernel of the natural dualised
map

w(Koc): (X}(SKQC))H . XJ(EKOQ)

are finite. Recall that rankA(X](EK‘X’)) = M(X](EK;’)) =0foreach K¢ # Ko € U.
Therefore rankp(XgEK“’)) is finite for each such K, and it follows that the

same holds for rankp((XgEK‘,x’)) ). Nakayama’s Lemma implies that Xg(‘/’o) is

A-torsion and has p-invariant zero. Since rankA(X](EKg")) > 0 by our hypothe-
ses, the proof of the last assertion of Theorem 3.22 shows that the A-invariants
)\(X](;K“’)) are unbounded as K, runs over the elements in U. Since the cok-
ernel of ¢(K=) is finite for each K., and as

AXS=)) > ranky, (X5 =) m),

it follows that )\(X}(;K/”)) is also unbounded. But then Theorem 3.22 implies
that lO(X%L‘”)) >0 (recall that the additional hypothesis on the maximal

pseudo-null submodule of XfEL“) is not needed in the d = 2 case, as has been
pointed out in Remark 3.6). O

The following theorem follows if we combine the previous Lemma 4.7
with Corollary 3.26.

Theorem 4.8. Let E be an elliptic curve defined over Q, and let K be an imag-
inary quadratic number field such that the hypotheses from Theorem 4.5 are
satisfied. We assume that M(Xg(;o)) =0, where KS  denotes the cyclotomic
Z.,-extension of K.

Moreover, let L/K be any finite normal p-extension, and let Lo, denote
the composite of all Z,-extensions of L. Let d = rankz, (Gal(ILoo/K)).

We assume that the annihilator ideal of the maximal pseudo-null Ag-
submodule of ng‘”) is not contained in any prime ideal of height at most
d.

Then Io(X ")) > 0.

We mention one final application. We want to construct examples of
Iwasawa modules with non-trivial lp-invariant. Since it is difficult to check the
condition on the annihilator ideal of the maximal pseudo-null submodule of



Vol. 78 (2023) Boundedness of Iwasawa Invariants Page 39 of 42 148

X SL"C), we choose a different approach. In the following, let A be an arbitrary
abelian variety defined over K, let Lo /K be a Zg—extension7 and write Z for

either YISXL*) or X1(4]L°°) (i.e. the following result holds for both Selmer groups
and fine Selmer groups).

Theorem 4.9. Let L, /K be a Zg—ea:tension, and suppose that Z s a torsion
Ag-module, and that Lo contains a ngl—e:ctension Ko of K such that ZgKm)

18 a mon-torsion Ag_1-module. Then ZAO(Z) > 0.

Proof. This follows from the i = d — 1 special case of Theorem 3.24, since
the annihilator ideal of the maximal pseudo-null Agz-submodule Z° of Z is not
contained in any prime ideal of A4 of height one. O

Now we state our main application of this result. We mention only one
example for the scope of Theorem 4.9; the base field K could be chosen in
many different ways.

Corollary 4.10. Let K = Q((3:) for some i > 2, where (3: denotes a primitive
3'th root of unity (in some fived algebraic closure of Q). Let E be an elliptic
curve defined over Q.
We assume that p =2 (mod 3) is a prime number such that E has good
ordinary reduction at p, and that the conductor Ng of E satisfies Ng = 1(mod 3).
If E(K)[p] = {0}, and if p divides none of the local Tamagawa factors c,
of the primes v of K of bad reduction, then there exists a Zg%l“'l—extension

Lo of K such that the le—invariant of XSL‘”) s mon-trivial.

Proof. Let k C K be the unique imaginary quadratic subfield. It follows from

[27, Example 5.1] that there exists a Z;Q(K)—extension K of K such that
complex conjugation acts by —1 on Gal(K/K). Note that

ra(K) = [K : Q)/2 =31,

In view of our hypotheses, [27, Corollary 3.6 and Example 5.1] imply that
X](EK”) is a non-torsion A,,x)-module. More precisely, the condition (c) from
[27, Corollary 3.6] holds in view of the two facts 4 1 [K : Q] and p = 2 (mod 3)
(the latter implies that p has even order in (Z/3Z)*), as is explained in
[27, Example 5.1]. If y denotes the quadratic character of k = Q(v/=3), then
X(Ng) =1 in view of the condition Ng =1 (mod 3).

Now let Lo := K - K¢y be the compositum with the cyclotomic Z,-
extension of K. Since K is a totally abelian field, it follows from the results of
Kato and Rohrlich (see [12,30]) that XiKcy“) is a torsion Aj-module. Therefore
XI(LX]LM) is Ag-torsion in view of Lemma 3.17, where d = ro(K) + 1. Then it

follows from Theorem 4.9 that Io(X ")) > 0. O
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Example 4.11. Let E be the elliptic curve with Cremona label 19al, and let
K = Q(¢o). Computations in SAGE [31] verify that F has good ordinary re-
duction at p = 5, F(K)[5] = {0} and that 5 divides none of the Tamagawa
numbers ¢, of the primes v of K. By the previous corollary there exists a
Z;‘;—extension L of K such that the Z(;—invariant of XSL“’) is non-trivial.
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